












































After considering this expression one may write,

i " 3F (x)
At 5[1]('1"‘! SUX t
o+

® ux
b, (u) = £ e 2e =

which, with Eq. 26 in mind, gives

- 3Ft(x)

) = et e [ & ‘ @27

The same equation can be obtained also by the
Stieltjes integral:

L T aFt(x)

| & dF (x) = et (" e

+ dx
6 x=0 o X

® _ 9F. (x)
[ e dF, (x) = ot i =
0 o+

3x dx L]

which equals Eq. 27,
ting function of the process x(t)

Continuing, the moment genera-
is obtained:

- k =
e-At, 8%t At 19x-px
bp=e "o e kgl(k'l T £+e

oy ]

i=0 s
or
“At, At ap .a-1 -8x
b (w=e™ " e 2o g% X erp[ym—ﬂx-lte
t (a li! 0
a-1 (Bx i
go il ]dx : (29)

All absolute moments, for this case of positive
integers, are deduced from the moment generating fun-
ction wt(u):

- k-1 =
m At -t (At s+m -y
Ex (t)= ——e "~ | I e

st ke DI

k-1
=Y ; Zi d
[i -e izo - ¥ (30)
Here the substitutions s = a - 1, and y = B8x

are introduced for simplicity, and m= 1, 2,..., is
the order of the absolute moment. Equation 30 can
be also written as

Ex (t) =

i
%T] dy .

(31)

At [ s+m - -
=— 1 ¥ exp [-r -ate”
Bs!o i=0

The asymptotic value of the m-th absolute moment
when a is very large is
% (32)

Ex"(t) 2 AL oAt (g 4 )"
B

The derivation of Eq. 32 is given in Appendix 1.

4.2 The Special Case of Exponentially Distributed
Exceedances (a=1). Exponential distribution plays
an important role in the theory of extreme values. In
the classical theory of extremes [29] all statements
which are exact for the exponential distribution are
asymptotically valid for all distributions belonging
to the exponential type. Exponential distribution is
encountered in many areas of geophysics. It describes
the decay process of many phenomena in modern physics,
hydrology, sanitary engineering, etc. This distribu-
tion is also observed in certain flood phenomena.

For the case under discussion, the common distri-
bution function of all exceedances E, 0 ¥ 0,142 0wy

in some interval of time [o,t] is

HE) = 1 - % sXx20 . (33)

Therefore, the distribution function of the largest
exceedance in the same time interval [o,t] is

- k
-At -Blj 1
Ft (x) = e kzo[lt(].-s ] H s

which is reduced to

F (x) = exp[-at e ®¥] . (34)

It can be observed that when t=A=8=1, Eq. 34
gives the first asymptotic distribution of the largest
reduced extreme given in [29), and if this first
asymptotic distribution is written in the form

e W

F(x) = exp{-exp[-B(x-u]} = exp[- ™ e
it then represents a particular case of Eq. 34 obtained
for At = exp(Bfu).

It can be easily shown that

-

i £, (x)dx = 20"t [ 6(x)dx + (1 - e'*t) =1 4
o o
3 aFt(x)
The condition o e -t M 0 gives the value

of the mode X, in the continuous part of Ft(x), of
the largest exceedance:

%= %-ln( 0, (35)

with In denoting the natural logarithm, for which

£,(X) = ge”! (36)
and = = |
Ft(x] = e . (37)
52 [BFt(x]
Using the condition — - a = 0, one obtains
x2 L %

the expression At axp(—Bxl 2) = % (3 £+ ¥5), and the
»
abscissas of the inflection points as

X

i % [In(23t) - In(3 + /5)] , (38)
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for which

ft(xl) = 0.19098 g (39)
ft(lz) = 0.26070 8 . (40)
The probability of X XX is
P{xl <x :_le = 0.60957. (41)
The distance between the abscissas of inflection points,
X, - X is
2 1
X, = x, = 1.92484 g7} (42)

and is independent of the time interval [o,t] .

The mode % of the largest exceedance is located

symmgtrically witp respect to the abscissas Xy 5 of
the inflection points, because '

e i B PR I (43)
The median X of the largest exceedance is

£ =%+ 0.365 ~} (44)
The density function ft(x} of the process x(t) is

shown in Fig. 6.

B
M e
0 x, % Xy x
Fig. 6. Probability density function of the largest

exceedance for a given time interval [o,t],
and for exponentially distributed exceedances.

A further analysis gives

gl(x,t] = Bit exp[-Bx - J\ta-Bx] (45)
with gl(o,t] = @it exp(~it), and
lim gl[o,t} = lim gl(o,t) =0
t+0 e
Because %? g (0,t) =0 for t= 3 , it follows

1

that glfo,k_l) = pe”

11

The function g,(o,t) is convex toward the t-axis
when t+= beca&sa the function and its second deriva-
tive are of the same sign when t+=, When t+0 the
function g, (o,t) and its second derivative are of
different signs, therefore the function g;(o,t) is
concave toward the t-axis for small values of ¢t .

The function gaéo,t) has only one inflection

point, in which the abscissa is 221 and g (0,21‘1)
= 2ge~2 . With this additional analysis, the function
ft{x] is depicted in Fig. 7 for x > 0 and for

exponentially distributed exceedances.

The moment generating function of the largest
exceedance, for the case under consideration, is

- k
b @) = oM, ot g 13;%_

k=1 >
f k(l P~ e_”]k‘1 ge B% X ax
o+

Integrated, this becomes

At o e-lt z
k=1

x Ta-
T(k+l - %g

(At) g (46)

b ) = e

Differentiating the moment generating function
¥t (u) of the process x(t) with respect to u and
setting u=0 , one obtains the absolute moments of
the probability distribution given by Eq. 34. The
first three absolute moments are

g .oty on* ¥a ;
Ex(t) = B e ) —. 1l 1 (47)
k=1 i=1 t
fi(x)
1
B H g,(0,1)
/ N I |
i 45 it
/4
’,,’ 2 1 ;, [
I_-- \/
,r - ’;.’\ x
e E
/’ T~ '
* Js =2l Ingay

Fig. 7. Probability density function of the largest
exceedance, given for x>0, for different
values of the time interval [o,t] and for

exponentially distributed exceedances.
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and

-3 Aty 11
Bxdee) =80 e tkgl LLE)!_ (k+1) 331 _1_+ j)jhgl FEl
i#j
(49)

To check this last computation, the first abso-
lute moment E,(t) of the largest exceedance, for
exponentially éistributed exceedances, is also computed
by definition. The computation is:

Ex(t) = [ xd Ft(x]
ot

Bx(t) = o % Z
k=1

—“;L j'w k[l-a_ax)k_l ge ¥ x dx

oAt Z —"?—sk f 1)

[kgl) J'” « o BXGAD) 4
o+

i=0
= k k-1 .
-1 -t At) ik-1y 1
=8 e ) I -0 5
k=1 DT 5 i) (i+1)?
Considering the relations
1 - Q-x)" 1
= =1~ 1
(ot o L] 1 sute )
J' _._...Ll_x)—dx-], %- %
L. T ooalsl jay d
*a '21(-1) (i] i

1)t - G- 15) 53 -

T
(n+1)[[ ] -3) & = [3} . [_nn‘n?l);%]
T 1) gy ens boeot (1)
T ot 3 et - e S ok
substituting k-1 for n, one obtains
Dot e - b E

i=1
Finally the first absolute moment of the largest
exceedance, for exceedances exponentially distributed
is
f1
2 ]
i=1 *

onk

=4
8 Kl

-At
e
k=1

Ex(t) =

which is in agreement with Eq. 47.

The variance o§(x) of the probability distribu-
tion given by Eq. 34 was determined with the aid of a
computer. The result is given in the form 82%0(x) =
f(3t). Summations over k were made for 1 through
100, and also for 1 through 150. Because of the
strong convergence of the terms given on the right
side of Eq. 47 and Eq, 48, the results by the two
approaches were the same for the first three decimal
places. The results are given in Fig. 8 and in Table
15 (Appendix 1).
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Fig. 8. The variances ¢ t(x) of the largest exceed-

ance, for exponentzall

§ distributed exceedances,
given in the form g2 g (

x)=f(xt).

4.3 The Special Case of Gamma-Distributed
Exceedances with o=2. The common distribution func-
tion of all exceedances &, , v=0,1,2,..., in an inter-
val of time [o,t], for this case, is

.

H(x) = “(x+1), x>0 (50)

Therefore, the distribution function of the largest

exceedance, in the same time interval [o,t], is
-t § -ex]* ank
Ft(x) =e I 1 - (1+8x)e : (51)
L k!
Equation 51 can also be written as
-Bx
Fo(x) = exp [-At(lbsx)e ] " (52)

The distribution function given by Eq. 52 is depicted
in Fig. 5. Here again, for x = 0, the relation

F.(0) = exp (-At) (53)

represents the discrete part of the function. The
term Fg(o) is the probability that no exceedance will
occur within an interval of time [o,t].

The probability density function of the largest
exceedance, for gamma-distributed exceedances, with
- T

f£,(x) = 2e-kt6(x} + B2Atx exp[-sx-kt(1+ﬂx)e-8x]. (54)



which is valid for x > 0.
§(x),

> The Dirac delta function,
is defined in section 4.2.

It must be verified that the non-negative func-

tion f,(x) satisfies the condition

[ £,00dx =
o

& % W
T [ 6(x)dx + et ) Eifij' / I
0 k=1 "o

[1-(1+ax)e’sx}k-1dx

_onk
(k-1)1

= &

==

=At i e-)\t E
k=1

~At At

s e M oAt (g

=1

The following is an examination of the function

fe(x) for x > 0. Denote
g -Bx
gz(x,t) = BEAtx exp [—Bx-kt(l + fx)e } (55)
Then, gz[o,t) =0, and
5%'32(x’t) =0 when t = E%;— X (56)

If t from Eq. 56 is inserted into Eq. 55, the result
is

o (1+8x)
max g,(x,t) = 8 exp [- = (57)
Continuing, one obtains
li [ -
lin [nax g,(x,00] =0, (58)
lim | m = -1
[max g (x,0)] = el (59)

b
and the function given by Eq. 57 has no finite extreme
because %; [max gz(x,t}] # 0. However, the function

max go(x,t) has an inflection point at

X = (60)

Ni
™ ==

Concavity and convexity of the function is determined

by the signs of the function and its second derivative.

The function

Bx

t = , for x>0, (61)

ek
BAX

13

: 33 -1
is minimum at x =g °,

s 0 . The function
dx?

given by Eq. 61 has no inflection points.

The probability density function, f£.(x), of the
largest exceedance, for x > 0 and for the case of
gamma distribution with o = 2 for exceedances is
depicted in Fig. 9.

where

The moment generating function of the largest
exceedance, for this case, is

o k k-1 §
-At -At (at) itk-1
wt(u) = e "T+p2e kzl VEYE iZg (-1) ( i]
Y. Gl >
1,3 T(i*2)
) [J) g (62)

j=0

All absolute moments, are given by

k-1 k-1 ;
m At -At (At ifk-1
Ex () = —e L =D
m k=1 (k‘l)l i=0 ‘ 1}
[i] e (63)
j=0 V31 (qepyI*me
with m=1,2,..., being the order of the absolute
moment. Equation 63 is obtained by routine differentia-

tion of the moment generating function with respect to
u and evaluating derivatives at u = 0.

filx}

max g,(x,t}

Probability density function of the largest
exceedance; given for x > 0, for different
values of the time interval [o,t], and for
exceedances distributed according to Eq. 50.

Fig. 9.



