














































Chapter 4 
MULTIVARIATE DATA GENERATION AT A NEW GRID OF POINTS 

The data generation or the experimental Monte 
Carlo method is useful when problems are too compli­
cated to be analyzed analytically. In hydrologic 
problems associated with area and time or space and 
time, the main concern is for the areal or spatial 
distribution and the variation in time. Since the 
present observational points are located irregularly 
over an area, representing different area sizes, the 
esti.mates of areal distributions are made by drawing 
the isohyetal maps and measuring enclosed areas by a 
planimeter. This is time consuming work, subject to 
some errors. The generation of new samples of data 
at a new systematic grid of points can help to solve 
the above problem, by using the models as discussed 
in Chapter III, since the models condense the area­
time information. Hence, the solution of the problems 
involved may be dissociated from the set of observa­
tional stations. 

4.1. Multivariate Generation Method 

To generate hydrologic series at points over an 
area, or generate multivariate sample series, the 
cross correlation coefficients between stations over 
the area must be considered as well as the series 
means, variances, skewness coefficients, and serial 
correlation coefficients (Fiering, 1964; Matalas, 
1967). A rather simple way of generating multivariate 
series is based on a multivariate second-order station­
ary generating process, which is discussed by Matalas 
(1967) and Young and Pisano (1968). 

The multivariate generation of samples of the 
stochastic component of the monthly precipitation, or 
C, is the subject of this study, and its model is 
then 

ij+l " Atj + (4 .1) 

with j the month, A and B the (M x M) diagonal 
matrices, c. 1 a (M x 1) matrix . The variable t -J+ 
should be considered normally distributed with mean 
zero and variance unity. When t is not normally 
distributed, transformations such as logarithmic and 
cube-root are made to approach a normal distribution 
as closely as possible. Therefore , t and u 'follow 
the standard normal distribution, and E(C) = 0, 
E(u) \ = 0, Var (C) = 1, and Var (u) "'). The 
matrices A and ! arc given by 

A"' 

and 

-1 
RlRO 

(4. 2) 

B BT = R -1 T (4. 3) 
-- 0 - RlRO Rl 

where R0 = the lag-zero cross correlation matrix of 

t, R1 • the lag-one serial correlation matrix, = 

the inverse of R0, and BT and Ri = the transposes 

of ! and R
1

, respectively. Equations (4.2) and 

{4.3) define the coefficients of matrices A and B. 
The solution for B can be obtained either by ortho­
gonalization or recursive scheme technique, or by 
principal component technique (Matalas, 1967; Young 
and Pisano, 1968). 

In general, the stochastic component of the 
monthly precipitation can be assumed to be independent, 
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then Eqs. (4 .2) and (4.3) are reduced to the following 
forms 

and 

A • 0 

B BT .. R 
-- 0 

(4.4) 

(4 .5) 

For the generation at a new grid point instead of 
the original stations, the lag- zero cross correlation 
matrix R0 can be defined by regional dependence 

model such as Eq. {3.42). 

4.2. Determination of Grid System 

One of the important problems in using the grid 
system is how to define the system, especially the 
grid interval which determines, to a large extent, the 
accuracy of the representation. 

The objective and general method of designing the 
grid network has not been established. Determination 
of the grid system may depond upon the phenomenon 
studied, the scale of area studied, the needed 
accuracy of results, and economic restrictions. Among 
several kinds of grid systems such as square, rectan­
gular, and triangular ones, a square grid system is 
exclusively considered in this study because the 
correlation structure i n the Upper Great Plains is 
assumed to be isotropic. If the regional dependence 
structure is anisotropic or elliptic like that of Eq. 
(3.14), a rectangular grid system with the major and 
minor axes of the ellipse as the sides of the rectan­
gles may be better to givo the equal weights to in­
formation for all directions. 

Considering the scale of the area, the number of 
the original stations used in modeling, and a capacity 
of the available computer, the number of the grid 
points in this study was selected to be around one 
hundred, giving a grid interval of about one hundred 
miles. On the basis of these considerations, the grid 
interval is decided by the criterion that a correla­
tion coefficient r between the value at a grid 
point and the average value of the area represented 
by the grid point is higher than a certain value. 
From purely statistical grounds, one might plausibly 
choose an acceptable value of the coefficient of deter-

mination such as r 2 = 0.8 and 0.9. The procedure of 
obtaining this correlation coefficient is as follows. 
A (L x L) - square area consisting of (l x l) smaller 
squares, as shown in Fig. 4.1, is considered to be an 
area represented by a grid point located in the middle 
area. Assuming that each small area (l x l) is 
homogeneous and the point in the middle of each area 
represents that area properly, the mean value of the 
big square area is given by the average of values of 
these small squares. Let ti and (c denote the 

value of the small square i and the value of the 
representative point c, respectively. The number 
of the small squares is denoted by n. Then the 
average val ue is given by 

1 n 
t =- I c. 

n i • l l 
(4 .6) 

Since ti is standardized, the mean, variance, and 

covariance are given by E(t1) '• 0, Var (t1) • 1, 
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Fig. 4.1. Graph for Determining the Grid Interval L 
on the Basis of the Correlation Coefficient 

1 n 
of t c and the Average