Chapter 5

APPLICATIONS TO FLOOD EXCEEDANCES OF THE GREENBRIER RIVER

The first application of the presented method
is made on the Greenbrier River at Alderson, W, Va,,
located in the Ohio River basin. Flood data, in the
form of partial-duration series, cover the period of
1896 through 1967, The base flow for the partial-
duration series is Q@ = 17,000 cfs. From these data,
a series of 205 flood peak exceedances, in the course
of 72 years, was obtained, or on the average about three
flood peaks per year. The data are given in Table 18,
Appendix 2.

5.1 Distribution of the Number of Flood Exceed-
ances.

Seasonal occurrence of exceedances.
every watershed the major portion of the flood
exceedances occur during a few specific months of the
year, Seasonal occurrence of exceedances for the
Greenbrier River at Alderson is shown graphically in
Fig. 10 (data given in Table 19, Appendix 2}.

For

To gain insight into the probabilistic structure
of the seasonal occurrence of exceedances, the water
year was divided into nine periods, eight periods of
40 days each, and one period of 45 days. Observed
distributions of exceedances are obtained for all nine
periods. The probability distribution governing the
occurrence of exceedances is Poissonian, so it remains,

at this point, to estimate the parameter i for each

period, using information from the available samples.
After this, theoretical frequencies are computed and a
goodness of fit test performed for each case. The
results are given in Table 1.

Winter
Q.30
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-
58
20
"g"‘g 0.20
¥
éu
53
aP 0.0}
g8
Cc @
x
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=]
000
S Q Q Q
E 3% 6 & & = 2 g =
o o
S 2 8 2 3 2 3 & &
Fig. 10. Seasonal occurrence of exceedances (Green-

brier River at Alderson).

Table 1. Observed distributions and corresponding fitted Poissonian distributions of the number of exceedances
for nine nonoverlapping periods of the water year (Greenbrier River at Alderson).
Oct. 1 - Nov. @ Nov. 10 - Dec. 19 Dec, 20 - Jan, 28 [ Jan, 28 - Mar, 9 Mar. 10 - Apr. 18
k b ft!h k fob, fin. k b, £, . b, fen, k fob. T fih.
D 83 62.6544 0 57 56,078 0 a1 41.940 0 38 35,940 0 36 36. 480
1 8 8.7091 1 12 14.018 1 2 22,690 1 21 24.070 1 26 24.810
F 4 o | 0.6044 2 3 1.750 | & 6.110 2 10 8.580 2 7 B.450
3 0.0281 3 0.148 3 1.100 3 3 2.010 3 3 1.910
4 0.009 4 0.140 4 0.340 4 0.320
I 72 71.9960 - 5 0.010 5 0.050 5 0.040
I 72 71.998 : 7 -
* exceed. 72 71.990 T2 71.990 72 71.990
Sl A L i = 0.00625 - = -
F=0.130 ; 8 = 0.1 F + 0,250 ; 33 = 0.274 i=0.008 ie0.01737 3= 0.01700
K o« 0.581 ; 6f » 0.480 K= 0.695 ; G » 0,749 £ = 0.680 ; cf » 0.672
x2 = 0.347 < 42 x' e 1,386 < ¥ :
o ¥ x e 1.863 < 2 ¥ = 1,830 < 2 ¥ = 1.297 < 2
o 2 = 7.81 h aieTe cT e cr ) er
T or Wop . Aoy 49 Kop = 9.49
Apr, 19 - @Fy 28 May 29 - July 7 July 8 - Aug. 16 Aug. 17 - Sepr. 30 Legend:
k fn. E!J'h k fh L k [ feb- £y k fu L k = the mnunber of exceed-
b L : ances during the
| o 52 2.340 o o4 62.6544 0 o8 68,112 o | 70.033 given period.
1 17 16.690 1 a 8.7091 1 4 3.780 R 1.939 £, = observed absolute
2 3 2,060 2 2 0.6044 2 06.105 2 | 0.027 frequency.
3 0.283 3 0.0281 3 0.001 3 0.000
rt 0.022 1 0.0009 i !m = theoretical absolute
5 0.001 3 7 71908 | | [ | = 71999 | Srequenay.
— = ) l 72| 71.9%69 - - — MEEE: er of the
I 72 71.996 . A= 0.00139 | | &= 0.o0089 Poisson distribution.
i = 0.00798 & W0 00047 3 ¥ = 0.055 ; é: = 0.083 | ¥ = 0,028 ; 6 = 0,027 All x®_-values refer to
g ¥=0.139 ; 5% = 077 L e SR
k= 0,319 ; gi = 00,305 . : ¥ = 0,119 < :zr X2 = 0.028 < 42 the 5% level of signifi-
2 2 X w12 PN 2w S
X% "0.356 %y, 2w 7.81 er 7 Rag ™ 2
xlp w948 i
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The null hypothesis was tested for each of the
nine periods to determine if the distribution of the

number of exceedances in the given period is Poissonian

with parameter ) estimated by the statistic 1 . As
observed from Table 1, the computed x2-values are
considerably below the critical x?-values. Therefore

the null hypothesis should be accepted at the 5 per

cent significance level. This is valid for each case
considered.

Since the mean equals the variance in a Poisson
probability distribution it was also considered advan-
tageous to compare the sample mean and the correspond-
ing sample variance of the number of exceedances for
each period These comparisons are given in Fig. 11,

o8

K,

0.7 a_: Ea
oer 1 1 1  eee—— o,
0.5}
0.4}
0.3}
02 i
0.1F

1 ik
0.0m ) o : o @ : ~ w 91
5 3 & 5 ¢ 3 § 3 %3
Fig, 11, Sample means, K, and the corresponding

sample variances, nﬁ , for the number of
occurred exceedances during the nine periods
of the year considered. (Greenbrier River at
Alderson).

The parameter A(t) represents the average
number of exceedances per day. The seasonal varia-
tions of this parameter are shown in Fig. 12,

00180f
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0.0120
0.0100
0.0080

L
®

o
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Jan. 28}
May 28

3
@
&

Dec. 19
Mar. S
Apr. 18
July T

<

Seasonal variations of the parameter
(Greenbrier River at Alderson).

Fig. 12. At),

Distributions of the number of exceedances for
different time intervals. The previous section con-
sidered the distributions of the number of exceedances
during nine different periods of the year. The periods
did not overlap and all-were of the same size (only
the last one differed slightly)}. The objective was
to examine the seasonal effect on the number of
exceedances and the underlying probability distribu-
tion of this number.

I}

In this section a somewhat different problem is
analyzed. Following the theory given in Chapter 3,
the distributions of the number of exceedances for
different time intervals are considered. According
to Eq. 12, it is necessary to evaluate the function
A(t), which is the average number of exceedances in
an interval. The time intervals used in this section
have the same origin of October 1, are overlapping, and
are of different durations. Empirical and fitted
probability distributions of the number of exceedances
during these time intervals were obtained in a fashion
similar to the one used in the preceding section. The
results are given in Table 2., Tests of conformance
of the fitted Poissonian distribution to the observed
distribution at the 5 percent significance level show
good agreement, as can be seen from Fig. 13. Figure
13 shows the change in the distribution of the number of
flood exceedances with incremental changes of the time
interval for the Greenbrier River. The graph of the
observed and fitted function A(t) of Eq. 11 for the
Greenbrier River is given in Fig. 14. The function
A(t) is the mean number of flood exceedances in a
time interval [o,t].

The fitted function, Af(t}, has the expression

Ag(t) = 0.2475 + 0.1583¢ + o.sosecos(g-‘i'% . 0.6841:]

. 0.0556::05{2“ ]

g o 0.1476m

+ 0.0154 cos|2EE + 0.77801) + 0.0142 cos[45% + 0.67421]
(64)
and is obtained by using a Fourier-series fit. In Eq.

64, the interval is 20 days. The computations are
given in Appendix 1, Table 16 and 17. Therefore, in
the Poissonian distribution, A = A(t) is given by
Eq. 64.

5.2 Distribution Magnitudes of Flood Exceedances.
The next step in the analysis of exceedances was to
investigate the distributions of magnitudes of exceed-
ances occurring during different periods of the year.
The periods used are the winter season, the spring
season, the summer and fall seasons taken together,
and the total period of a year. It was not feasible
to analyze the distribution of the magnitude of
exceedances occurring only during the summer season,
because of the small number of exceedances that
occurred during this time (see Table 19, Appendix 2).
The observed distributions of the magnitude of
exceedances, for the four periods, are given in Table
3 and shown in Fig. 15.

Considering the four sample frequency distribu-
tions shown in Fig. 15, the question arises whether
they have the same population distribution. In other
words, are the magnitudes of exceedances of the given
four periods identically distributed? This problem is
treated using the Kolmogorov-Smirnov test at the 5
percent significance level. The results show that
the differences among the sample distributions are
not statistically significant., As an illustration,
for the most unfavorable case - the sample frequency
distribution pertaining to the winter, and the summer
and fall seasons - the result is

l'ln n
172

= 0.1533 < 0.2593 = D
'.I‘lll'l

¢ ]

2

15

in which dn is the maximum observed deviation
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Table 2. Observed distributions and corresponding fitted Poissonian distributions of exceedances for different
time intervals (Greenbrier River at Alderson).
Oct.l-0ct.20 t=20 days Oct.1-Nov.29 t=60" days Oct.l-Jan.8 t=100 days $.1-Feb.i7 =140 dgys Oct.1-Mar.9 t=160 days
k
£ob, fen. " fob, fon. X fab. fon. k foo. Lo, k fob. | Fen.
o 68 68,1100 (1] 59 59.260 0 42 36.432 0 25 21,744 ] 18 14,148
| 4 3.7800 1 12 11.510 1 16 24,811 1 21 25,992 1 ? 23,018
2 0.1048 2 1 1,120 2 10 8,431 2 16 15.552 2 20 18,684
3 0.0019 3 0.070 3 3 1.915 3 7 6.228 3 11 10,138
4 1 0,327 4 3 1.848 4 3 4,118
¥ 72 71,9967 I n 71.960 5 0.044 5 0.441 5 3 1,333
- - - 6 0.088 6 0. 3562
K = 0.055 ; 9f = 0.053 T?z- 0.194 ; o2 = 0.187 I 72 71.940 : x — 7 0.084
2 A 2 = 2 .
= A0 €xny x.‘a 0.208 < x3p ¥ =0.68 ; 5§ - 0.92 - I 72 71,885
Koy = 5.99 Xep = 5.99 X2 = 6.316 < x2 K=1.195; o = 1.310 -
exr 2 2 E=1.63; 02 =»1.81
x2_ = 9,49 X© = 2.802 < xop 4 k .
er ¢ = 5.62 6=
X, = 111 ¢ = 5.622 < 12.6mx2
|
Oct.1-Mar.29 t=180 days Oct.l-Apr.18 t=200 days Oct.l-May 8 t=220 days Oct.l-May 28 t=240 days Oct.1-Sept.30 t=365 days
E fob. Fen. 5 rob. fth. k fob. fth‘ k fob. t-t_'h. k fab. fth.
0 13 9.072 o 9 7.164 0 8 6.048 0 7 5.184 0 5 4.154
1 14 18.792 1 15 16.538 1 16 14,962 1 14 13,637 1 13 11.851
2 18 19.440 2 17 19.080 2 15 18.504 2 15 17,028 2 15 16,898
3 16 13, 464 3 16 14.616 3 14 15.192 3 15 15,746 3 16 15,984
4 5 6,948 4 6 8.460 4 9 9.374 4 11 10,347 4 10 11,419
5 5 2,580 5 7 3.910 5 7 4,641 5 6 5,415 5 8 6.480
6 1 0.986 6 2 1,497 6 2 1.927 6 2 2,383 6 2 3.078
7 0.292 7 0.493 7 0.673 ? 2 0,896 7 2 1,207
8 0.142 8 0.209 8 0.295 8 1 0,447
i 72 71.874 9 0.036 9 0.088§ 9 0,140
; 7 71.530 T 10 0.040
K = 2.07 ; of = 2.29 i 72 71.936 : I 72 71.916 —
~ 5 I 72 71.738
h2 = 5.906<12.6 = xir =231 ; c: = 2.56 k= 2,47 ui = 2.83 F e 2.63; cli = 2.90 .
2L 2 o2 2 E=2.85; 0l » 3.18
X2 = 4,967 <15.5 = x2_ (2 = 3084141 = 2 X = 3,066 < 15.5 = (2, k
- e
x% = 2.726 <169 wd
1.0 2
t = 20days t=60 days t = 100 days t = 140 days t = |60 days
o8
06
04
=
K K
Q- @ 2 3 4 5 6
>
Q (o1} t =220 days
@
20
@
w oo
.g Q -~
CY .
e © 6 I 2 5 4 83 87
LOr
o8f
t = 240 days t= 365 doays e Observed
o6f . et
----- Fitted Poissonian
04} Distribution
02 s K = Number of Exceedances
K K
00 A :
G t 2 3 4 5 & T 8 0 1 2 3 & 8 & T B
Fig. 13. The observed and corresponding fitted Poissonian distributions of the number of exceedances for

intervals of

16

20, 60,100, 140, 160, 180, 200, 220, 240, and 365 days (Greenbrier River at Alderson).



between the two sample frequency distributions, and On the basis of the statistical tests performed,
D, 1s the corresponding critical value obtained the hypothesis that the magnitudes of exceedances for
12 - the Greenbrier River at Alderson are identically dis-
for the 5 percent level of significance. tributed throughout the year is accepted. Estimation
g of the corresponding distribution function was made
using the one-year sample. This sample had the great
Amzf A(s)ds est number of observations, 205. The observed fre-
300} % quency distribution and the corresponding fitted
simple exponential distribution function are shown in
Fig, 16.
1of Hix)
200 0.9}
0.6}
07| 7
Observed X/
LOOF 06}
****** Fitted
05}
0.4r Observed
10 5 et o3k 00 Fitted  (Exponential)
000 L1y
_ommmenmhmmmom P 3
Wi N‘ s 0.2f
> s B
HEEE §5288833453 o}
Fig. 14. Observed and fitted function A( (t) (Green- x (cfs)
1 L 1 A= 1 1 i
brier River at Alderson), O = 00 6050 Tis0 2a550 45000 54000 63000
Fig. 16. The fitted simple exponential function and
the observed frequency distribution of the
Hix) magnitude of exceedances during one year
(Greenbrier River at Alderson with data
Lof _ from Table 3).
e
08 e It can be easily seen from Fig. 16 that the simple
4 exponential distribution function gives a very good
06 27 T oumss Summer and Fall fit to the observed frequency distribution. Taking
IS the observed frequency distribution of the magnitude
0.4} / Naiae of exceedances for the year as representative and
_______ Winter estimating the parameter of the corresponding simple
0.2} exponential distribution function from the data, the
expression becomes
- : ) . ) ' : x(cfs)
' 9000 18000 27000 36000 45000 54000 63000 =
H(X) = 1 - exp(-8.821 - 10> x), x>0, (65)
Fig. 15. Observed distribution functions of the with x measured in cfs. Therefore, the parameter
magnitude of exceedances for three seasonal 8 is estimated by the statistic
and the annual periods, (Greenbrier River 5
at Alderson). B =28.821 . 10 (cfs]-l (66)
Table 5. Observed distributions of the magnitude of exceedances for four seasonal periods (Greenbrier River
at Alderson).
Winter Spring Summer § Fall Year
. Obs. obs. || . Obs. Obs. Fitted
po.|  x(efs) fob.| Frei. | H(x) [Fob.| frer. | 1(x) b frel, | H(X) fon, frel. 11(x) H(x)
1 1- 9000) 53 |0.4953| 0.4953] 36 |0.5902 | 0.5902| 24 |0.6486 | 0.6486| 113 |0.55122 | 0.55122 | 0.5475
2 | 9001-18000| 28 [0.2617 | 0.7570|| 14 |0.,2295 | 0.8197] 7 |0.1893 | 0.8379 49 |0.23902 | 0.79024 | 0.7957
3 |18001-27000) 14 |0.1308 | 0.8878f 7 [0.1148 [0.9345} 4 |0.1081 | 0.9460f 25 [0.12195|0.91219 | 0.9077
4 [27001-36000|| 8 |0.0748| 0.9626| 3 {0.0491 |0.9836f 1 [0,0270 | 0.9730 12 | 0.05854 | 0.97073 | 0.9583
5 | 36001-45000f 3 |0.0280 | 0.9906 0.0000 | 0.9836 1 (0.0270 | 1.0000 4 10.01951 | 0.99024 | 0.9811
& | 45001-54000 0.0000| 0.9906 110.0164 | 1.0000 1 (0.00488 | 0.99512 [0.9914
7 | 54001-63000 110.0094| 1.0000 110.,00488 | 1.00000 | 0.9962
5 107 |1.0000 61 | 1.0000 37 [1.0000 | 205 | 1.00000
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Both the Kolmogorov-Smirnov and the chi-square tests
of goodness of fit have shown good agreement between
the two distributions shown in Fig. 16.

5.3 Distribution of the Largest Magnitude of
Flood Exceedances. The final part of the analysis of
exceedances is the analysis of the distribution func-
tion, Fy(x), of the largest magnitude of exceedances,
called in the ensuing test simply '"the largest
exceedance", On the hasis of the results obtained
in previous chapters, the distribution function of
the largest exceedance, for a time interval [o,t],
is the double exponential function

F (x) = exp [-A(t) exp(-8.821 - 107 )],

x>0 (67)

The function
Fig. 14.

A(t) is given by Eq. 64 and shown in

Distribution of the largest exceedance using the
one-year time interval. The time interval of one year
holds the greatest appeal. The probability distribu-
tion function of the largest exceedance with a year
as the time interval is then, for A(t) = 2.85,

F(x) = exp[-2.85 exp(-8.821 * 10™° x)] ,

x>0 (68)
Values of this distribution function are given
in Table 4, together with the values of the observed
frequency distribution of the largest exceedance, for
the same time interval. The graphs of the two distri-
bution functions from Table 4 are given in Fig, 17.

Goodness of fit tests show close conformity
between the fitted and the observed distributions of
the largest exceedance for this example. According to
the chi-square test, x2 = 4.6834 < 12.6 = xgr , and

according to the Kolmogorov-Smirnov test, d = 0.0387

<0.1602 = D_.. The statistics x? and d are ob-
tained from Table 4; xér and D are the corres-

ponding critical values for the 5 percent level of
significance.

The probability density function of the largest
exceedance using the one-year time interval is

£(x)=2e 2 855 (x)+25.14-107°
exp[-8.821-10 °x-2.85 exp(-8.821-10°x)] ,  (69)

for x > 0. The mode of the largest exceedance is
x = 11,8730 - 103,

1.0F F { !)

09F

o}:] 3

O7F

0.6}

05}

0.4}

0.3F Observed

------- Fitted
0.2F
0.1
x (cfs)

0

1 L 1 1 L 1 [ L

40000 56000

The double exponential distribution function,
and the observed frequency distribution of
the largest exceedance, using a one-year
time interval (Greenbrier River at Alderson).

Fig. 17.

The density £(x), and the distribution function F(x),
evaluated at the mode, are f(x) = 3.2451 - 10~ and
F(x) = 0.3679. The abscissas of the inflection points
are x; = 0.9626 - 103 and xp = 22.7836 - 10, The

probability densities f[xg, evaluated at x; and X,
are £(x)) = 1.6846 * 107> and f(x,) = 2.2996 -

10°°, The median of the largest exceedance is

16.028 - 10%, The density function f£(x)
Fig. 18, with F*(o) = 0.0694.

1

-
X =

is given in

Table 4. Fitted and observed distributions of the largest exceedance with one year as the time interval
(Greenbrier River at Alderson).
Fitted Observed Absolute Freguency B
" |[F(x) - F*(x)| Fitted | Observed (£-£%)°
F(x) F* (x) £
No. | (cfs) £ o
0 0 0.0577 0.0694 0.0117 4.15 5 0.1738
1 8000 0.2450 0.2083 0.0367 15.48 10 0.8980
2 16000 0.5000 0.4722 0.0278 18.36 19 0.0223
3 24000 0.7092 0.6805 0.0287 15.06 15 0.0002
4 32000 0.8442 0.8472 0.0030 9.73 12 0.5290
5 40000 0.9196 0.9583 -+ 0.0387 5.42 8 1.2280
6 48000 0.9595 0.9861 0.0266 2.58 2 0.2670
7 56000 0.9798 0.9861 0.0063 1.46 0 1.4610
8 64000 0.9899 1.0000 0.0101 0.73 1 0.1041
) 72 4.6834
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Fig. 18.

The probability density function of the
largest exceedance using the one-year time
interval (Greenbrier River at Alderson).

Distributions of the largest exceedance in
intervals of 140 and 180 days. The distribution func-
tion of the largest exceedance in the 140-day interval
counting from October 1, is

F(x) = exp [- 1.195 exp(-8.821 - 107°)] , x > 0.(70)
Table 5 gives the values of this function as well as
the values of the corresponding observed frequency
distribution. Figure 19 graphically shows the data of
Table 5. Goodness of fit tests have also shown good
agreement between the fitted and observed distribu-
tions of the largest exceedance in a 140-day interval.
According to the chi-square test, x% = 3,9558 < 11.1

= xir' and according to the Kolmogorov-Smirnov test

d = 0.045 < 0.160 = D__, in which the statistics x2
and d are obtained from Table 5, and xgr and Dcr

are the corresponding critical values for the 5 per-
cent level of significance.

The fitted distribution function of the largest
exceedance in the 180-day interval, counting from
October 1, is

F(x) 3

exp[-2.07 exp(-8.821 - 107~ x)] ,

x>0 (71)

Table 5.
at Alderson).

F (x)

0.9}
0.8}

0.7F

0.6

0.5
0.4
03F
Observed
0.2} ——— Fitted
0.1}
0.0 1 1 1 | E— 1 L x(cfs)
6000 18000 30000 40000
Fig. 19. Fitted and observed distributions of the

largest exceedance in the 140-day interval
(Greenbrier River at Alderson).

Both the fitted function and the corresponding observed
frequency distribution of the largest exceedance in

the 180-day interval are given in Table 6. The distri-
butions of Table 6 are shown graphically in Fig. 20.
Again, tests of goodness of fit show good agreement
between the fitted distribution function of the largest
exceedance and the observed frequency distribution in
the 180-day interval., According to the chi-square test,
¥t = 8.6327 < 12,6 = xgr , and according to the

Kolmogorov-Smirnov test d = 0.0568 < 0.1602 = Dcr 2

The statistics x? and d are computed in Table 6,
and xgr and D_ are the corresponding critical

values for the 5 percent level of significance. The
distribution functions of all three intervals, one-

year, 140-days, and 180-days are in Fig. 21 to accentuate
the effect of the time interval on the fitted probabi-
lity distributions and observed frequency distributions
of the largest exceedance.

Fitted and observed distributions of the largest exceedance in the 140-day interval (Greenbrier River

Fitted Observed Absolute Frequency
Fitted Observed (£ ~ £%)2
X
. F(x)-F*(x) | 3
No. (efs) F(x) F*(x) ] f £*

0 0 0.30200 0.34700 + 0.04500 21.750 25 0.48500
1 6000 0.49505 0.51388 0.01883 13.890 12 0.25700
2 12000 0.66050 0.69443 0.03393 11.913 13 0.09919
3 18000 0.78302 0.77777 0.,00525 §.821 6 0.90218
4 24000 0.86580 0.88888 0.02308 5.960 8 0.69826
5 30000 0.91912 0.93054 0.01142 3.839 3 0.18336
6 36000 0.95138 0.98610 0.03472 2.323 4 1.21063
7 42000 0.97100 1.00000 ¢.02900 1.412 1 0.12026
) 72 3.95588
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Table 6. Fitted and observed distributions of the largest exceedance in the 180-day interval (Greenbrier
River at Alderson).
Fitted Observed Absolute Frequency
X Fitted Observed (f - £)2
F(x)-F*(x) |
No (cfs F E*i(x | f
) (x) (x) £ £
0 0 0.12600 0.18056 0.05456 9.075 13 1.7200
1 8000 0.35971 0.31944 0.04027 16.815 10 2.7500
2 16000 0.60419 0.56944 0.03475 17.610 18 0.0086
3 24000 0.77899 0.72222 = 0.05677 12.580 11 0.2010
4 32000 0.88417 0.87500 0.00917 7.580 11 1.5450
5 40000 0.94091 0.95833 0.01742 4,080 6 0.9040
6 48000 0.97040 0.98611 0.01571 Zli22 2 0.0071
7 56000 0.98532 0.98611 0.00079 1.075 0 1.0750
8 64000 0.99266 1.00000 0.00734 0.528 1 0.4220
) 72 8.6327
5.4 Ccmparison of the Results of the Method
1.0} Developed in this Study with the Method Used By
Gumbel, The mean and standard deviation of the
0.9F maximum annual discharges of the Greenbrier River at
Alderson, for the 72 years considered, are Q =
o8l 35412.5 ofs and o(Q.) = 13351.4 cfs. Therefare, the
double exponential diftribution function for this
i case, using Gumbel's estimate, is
F(x) = exp[- 16.86 exp(- 9.6 - 10> x)] ,
06
x > 0
0.5+
This function and the corresponding observed
04 frequency distribution of maximum annual peak dis-
charges are given in Table 7 and shown in Fig. 22.
98k Ob
served For the Gumbel's estimates of the two parameters
0.2 ———  Fitted the chi-square is x? = 8,34868, which is much larger,
20 for the same number of class intervals, than the chi-
/ square obtained by the estimates of the method used
OlF in this study, with ¥2 = 4.0036.
x (cfs)
0'0 1 1 | 1 L 1 L 1
8000 24000 40000 56000 £
[N 3
Fig. 20. Fitted and observed distributions of the
largest exceedance in the 180-day interval o9l
(Creenbrier River at Alderson).
Foo o8
%)
Lo o7k
0.9b
t =140 days 06t
08t
05k
o7
oaf
0.6
0.3k
Qb t =180 doys
o2+ ——— Observed
w4 oub SF T Gumbel's
03 t = 365 days ' x (efs)
oz = Observed 00 ] ]
—eme Fitted g £ § ¢ § ¢ £
= ~ L] o w w ~
0.1
. x (efs) . 22 Doubl E1al dietributs £ ti
20000 ' : ' ' ig. 22. Double exponential distribution function,
8 R P with parameters estimated by Gumbel's method,
Fig. 21. The fitted and observed distributions of the and the corresponding observed frequency

largest exceedance in 140-, 180-, and 365-

day intervals (Greenbrier River at Alderson).

20

distribution of the maximum annual discharge
(Greenbrier River at Alderson).



Accordingly, for this example, the method of distribution function, givenm in this study, achieved
estimates of parameters in the double exponential better conformance to the observed distribution
than Gumbel's method of estimates.

Table 7. Fitted double exponential distribution function using Gumbel's estimates, and the observed frequency

distribution of the maximum annual discharge (Greenbrier River at Alderson).

Absolute Frequency 2

% Gumbel's Observed Gumbel's Observed (f-£*)

No. (cfs) F(x) F*(x) [F(x)-F*(x) | £ f f

1 19500 0.0746 0.1389 + 0.0643 5.371 10 3.98950
2 27800 0.3105 0.3195 0.0090 16.985 13 0.93495
3 36100 0.5900 0,5278 0.0622 20.124 15 1.30468
4 44400 0.7887 0.7639 0.0248 14,306 17 0.50731
5 52700 0.8988 0.9167 0.0179 7.927 11 1.19128
6 61000 0.9529 0.9722 0.0193 3.895 4 0.00282
7 69300 0,9785 0.9861 0,0076 1.843% 1 0.38557
8 77600 0.9901 1.0000 0.0099 0.835 1 0.03257
T 72 8.34868
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Chapter 6

APPLICATION OF FLOOD EXCEEDANCES TO THE SUSQUEHANNA RIVER

In this chapter, the developed method is applied
to the Susquehanna River at Wilkes-Barre, Pa. This
river is part of the North Atlantic Slope Basin.

Flood data, again in the form of partial-duration
series, cover the years 1891 through 1964. Two years,
1898 and 1899, are omitted because of nonhomogeneity of
data. The base for the partial-duration series is

Q = 82,000 cfs. From these data, a series of 136
exceedances, in the course of 72 years, is obtained.
The data are given in Table 23, Appendix 2.

6.1 Distribution of the Number of Flood Exceed-
ances.

Seasonal occurrence of exceedances. The seasonal
occurrence of exceedances for the Susquehanna River
at Wilkes-Barre is shown in Fig. 23 (data given in
Table 22, Appendix 2).

0 40r

0.30}

0.20F

0.10

o ) o <« © 9w O
o™ od od od (4]
'-d-s:hgdu‘rj
5 3 2 8 8 § 5 2 8

Fig. 23. Seasonal distribution of the number of
exceedances (Susquehanna River at Wilkes-

Barre).

The water year (Sept. 21-Sept. 20) was divided
into the same observation periods as in the previous
example using the Greenbrier River. After the esti-
mation of parameter A for each period, the Poissonian
distributions of the number of exceedances were com-
puted, and tests of goodness of fit performed. The
results obtained are given in Table 8. For each of
the nine considered periods, the null hypothesis that
the distribution of the number of exceedances in the
given period was Poissonian with parameter 1, esti-
mated by the statistic &, was tested. As observed
from the table, all computed x?-values are consider-
ably below the critical y2®-values. Therefore, the
null hypothesis should be accepted at the 5 percent

period.

significance level,

22

The seasonal variation of the parameter A is

shown in Fig. 24.

0.02}

0.01F

0.00 1T
= @ 2 B ™ 2 %
- = o c s - > » a
5 3 % 83 % 8§ 3 % 3
Fig. 24. Seasonal distribution of the parameter A(t),

the average number of exceedances per day,
(Susquehanna River at Wilkes-Barre).

Distribution of the number of exceedances for
varying time intervals. Observed relative frequency
distributions of the number of exceedances are
determined for time intervals of 20, 60, 100, 140,

160, 180, 200, 220, 240 and 365 days, starting with
October 1. Parameters of the corresponding fitted
distribution functions are estimated from the avail-
able samples. The conformance of the fitted Poissonian
distribution functions to the observed frequency distri-
butions is verified by applying the x2-test to each
case at the 5 percent level of significance. The
agreement is very good. The results are given in

Table 9 and depicted in Fig. 25.

The graph of the function A(t) for the
Susquehanna River at Wilkes-Barre is given in Fig. 26
The fitted function, Ag(t), is

t
Ag(t)= 0.1015+0.1050t + 0.3936:05‘19— +o.euszu)

+0.1280cos | 25% - 0.4074x] + 0.0604 cos[ 5" + 0.58924)

+ 0.0130 cos(hTt - 0.20417

s (72)

and is also shown in Fig. 26.

In Eq. 72, the unit of t refers to a 20-day
Therefore, the parameter ) in the Poissonian
distribution function is given by Eq. 72.



Table 8.

Observed and corresponding fitted Poissonian distributions of the mumber of exceedances for nine

non-overlapping periods of the water year (Susquehanna River at Wilkes-Barre).

Oct. 1 = Nov., 9 Nov, 10 - Dec, 19 Dec, 20 - Jan, 28 Jam. 20 - Mar. 9 Al . TR
k fp. fin, k £4b. . k fob. fin, B fob. fon. k fob. | Fen.
0 67 67,1000 0 64 63,5000 0 57 58,4700 0 a8 48.060 0 28 31,670
1 5 4.6500 1 7 7.9400 1 15 12.1700 1 19 19.380 1 52 26.000
2 0.1617 2 1 0.4950 2 1.2630 2 5 3.898 2 9 10.640
3 0.0037 3 0.0207 3 0.0877 3 0.521 3 3 2.910

4 0.0006 4 0.0046 4 0.052 4 0,597
I 7 71.9204 y i

/ i 72 71.9563 i 72 71.9953 I 72 71.911 ;
. 7 71,915
he o.ooms_z f = 0.00312 % = 0.00520 i = 0.01006
K« 0.0694; G » 0.0655 K = 0.125; 62 = 0.139 F = 0.208; 2 = 0.168 T = 0.402; 6 = 0.385 i = 0.0208
20,1922 € 5.99 = 2 * ‘ e B ¥ = 0.820; & = 0.657
S s Xer X = 0.6517<7.81 = x3, x¥ = 2.053<7.81 = 2 * ’ A Xer
x2 = 2.7608< .49 = x:,

Apr. 13 - May 28

May 29 - July 7

July 8 - Aug. 16

Legend:

Table 9.

k fo.| 2 L L k fob. Lin. % b, fn.
0 58 59.2500 0 71 71.0054 0 70 70.026 0 70 70.026
1 14 11.5000 1 1 0.9870 1 2 1.946 1 2 1.946
2 1.1200 2 0.0068 2 0,027 2 0.027
3 0.0720 3 0.0000 3 0.000 3 0.000
4 0.0036

I - AL.9888 I 7 71.9992 I 72 71.999 I 72 71.999
A = 0.00485 i = 0.000347 i = 0.000685 i = 0.000618

K = 0.194; 55 = 0.159 K= 0,0139; 62 = 0.0137

%% m 1,7682<7.81 = xgr

k
%% = 0.0070<5.99 = 52,

¥ = 0.0278; 6{ = 0,0270
. sl
(% = 0.0285¢ 5,99 = 2,

¥ = 0.0278; 5{ = 0.0270
¥% = 0.0285< 5,99 = x2

k = the mmber of
exceedances during
the given period,

fab = phserved absolute

frequency .

fth = theoretical abse-

lute frequency.

A » parameter of the
Poissen distribu-
tiom.

A1l % - values refer

to the 5% level of sig-
nificance.

time intervals (Susquehanna River at Wilkes-Barre).

Observed and corresponding fitted Poissonian distributions of the number of exceedances for different

Oet.1-0ct.20 =20 days

Oct.1-Nov.29 t=60 days

Qct,1-Jan.8 t=100 days

Oct.1-Feb.17 t=140 days

Oct.1-Mar.9 t=160 days

k L fn. k fob. Tin. k fob. fen. . fop. fih. L foo. | .
0 a7 67.1200 o 62 62.6400 0 55 55,280 o 46 43.63 1] 37 32.110
1 5 4.6620 1 10 8.7100 1 15 14,600 1 18 21.81 1 18 25.870
2 0.1617 2 0.6055 2 2 1.027 2 6 5.45 2 12 10,440
3 0.0280 3 0.170 3 2 0.91 5 4 2,800
4 0.011 4 0.11 4 1 0,565
¥ 72 71.9437 I 7 71.9835 s .ol p 0.091

” T 72 71.968
K = 0.0694; & = 0.0655 K = 0.1390; 8] = 0.1196 ! - 1 72 11.92 1 2 71.876
_ _ .2 E=0.264; 62 = 0.253 — - -
x2 = 0.0409< 3.54 = li’ %2 = 0.8326< 5.99 : k ¥ = 0.500; “i . 0.501 ¥« 0.806; 52 = 1.002

x? = 0.1943<7.81 = x2

2. 2
X 2.2764 <9.49 = ez

k
X o= 4,3006< 9,49 = 32
cr

Oct.1-Mar.29 t=180 days

Oct.l-Apr.18 1t=200 days

Qct.1-May B t=220 days

Oct.1l-May 28 t=240 days

QOct.l-Sept.30 t=365 days

¥ fon. fon, k ob. fon, k fon, fin, k fb.| T X fob. fin,
0 24 20. 304 0 12 14,170 0 11 12,5060 ] 10 11.670 0 El 10,872
1 20 25.684 1 26 23.000 1 23 21,8880 1 23 21,200 1 22 20,527
2 19 16.243 2 9 18.700 2 20 19,1520 2 18 19.300 2 20 19,425
3 L] 6.847 3 1 10.150 3 14 11.2000 3 17 11.7 3 16 12.182
4 1 2.160 4 1 4.130 4 [} 4,9000 4 0 5.310 4 1 5.760
5 1 0.547 5 2 1.340 5 3 0,9830 5 3 1.937 H 3 2,174
6 1 0.115 6 1 0.364 6 1 0.4990 6 1 0.585 6 0,681
7 0.021 7 0.084 7 0,1240 7 0.152 7 1 0.186

8 0.017 8 0.0158 8 0.035 8 0.043
I 72 71,821

I 7 71.955 i 72 71,2678 I 72 71.889 i 72 71,850

. AR - - . -

Ko 1.265; af = 1570 K = 1.625; &2 = 1.590 K= 1.750; 6% = 1.684 ¥ = 1.819; 62 = 1.700 = 1.889; 5% = 1.817

2 2
y= = 10.3304<12.6= Xes

. 2
X 4.7087 < 14.1 = Xor

- —_—
X 10.6601 < 14.1 Xex|

k
2 2
¥ % 9.2548 <141 = o2

2 2
x* = 10.1767< 14.1 = Xep
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Fig. 25. Observed and corresponding fitted Poissonian
distributions of the number of exceedances
for 20-, 60-, 100-, 140-, 160-, 180-, 200-
and 365-day intervals (Susquehanna River at
Wilkes-Barre).
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Fig. 26. Observed curve and fitted function A(t) as

the mean number of exceedances in a time
interval [o,t] (Susquehanna River at
Wilkes-Barre).

6.2 Distribution of magnitudes of flood Exceed-
ances, Most exceedances for the Susquehanna River
at Wilkes-Barre occur during the winter and spring
seasons (see Table 22, Appendix 2). In 72 years only
14 exceedances occurred during the fall season, and
four during the summer season. Therefore, it was
feasible to obtain the sample distribution function
of exceedances only for the winter season, the spring
season, and the year. The observed distributions of
the exceedances for these three periods are given in
Table 10 and shown in Fig. 27. The statistical
hypotheses were tested, applying the Kolmogorov-
Smirnov test at the 5 percent level of significance,
to see whether the sample distribution functions given
in Table 10 had the same population distribution
function. The tests performed indicated that the
differences between the sample frequency distributions
are not statistically significant. Therefore, the
null hypothesis that the magnitude of exceedances
for the Susquehanna River at Wilkes-Barre is identi-
cally distributed through the year should be accepted
at the 5 percent level of significance. Estimation
of the parameters of the corresponding distribution
function was made for the one-year interval by using
the sample data, That sample had the greatest number
of observations, 136. The sample and the corresponding
fitted distribution function are shown in Fig. 28.

The fitted simple exponential distribution func-
tion of magnitude of exceedances has the expression

H(x) = 1 - exp(-2.628 - lo‘sx) s x> 0 (73)

in which x 1is measured in cfs. Both the Kolmogorov-
Smirnov and the chi-square tests of goodness of fit
show good agreement bhetween the two distribution
functions shown in Fig. 28.

6.3. Distribution of the Largest Flood Exceedance.
The distribution function of the largest exceedance,
for an interval of time [o,t], for the Susquehanna
River at Wilkes-Barre is

F,(x) = exp[-A(t) exp(-2.628 * 10°0)], x>0 . (74)

The function A(t)
Fig. 26,

is given by Eq. 72 and shown in

Distribution of the largest exceedance during
the one-year interval, The distribution function of
the largest exceedance for the time interval of a
year is

F(x) = exp[-1.889 exp(-2.628 - 107° x)], x > 0. (75)

Values of this distribution function are given in Table
11, together with the values of the observed frequency
distribution of the magnitude of the largest exceedance
for the same time interval. The two distributions of
Table 11 are shown in Fig. 29. Goodness of fit tests
indicate good agreement between the fitted and the
observed distribution for this river. According to

the chi-square test, x? = 4.206 < 12.6 = x2, , and

according to the Kolmogorov-Smirnov test d = 0.0448 <

0.1602 = D_. . The statistics ¥ and d are
obtained from Table 11, and xér and Dcr are the

corresponding critical values for the 5 percent level
of significance.



Table 10.

Wilkes-Barre).

Observed winter, spring, and yearly distributions of magnitude of exceedances (Susquehanna

River at

Winter Spring Year
Observed Observed| Observed
No.| x(cfs) fob. frel. H(x) fob. frel. H(x) fob. rel. H(x) ﬁ:;:;d
1 1-"15000)| 29 0,4460 0.4460 12 0.2265 0.2265 45 0.3309 0.3309 0.3270
2 15001~ 30000) 11 0.1692 0.6152 13 | 0.2453 | 0.4718 28 | 0.2059 0.5368 | 0.5460
3 | 30001- 45000 8 | 0.1231 0.7383 9 0.1698 | 0.6416 23 | 0.1691 | 0.7059 | 0.6945
4 | 45001~ 60000 3 | 0.0462 0.7845 71 0.1321 | 0.7737 11 0.0809 | 0.7868 | 0.7940
5 | 60001- 75000 4 0.0615 0.8460 2 0.0377 | 0.8114 7 | 0.0515 | 0.8383| 0.8611
6 | 75001- 90000 2 0.0308 0.8768 4 | 0.0755 0.8869 8 | 0.0588 | 0.8971 0.9063
7 | 90001-105000 2 0.0308 0.9076 2 0.0377 | 0.9246 4 | 0.0294 | 0.9265 0.9370
8 |105001-120000 2 0.0308 0.9384 2 0.0377 | 0.9623 4 | 0.0294 | 0.9559 0.9575
9 1120001-135000 2 0.0308 0.9692 2 0.0377 1.0000 4 0.0294 | 0.9853 | 0.9705
10 [135001-150000 2 0.0308 1.0000 2 0.0147 1.0000 0.9807
) 65 53 136
H (x)
1LOF (
Hix) O‘Br‘
Lo
06}
] i
i
e
ros = 04
2T e Winter ——— Observed
e p—ear- ¥ F e i i
i % —— <7 &s Theoretical ( Exponential )
0.2/ dy 0. 50.2195 <0,2518 = D
/4 " nny «lcfs) « x(cfs)
1L i I L I i i L 1 i X L L A 1 L
0 30000 60000 90000 120000 15000 30000 60000 90000 20000 150000
Fig. 27. Observed winter, spring, and yearly distri- Fig. 28. The fitted function and the observed frequency
bution functions of magnitudes of exceed- distribution of the magnitude of exceedances
ances (Susquehanna River at Wilkes-Barre). for one year intervals (Susquehanna River
at Wilkes-Barre, data from Table 10).
Table 11.

Fitted and observed distributions of the largest exceedance using the one-year time

interval (Susquehanna River at Wilkes-Barre),.

Absolute Frequency (€ - f*)z
x Fitted Observed | [F(x) - F*(x)| Fitted Observed
No. (cfs) F(x) F* (x) £ £* f
0 0 0.1510 0.1250 0.0260 10,880 9 0.3250
1 20000 0.3275 0.3055 0.0220 12,700 15 0.0071
2 40000 0.5170 0.4722 + 0.0448 15.644 12 0.1981
3 60000 0.6766 0.6805 0.0039 11.491 15 1.0700
4 80000 0.7942 0.7777 0.0165 8.467 7 0.2542
5 100000 0.8726 0.8472 0.0254 5.645 5 0.0737
6 120000 0.9227 0.9167 0.0060 3.607 5 0,5380
7 140000 0.9535 0.9722 0.0187 2,218 4 1.4317
8 160000 0.9723 1.0000 0.0277 1.354 2 0.3082
¥ 72 4.2060
.
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Fitted and observed distributions of the

largest exceedance using the one-year time
interval (Susquehanna River at Wilkes-Barre).

40000 80000
Fig. 29.

Distribution of the largest exceedance for 160-
and 200-day intervals. The distribution function of
the largest exceedance for the 160-day interval is
given by the expression

F(x) = exp[-0.806 exp(-2.628 * 10°%)], x > 0 (76)

The 160-day interval was measured from October 1.
Table 12 gives the values of the fitted function F(x),
as well as the values of the corresponding observed
frequency distribution F*(x). The graphic presenta-
tion of the data is given in Fig. 30.

Goodness of fit tests verified good agreement
between the fitted and observed distributions for the
160-day interval. According to the chi-square test,
X2 = 5.7785 < 11.1 = x2_ , and according to the

cr
Kolmogorov-Smirnov test, d = 0.087 < 0.1602 = Dcr ;

Table 12.
River at Wilkes-Barre).

in which the statistics x2 and d are obtained
from Table 12, and er and D_. are the correspond-

ing critical values for the 5 percent level of signi-
ficance.

ﬁzlxi

1.0F

0.9

0.8

0.7

0.6

Observed

————— Fitted

x (cfs)

60000

1 i = | —
20000 100000 140000

Fig. 30. Fitted and observed distributions of the
largest exceedance for the 160-day interval

(Susquehanna River at Wilkes-Barre).

The fitted distribution function of the largest
exceedance for the 200-day interval, also measured
from October 1, is

F(x) = exp[-1.625 exp(-2.628 * 107 %)],

x>0, (7

The fitted function, F(x), and the corresponding
observed distribution, F*(x), of the largest exceed-
ance for the 200-day interval, are given in Table 13
and shown in Fig. 31. Goodness of fit tests confirm

a good agreement between the fitted and observed distri-
butions for the 200-day interval. According to the
chi-square test, x2 = 5.3524 < 12.6 = "ér , and

Fitted and observed distributions of the largest exceedance for the 160-day interval (Susquehanna

Fitted Observed Absolute Frequency -

x F(x) F*(x) |F(x) - F*(x)| Fitted Observed (E = £%)

No. (cfs) f £* F
0 0 0.446 0.513 0.067 32.170 37 0.7250
1 20000 0.621 0.708 + 0.087 12.610 14 0.1532
2 40000 0.755 0.819 0.064 9.610 8 0.2703
3 60000 0.847 0.875 0,028 6,610 4 1.0305
4 80000 0.906 0.902 0.004 4,305 2 1.2330
5 100000 0,943 0.931 0.012 2,670 2 0.1685
6 120000 0.966 0.972 0.006 1.637 3 1.1360
7 140000 0.980 1.000 0.020 0.980 2 1.0620
) 72 5.7785
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Table 13. Fitted and observed distributions of the largest exceedance for the 200-day interval (Susqizehanna
River at Wilkes-Barre).
Fitted Observed Absolute Frequency g2
X |[F(x) - F*(x) | Fitted Observed (f - %)
No. | (cfs) F(x) F*(x) £ £* £
0 0 0.1967 0.1667 0.0300 14.160 12 0.3290
1 20000 0.3824 0.3472 0.0352 13.373 13 0.0104
2 40000 0.5667 0.5139 + 0.0528 13.271 12 0.1217
3 60000 0.7152 0.7222 0.0070 10.686 15 1.7416
4 80000 0.8202 0,7917 0.0285 7.564 5 0.8691
5 100000 0.8895 0.8611 0.0284 4.990 5 0.0000
6 120000 0.9331 0.9305 0.0026 3.138 5 1.1048
7 140000 0.9598 0.9722 0.0124 1.921 3 0.6060
8 160000 0.9762 1.0000 0.0238 1.180 2 0.5698
Z 72 5.3524
according to the Kolmogorov-Smirnov test, d = 0.0528
< 0.1602 =D__.
Fr, (x) L
h.of To examine how the method presented in this study
compares with an already existing method, comparison
Uk was made with Gumbel's distribution using maximum
annual discharges for both rivers. Chi-square values
cak were used as measures of goodness of fit of the
: observed distributions. The method presented in this
study achieved better conformance with the data in
(Vird o both cases.
ceh 6.4 Comparison of the Results and the Method
Developed in This Study and Gumbel's Method for the
Susquehanna River at Wilkes-Barre Pa, The mean and
usH standard deviation of the maximum annual discharges
of the Susquehanna River at Wilkes-Barre, for the
0.4} 72 years considered, are Q, = 129887.50 cfs, and
9(Q,) = 43083.86 cfs. The two parameters in the
GCaF
double exponential function are estimated by
&5 Observad Gumbel's method from 72 annual flood peak discharges.
——m——  Fitfed Values of fitted Gumbel's F(x) function and
o1} the corresponding observed frequency distribution
x (cfs) F*(x) of maximum annual peak discharges for the
0.0 L 1 L L Susquehanna River are given in Table 14.
40000 B80OO00 120000 160000
For the Gumbel's estimates of the two parameters
the chi-square is x% = 6.0130, which is much greater
Fig. 31. Fitted and observed distributions of the for the same number of class intervals, than the chi-
largest exceedance for the 200-day interval square obtained by the estimates of the method used in
(Susquehanna River at Wilkes-Barre). this study, with x2 = 3,9813,
Table 14, Fitted Gumbel distribution function and observed frequency distribution of the maximum annual peak
discharge for the Susquehanna River at Wilkes-Barre.
Absolute Frequency 2
x Gumbel's Observed Gumbel's Observed (f-f*)
No. | (cfs) F(x) ) |IFe) - Fre0l [T F £* £
1 85000 0.1178 0.1389 0.0211 8.481 10 0.27207
2 106000 0.3183 0.3056 0.0127 14.436 12 0.41106
3 127000 0.5418 0.5417 0.0001 16.092 17 0.05123
4 148000 0.7204 0.6945 0.0259 12.859 11 0.26875
5 169000 0.8390 0.8056 0.0334 8.539 8 0.03402
6 190000 0.9103 0.8750 +0.0353 5.134 5 0.00349
7 +4.211000 0.9509 0.9444 0.0065 2,923 5 1.47585
8 232000 0.9734 1.0000 0.0266 1.620 4 3.49654
- 72 6.01301
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Chapter 7

GENERAL SUMMARY

This study presents a stochastic model for the
analysis of the largest flood peak. The treatment
takes into consideration that, for any given time in-
terval, both the number of flood peaks and their
magnitude are random variables. This stochastic
model of the flood phenomenon that determines the
largest flood peak has no constraints such as the
stringent assumption of time-invariance (stationarity)
of time series. It is general enough to embrace the
concept of seasonality in flood occurrence. Treating
flood peaks, obtained from the partial-duration
series, as independent events, the theory herein
employed adopts an approximation in the case of a
complex flood hydrograph. It considers any complex
flood hydrograph as one streamflow event, and uses
only the highest flood peak of such a hydrograph.
This assumption does not seriously affect the accuracy
of the results obtained by the method. The distribu-
tion of the relatively small number of flood peak
exceedances occurring in a time interval closely
approximates the time-dependent Poissonian distribu-
tion, which deals with small probabilities and gives
the number of rare events. Inclusion, in the model,
of the distribution of the number of flood peak
occurrences to study the largest magnitude of the
flood peaks represents a contribution to the gene-

28

rality of methods used for flood analysis. This

study concentrates on the largest flood peak exceedance
among a random number of flood peak exceedances
occurring in an interval of time. The magnitudes of
exceedances are random continuous variables of a
stochastic, discrete, non-negative process. This
stochastic process of exceedances is periodic, with one
year as its period,

When using the simple exponential distribution
function of the magnitude of all exceedances, this
method yields results that show good agreement
between the resulting double-exponential distribution
function of the magnitude of the largest exceedance
and the corresponding observed frequency distribution.
The corresponding theoretical double exponential
distribution function obtained by a different approach
than in the case of asymptotic distributions of
extremes, fitted better the observed data for the two
examples used than in the case of using the annual
flood peak series. For the example used, the agreement
is somewhat better for the Greenbrier River at
Alderson, than for the Susquehanna River at Wilkes-
Barre because a greater number of exceedances were
available from the Greenbrier records.
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Derivation of the Asymptotic Value of the m-th
Absolute Moment of the Largest Exceedance When
Integer o is Large, for Gamma-Distributed Exceed-

ances

The exact value of the m-th absolute moment of
the largest exceedance, where m =1, 2,......
gamma-distributed exceedances is

N " atm-1 -y %! Ll
EX (1) = ——— [ »° expf-y-n e’ I 4
g (a-1)! o L i=0
where y = Bx, and o is a positive integer.
For large positive values of «

Jo

. for

APPENDIX 1

At eEE(-RE-m! [a’m}u+m- %

n
8 o 37

Since

o+m-

1
=3

lim (otm) =" (u+n)m 3

ax

et

one can use, for large positive values of a« the

»
1 ]

At * asm-1 asymptotic value of the m-th absolute moment of the
Ex"(t) = T [y exp(-y-it)dy , largest gamma-distributed exceedance,
Bme-uaa' 7 /I "
EX"(t) 5 2L o M (qum)™ |
_ At r(asm) a-at 8
= —1 e »
g™ o*” 7 V/am forany m=1, 2, ...., .
Table 15. Computed values for the relation B‘c%(x}=f(kt), for
exponentially distributed magnitudes of exceedances.

At Bzoi(x) At Bzﬂifxl At Bzcitx) At Bzc%(x)

1 1.267 26 28.680 51 64,200 76 101,600

2 1.940 27 30.040 52 65.660 77 103.100

3 2.548 28 31.400 53 67.140 78 104.600

4 3.219 29 32.770 54 68.610 79 106.100

5 3.976 30 34.150 55 70.090 80 107.600

6 4.812 31 35.530 56 71.570 81 109.200

7 5.717 32 36.920 57 73.050 82 110.700

8 6.681 33 38.320 58 74.530 83 112.200

9 7.694 34 39.720 59 76.020 84 113.700

10 §8.749 35 41.130 60 77.510 85 115.300

11 9.841 36 42.540 61 75.000 86 116.800

12 10.960 37 43,950 62 80.490 87 118,300

13 12.120 28 45.370 63 81.990 88 119.800

14 13.290 39 46.800 64 83.480 89 121.400

15 14,490 40 48,230 65 84,980 90 122.900

16 15.710 41 49,660 66 86.480 91 124.400

17 16.950 42 51.100 67 87.980 92 126.000

18 18.200 43 52.540 68 89.480 93 127.500

19 19.470 44 53.590 69 90.990 94 129.000

20 20.750 45 55.440 70 92.500 95 130.600

21 22.050 46 56.890 i 94,000 96 132.100

22 23.350 47 58.340 72 95.510 97 133.700

23 24.670 48 59.800 73 97.020 98 135.200

24 26.000 49 61.260 74 98.540 99 136.700

25 27.340 50 62.730 75 100.100 100 138.300
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Table 16.

Computation of the harmonics

Alderson, W. Va,

Z;(t)

of the fourier series used
to represent the function A(t)”, for the Greenbrier River at

W_ i1 j=2 j=3 1=8
¥, =
t i) 0.1583t ﬁ(t]—ﬂ?lssst Ya CQS%E—K") g sin*z—;;-} Ye tns{z—gi Yy s'ml-g-;E Y cos[g%-‘-] A sin 2_}1:_} Ye cnslz—'z:—t- ytsin[g-%-r'—
0 0.000 0.00000 4.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
1 0.056 0.15833 -0.10233 -0.09616 -0.03500 -0,07839 -0.06578 -D.05116 -0.08862 0,05116 -0.08862
2 (0.120) 0.31667 -0.19667 -0.15066 -0.12642 -0.03415 -0.,18582 0,09834 -0.17032 0.09833 0.17032
3 0,194 0.47500 -0, 28100 -0. 14050 -0.24335 0,14050 -0.24335 0.28100 0.00000 -0.26100 0.,00000
4 (0.340) 0.63533 -0.28333 -0.05083 «0.2B887 0.27564 -0.10032 0.1l4666 0.25403 0. 14666 -0.25403
5 0.681 0.79167 -0.11067 0.01922 -0.10899 0.10400 0.03785 -0.05533 0.09584 0.05533 0.09584
6 (0.950) 0.55000 -0,02000 0.01000 -0.01732 0.01000 0.01732 -0.02000 0.00000 -0.02000 0.00000
7 1.105 1.10833 0.08667 -0.06639 0.05571 0.01505 -0.08189 0.04333 0.07506 -0.04333 0.07505
8 1.625 1.26667 0.35833 -0.33672 | 0.12255 0.27449 -0.23035 -0.17916 0.31032 -0.17816 -0.31032
9 2.070 1.42500 0.64500 -0.64500 0.00000 0.64500 0.00000 -0.64500 0.00000 0.64500 0.00000
10 2,310 1.58333 0.72667 -0.68254 -D.24853 0,55666 0.46710 -0.36333 -0.62932 -0.36333 0.62932
11 2,473 1.74167 0.73133 -0.56023 -0.47009 0.12700 0.69097 0.36566 -0.63335 -0.36566 -0.63335
12 2,630 1.90000 0.73000 -0.36500 -0.63220 0.56500 0.63220 0.73000 0.00000 -0.73000 0.00000
13 (2.730) 2.05833 0.67167 -0.11663 -0.66147 -0.65116 0,22972 0.33584 0.58169 -0,33583 0.58169
| 14 (2.790) 2.21667 0,57333 0.08956 -D.56462 -0,53875 -0,19609 -0.28656 0.49652 -0.28666 -0.49652
15 2,810) 2.37500 0.43500 0.21750 -0.37672 -0.21750 -0,37672 -0.43500 0.00000 0.43500 0.00000
16 (2.825) 2.53333 0.29167 0.22343 -0.18748 0.05065 -0.27557 -0.14583 -0.25259 -0.14583 0.25259
17 (2. 840) 2.69167 0.14833 0.13938 -0.05073 0.11363 -0.09534 0.07416 -0.12846 -0.07416 -0.12845
18 2,850 2, 85000 0.00000 0.00000 0.00000 0.00000 0.00000 0,00000 0.00000 0.00000 0.00000
i -2.50187 -3.83353 0.44767 0.22395 -0.10648 -0.08920 ~0.06652 -0.10918
8 (%) -0,27800 0.04974 -0.01183 -0.00738
b, (t) -0.42595 0.02488 -0.00891 -0.01213
¢ (x) 0.50864 0.05562 0.01543 0.01420
8y(t) 0.684071 -0.147657 0.77803n 0.67420%
Zj (r) 0.30864 cos(z—:{;- +0.684077)) 0,05562 ccs(sz: -0.147657)( 0.01543 :os{%ﬁ +0.77803n)|| 0.01420 cos(:th «0,67420=7)
Table 17. The fitting function Ag(t) ; The Greenbrier River at Alderson, W. Va.
Af(tjwo.za'zsm.lssét
t z,(t) Z,(t) Z,(t) 05 + A P
% - A B ju1,3,3,6 9
0 -0,27802 0.04975 -0.01182 -0.00739 0.00000
1 -0.40693 0.05410 -0.01450 -0.00681 0.02167
2 -0.48676 0.03314 -0.00268 0.01420 0.12105
3 -0.50788 -0.00333 0.01182 -0.00739 0.21570
4 -0.46774 -0.03824 0.01450 -0.00681 0.38252
2 -0.37121 -0.05525 0.00268 0.01420 0.62957
6 -0.22985 -0.04642 -0.01182 -0,00739 0.90200
7 -0.06081 -0.01586 -0.01450 -0.00681 1.15783
8 0,11557 0.02209 -0.00268 0.01420 1.66333
9 0.27802 0.04975 0.01182 -0.00739 2.00468
10 0.40693 0.05410 0.01450 -0.00681 2.29953
11 0.48676 0.03314 0.00268 0.01420 2,52593
12 0.50788 -0.00333 -0.01182 -0.00739 2.63282
13 0.46774 -0.03824 -0.01450 -0.00681 2.70400
14 0.37121 -0.05525 -0.00268 0,01420 2.79163
15 0.22985 -0.04642 0.01182 -0.00739 2.81034
16 0.06081 -0.01586 0.01450 -0.00681 2.83345
17 -0,11557 0.02209 0.00268 0.01420 2.86255
18 -0.27802 0.04975 -0.01182 -0.00739 2.85000
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APPENDIX 2

The Greenbrier River DATA Base for partial duration
at Alderson, W, Va, series, Qb = 17000 cfs

Table 18. Flood peaks and magnitudes of flood peak exceedances.

Water Q & Water Q £ Water Q £
Year Date (cfs) | (cfs) Year Date (cfs) | (cfs) Year Date (cfs) | (cfs)
1896 |Mar. 30, 1896 |28800 | 11800 | 1913| Mar. 15, 1913 | 21800 | 4800 | 1932 | Feb. 5, 1932 | 50100 | 33100

Mar. 27, 1913 | 64000 | 47000 Mar. 18, 1932 17600 600
1897 | Nov. 5, 1896 |27600 |10600 Apr. 13, 19131 20000 | 3000 Mar. 28, 1932 | 31500 | 14500
Feb. 23, 1897 | 54000 |37000 May 2, 1932 27500 | 10500
May 14, 1897 40900 |23900 || 1914 0 0 July 5, 1932 | 21900 | 4900
1898 |Mar. 30, 1898 | 17100 100 || 1815| Jan. 7, 1915 | 34000 | 17000 || 1933 | Mar. 20, 1933 | 26400 | 9400

May 7, 1898 18600 | 1600 Feb. 2, 1915 | 40800 | 23800
Aug. 11, 1898 | 52500 | 35500 | 1934 | Mar. 5, 1934 | 32300 | 15300
1916 | Oct, 2, 1915 | 27200 | 10200 Mar, 8, 1934 | 20500 | 3500
1899 | Oct. 22, 1898 | 25300 | 8300 Dec. 30, 1915 | 24400 | 7400 Mar. 28, 1934 | 27900 | 10900

i Jan. 7, 1899 | 20000 | 3000

| Feb. 27, 1899 | 23800 | 6800 || 1917 | Dec. 29, 1916 | 17300 300 || 1935 | Nov. 30, 1934 | 19400 | 2400
Mar, 5, 1899 |48900 | 31900 Mar. 4, 1917 | 43000 | 26000 Jan. 23, 1935 | 49600 | 32600
Mar, 13, 1917 | 28000 | 11000 Mar. 13, 1935 | 22300 | 5300
1900 |Mar. 21, 1900 | 17100 100 | Mar. 26, 1935 | 17900 900
1918 | Feb, 27, 1918 | 17900 900 Apr. 1, 1935 | 24800 | 7800
1901 | Nov. 26, 1900 | 56800 | 39800 | Mar. 14, 1918 { 77500 | 60500 | May 7, 1935 20100 | 3100
Jan. 12, 1901 | 21100 | 4100 June 26, 1918 | 24000 | 7000 || July 9, 1935 | 24800 | 7800
Apr. 21, 1901 | 20400 | 3400 Sept. 6, 1935 | 20800 | 3800

[ May 28, 1901 |19300 | 2300 || 1919 | Oct. 31, 1918 | 28600 | 11600
i June 17, 1901 | 20000 | 3000 Dec. 23, 1918 | 24800 | 7800 | 1936 | Nov. 13, 1935 | 19400 | 2400
i Jan. 2, 1919 | 49000 | 32000 Jan. 3, 1936 | 20800 | 3800
| 1902 | Dec. 15, 1901 | 36700 | 19700 Feb. 15, 1936 | 27100 | 10100
| Mar. 1, 1902 | 43800 | 26800 || 1920| Dec. 7, 1919 | 38000 |21000 Mar. 18, 1936 | 58600 | 41600
; Jan 25, 1920 |20700 | 3700 Apr. 7, 1936 | 28300 | 11300

{1903 | Jan. 3, 1903 | 25300 | 8300 Mar. 20, 1920 | 33500 | 16500
| Feb. 5, 1903 | 29600 | 12600 1937 | Dec. 7, 1936 | 21200 | 4200
| Feb. 17, 1903 | 33500 | 16500 | 1921 0 0 {Jan. 2, 1937 | 22300 | 5300
' Feb. 28, 1903 | 34400 | 17400 Jan, 21, 1937 | 36600 | 19600
Mar. 23, 1903 | 48900 | 31900 | 1922 | Nov. 1, 1921 |21500 [ 4500 Apr. 26, 1937 | 26400 | 9400

Dec. 25, 1921 | 20100 | 3100
| 1904 | Jan, 23, 1904 | 25700 | 8700 Feb, 21, 1922 | 22200 | 5200 || 1938 |Oct. 20, 1937 | 21200 | 4200
| May 19, 1904 | 25700 | 8700 Oct. 28, 1937 | 32800 | 15800
‘ 1923 | Feb, 2, 1923 |19500 | 2500 May 25, 1938 | 22300 | 5300

1905 | Mar. 10, 1805 | 29600 | 12600
May 12, 1905 | 37600 | 20600 || 1924 | Jan. 17, 1924 | 26500 | 9500 || 1939 | Jan. 31, 1939 | 40200 |23200

Mar. 29, 1924 | 20400 | 3400 | Feb. 4, 1939 | 41600 | 24600
1906 | Jan. 4, 1906 | 18200 | 1200 May 12, 1924 | 36200 | 19200 | Feb. 11, 1939 21200 | 4200
Jan. 23, 1906 | 26000 | 9000 Sept. 30, 1924/ 17900 900 Apr. 17, 1939 | 17200 200
July 30, 1939 | 19400 | 2400

1907 | June 9, 1907 | 17500 500 || 1925 0 0
June 14, 1907 | 52500 | 35500 1940 | Apr. 20, 1940 | 29900 | 12900
1926 | Jan. 20, 1926 | 20700 | 3700 May 25, 1940 | 21500 | 4500
1808 | Dec. 11, 1907 | 17800 800 Feb. 15, 1926 | 17600 600 May 31, 1940 | 19400 | 2400
Dec. 24, 1907 | 23000 | 6000 June 28, 1940 | 18700 | 1700

Jan, 12, 1908 | 51500 | 14500 || 1927 | Nov. 16, 1926 | 17900 | 900
Feb. 6, 1908 |52500 |35500 Dec. 22, 1926 |24000 | 7000 || 1941 0 0

Mar. 7, 1908 | 26800 | 9800 Dec. 26, 1926 | 40200 | 23200
Apr. 1, 1908 | 27600 | 10600 Feb. 6, 1927 |18800 | 1800 |l 1942 |May 17, 1942 | 35300 |18300

May 8, 1908 31500 | 14500 Feb. 20, 1927 | 19500 | 2500
1943 | Dec. 30, 1942 | 33600 | 16600
1909 | Apr. 15, 1909 | 20000 | 3000 || 1928 | May 1, 1928 18000 | 1000 Jan. 27, 1943 | 17200 200
Mar. 13, 1943 | 36200 | 19200
1910 | June 17, 1910 | 45900 | 28900 || 1929 | Dec. 1, 1928 |22800 | 5800 Apr. 20, 1943 | 21200 | 4200

Feb, 28, 1929 | 32700 |15700
1911 | Jan. 30, 1911 | 43800 | 26800 Mar. 6, 1929 |[23800 | 6800 || 1944 | Feb. 23, 1944 | 25200 | 8200
Apr. 5, 1911 | 20000 | 3000 May 21, 1929 |20000 | 3000 Mar. 1, 1944 | 17200 200
1912 | Oct. 18, 1911 | 23800 | 6800 | 1930 | Nov. 18, 1929 |36600 | 19600 || 1945 |Dec. 26, 19441 17900 | 900
Feb. 22, 1912 [18900 | 1900 i Jan. 2, 1945 | 19000 | 2000

Feb. 27, 1912 | 18900 | 1900 1931 0 0
Mar. 16, 1912 | 35500 | 18500 1946 | Jan. 8, 1946 | 43600 | 26600

Mar. 29, 1912 | 27200 | 10200

May 12, 1912 20000 3000 1947 | Jan. 21, 1947 | 20000 3000

May 17, 1912 (21100 | 4100 Mar. 14, 1947 24400 | 7400




Table 18. Flood peaks and magnitudes of flood peak exceedances - Continued

Water Q E Water Q E Water Q E

Year Date (cfs)| (cfs)|| Year Date (cfs) |(cfs) || Year Date (cfs) | (efs)
1948 | Feb. 14, 1948 | 35200 | 18200 [f 1955 | Oct. 1, 1954 | 32000 | 15000 1962 | Oct. 21, 1961 | 34700 | 17700
Mar. 24, 1948 | 23500 | 6500 Feb., 7, 1955 | 28000 |11000 Dec. 13, 1961 | 20100 | 3100

Apr. 14, 1948 | 40300 | 23300 Mar. 6, 1955 | 44400 | 27400 Dec. 19, 1961 | 21500 | 4500

Mar. 23, 1955 | 26200 | 9200 Jan, 7, 1962 | 17800 800

1949 | Dec. 4, 1948 | 18500 | 1500 Feb. 28, 1962 | 23200 | 6200
Dec. 16, 1948 | 37100 | 20100 || 1956 | Mar. 15, 1956 | 18200 | 1200 Mar. 22, 1962 | 35500 | 18500

Jan. 6, 1949 | 26300 | 9300
Apr. 14, 1949 | 23200 | 6200 || 1957 | Jan. 24, 1957 | 23900 | 6900|f 1963 [ Jan. 13, 1963 | 22700 | 5700

Jan. 30, 1957 | 28900 |11900 Mar, 6, 1963 | 34800 | 17800

1950 | Jan. 31, 1950 | 31500 | 14500 Apr. 6, 1957 | 22000 | 5000 Mar. 12, 1963 | 47200 | 30200

Mar. 17, 1963 | 26100 | 9100

1951 | Dec. 4, 1950 | 25600 | 8600 || 1958 | Dec. 8, 1957 | 21800 | 4800 Mar. 20, 1963 | 30400 | 13400
Dec. 8, 1950 | 27800 | 10800 Dec. 27, 1957 | 23900 | 6900

Feb. 2, 1951 | 26700 | 9700 Mar. 31, 1958 | 22200 | 5200| 1964 | Jan. 26, 1964 | 19100 | 2100

Feb. 22, 1951 | 18500 | 1500 Apr. 7, 1958 |[17500 | 500 Mar. 6, 1964 | 39600 | 22600

Mar. 31, 1951 | 19800 | 2800 May 6, 1958 | 26700 | 9700 Mar, 9, 1964 | 22800 | 5800

June 14, 1851 | 29300 | 12300
1959 | Jan. 22, 1959 | 17200 200

1952 | Jan. 18, 1952 [ 17800 | 800 June 3, 1959 | 23900 | 6900 | 1965 | Jan. 25, 1965 | 22000 [ 5000
Jan. 28, 1952 | 19100 | 2100 Feb. 8, 1965 | 28400 | 11400
Mar. 12, 1952 | 27600 | 10600 || 1960 | Dec. 13, 1959 | 17800 800 Mar. 26, 1965 | 19800 | 2800
Mar, 31, 1960 | 35500 | 18500 Apr. 12, 1965 | 18600 | 1600

1953 | Feb. 22, 1953 | 47100 | 30100 Apr. 4, 1960 | 32500 | 15500
Mar. 24, 1953 | 20100 | 3100 1966 | Feb. 14, 1966 | 26400 | 9400

1961 | Feb. 19, 1961 | 25000 | 8000
1954 | Mar. 1, 1954 | 29700 | 12700 Feb. 24, 1961 | 21800 | 4800 | 1967 | Mar. 7, 1967 | 54500 | 37500
July 16, 1954 [ 18800 | 1800 Feb. 26, 1961 | 31400 | 14400 Mar. 15, 1567 | 39900 | 22900
May 7, 1961 17200 200 May 7, 1967 20900 | 3900

Q = total flood peak
£ = flood peak exceedance.

Table 19. Seasonal occurrence of number of exceedances Table 20. Seasonal occurrence of number of exceedances

for the Greenbrier River at Alderson, W. Va. for the Susquehanna River at Wilkes-Barre, Pa.
Absolute Absolute Relative Absolute Absolute Relative
Season Period Froquency Frequency | Frequency Season Period Freq) ¥ Freq Freq y
y " 3 0.049 Sept. 21 - Nov. 4 5 1 0.0368
Fall sept ol ;e ! = »  owT— L O T -3 PR e . S
" Dec. 21 - Feb, 3 15 0.1100
Mar. 21 - May 4 6 |__0.3377
Mar, 21 - May 4 37 0.180 Spring =
Spring May & — Juns 3 Ty 61 i May 5 - June 20 7 53 0.0524
June 21 - , 5 2 60,0147
" June 21 - Aug. § o 0.020 Sumor |pime 21 - Al 2o $ i S
ug. 6 - Sept. 2 8 0.010 ¥
Total I
Total 7 Year 136 136 1.0000
Year 205 208 1.000 Note: Period of 72 years considered.

Note: Period of 72 years considered.
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The Susquehanna River

at Wilkes-Barre, Pa.

Base for partial duration

series, qb = 82000 cfs

Table 21. Total flood peaks and flood magnitudes of
peak exceedances
Water Q £ Water Q g Water Q g
Year Date (cfs) | (cfs) Year Date (cfs) | (cfs) | Year Date (cfs) | (cfs)
1891 |(Jan. 24, 1891 |164000 82000 1913 | Jan. 9, 1913 97200 15200 1941 | Apr. 7, 1941 138000 56000
Feb. 19, 1891 |130000 | 48000 Mar. 28, 1913 | 184000 |102000
Feb. 27, 1891 |125000 | 43000 1942 | Mar. 11, 1942 | 111000 | 29000
1914 | Mar. 29, 1914 | 182000 |100000 Mar. 19, 1942 | 94600 12600
1892 | Jan. 14, 1892 | 97100 | 15100 Apr. 9, 1914 | 107000 | 25000 May 24, 1942 82600 600
Feb, 26, 1892 | 97100 15100 May 14, 1914 105000 | 23000
Apr. 4, 1892 112000 | 30000 | 1943 | Jan. 1, 1943 | 191000 | 109000
1915 { Jan. 9, 1915 84900 2900 Mar. 18, 1943 | 101000 19000
1893 | May 5, 1893 115000 | 33000 Feb. 17, 1915 84900 2900!
Feb. 26, 1915 | 127000 | 45000/ 1944 | May 9, 1944 S0000 8000
1894 |Mar. 8, 1894 | 88600 | 6600 July 10, 1915 | 120000 | 38000
May 21, 1894 97100 15100 1945 | Mar. 5, 1945 119000 37000
1916 | Apr. 2, 1916 160000 78000 Mar, 18, 1945 | 95800 13800
1895 | Apr. 10, 1895 | 113000 31000 Mar. 23, 1945 | 97600 15600
1917 0 0
1896 | Jan. 1, 1896 88600 6600 1946 | Mar. 10, 1946 | 94800 | 12800
Feb. 7, 1896 88600 6600 1918 | Mar. 2, 1918 85700 3700 May 29, 1946 | 210000 | 128000
Apr. 1, 1896 |135000 | 53000 Mar. 15, 1918 | 124000 | 42000
1947 | Apr. 7, 1947 151000 | 69000
1897 | Oct. 15, 1896 | 88600 6600 1919 0 0
1948 | Mar. 18, 1948 | 118000 | 36000
1900 | Jan. 21, 1900 | 86800 4800 1920 [ Mar. 13, 1920 | 155000 | 73000 Mar. 23, 1948 | 193000 | 111000
Mar. 2, 1900 94500 12500 Apr. 15, 1948 | 98700 16700
1921 | Mar, 10, 1921 86600 460U -
1901 | Nov. 28, 1900 | 115000 | 33000 1949 | Dec. 31, 1948 | 82700 700
Mar. 12, 1901 89000 7000 1922 | Nov, 29, 1921 | 117000 35000
Mar. 28, 1901 | 112000 30000 Mar. 9, 1922 83200 1200 1950 | Mar. 30, 1950 | 172000 | 90000
Apr. 8, 1901 82100 100 Apr. 6, 1950 | 119000 | 37000
Apr. 23, 1901 | 90300 8300 1923 | Mar. 5, 1923 91800 9800
1951 | Nov, 27, 1950 | 119000 37000
1902 | Dec. 16, 1901 | 166000 | 84000 1924 [ Apr. 8, 1924 | 129000 | 47000 Dec, 5, 1950 | 114000 | 32000
Mar. 2, 1902 |213000 |131000 Apr. 1, 1851 | 128000 | 46000
Mar. 18, 1902 | 101000 19000 1925 | Oet. 1, 1924 111000 | 29000
Feb, 13, 1925 [ 145000 | 63000 1952 | Mar. 13, 1952 | 124000 42000
1903 | Dec. 23, 1902 | 82100 100
Feb. 5, 1903 92800 | 10800 1926 | Mar. 26, 1926 | 90100 8100 || 1953 | Dec. 12, 1952 | 98000 | 16000
Mar. 2, 1903 |110000 | 28000 Apr. 10, 1926 | 83200 1200
Mar. 10, 1903 | 93700 | 11700 1954 0 0
Mar. 12, 1903 | 91100 49100 1927 | Nov. 17, 1926 | 121000 | 38000
Mar. 25, 1903 | 119000 | 37000 Mar. 15, 1927 | 92700 | 10700 | 1955 | Mar. 3, 1955 85900 3900
Aug. 30, 1903 [101000 | 19000 May 26, 1827 | 108000 | 26000
1956 | Oct, 16, 1955 | 166000 84000
1904 | Oct. 11, 1903 |112000 | 30000 1928 | Oct. 20, 1927 | 141000 | 59000 Mar. 9, 1956 | 186000 | 104000
Jan, 23, 1904 | 101000 19000 May 1, 1928 102000 | 20000 Apr., 6, 1956 126000 44000
Feb. 10, 1904 | 152000 70000
Mar, 9, 1904 204000 (122000 1929 | Mar. 17, 1929 | 127000 | 45000 1957 | Apr. 7, 1957 107000 25000
Mar, 27, 1904 |124000 42000 Apr, 22, 1929 | 155000 77000
1958 | Apr. 8, 1958 | 170000 | 89000
1505 | Mar. 26, 1905 [129000 | 47000 1930 0 0 Apr. 23, 1958 | 83800 1800
1906 0 0 1931 0 0 1959 | Jan, 23, 1959 | 113000 | 31000
Apr. 4, 1959 86600 4600
1907 0 0 1932 | Apr. 2, 1932 107000 | 25000
1960 | Nov, 29, 1959 88000 6000
1908 | Dec. 12, 1907 | 95400 | 13400 1933 | Aug. 25, 1933 | 99800 | 17800 Feb. 12, 1960 | 90100 8100
Dec. 25, 1907 86100 4100 Apr. 2, 1960 201000 | 119000
Feb. 17, 1508 | 130000 | 48000 1934 | Mar. 6, 1934 85500 3500
Mar. 16, 1908 | 106000 | 24000
Mar. 30, 1908 | 98800 | 16800 | 1935 |Jan. 11, 1935 | 107000 | 2000 | 1961 | Feb- 27, 1961 | 1880001 B
July 10, 1935 | 151000 | 69000 lr S2r
¥ & Apr. 26, 1961 | 148000 | 66000
1909 | Feb. 21, 1909 | 85300 | 3300 ?
Feb. 26, 1909 85300 3300 1936 |Mar. 13, 1936 | 184000 |102000 1962 | Apr. 2, 1962 128000 46000
May 2, 1909 125000 | 43000 Mar. 20, 1936 | 232000 | 150000
1937 0 0 1963 [Mar. 19, 1963 | 90500 8500
1910 | Jan. 23, 1910 | 93700 11700 Mar. 28, 1963 | 131000 49000
Mar. 3, 1910 157000 75000 1038 0 0
Apr. 25, 1910 | 112000 30000 1964 | Jan. 27, 1964| 93900 11900
2 55000 Mar. 7, 1964 (187000 | 115000
1911 | Mar. 29, 1911 | 94500 | 13400 e i:g: 2:: 1323 ‘32233 300 Mar. 10, 1964 (228000 | 146000
1912 | Mar. 31, 1912 | 115000 | 33000 1940 | Apr. 1, 1940 | 212000 | 130000
Apr. 3, 1912 127000 | 45000 Apr. 22, 1940| 93000 11000
Q = total flood peak
£ = flood peak exceedance. {3
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Following the theory of the supremum of a random number of random variables a
stochastic model is presented for interpretation, amalysis, and prediction of the
largest flood peak discharge above a given base level concerning a time interval
[o,t], at a given location of a viver. Although the analysis of floods is the
main objective of the developed stochastic model, it has a broader scope. The
model can be applied to any kind of data of an intermittent process having a sub-
stantial stochastic component for which probabilities of the largest value are
desired.

The model has been applied in this study to data from gaging stations on the
Susguehanna River at Wilkes-Barre, Pa., and the Greenbrier River at Alderson, W.
Va. Results were compared to those obtained by Gumbel's method; they indicate
that the introduced model fits the data better,
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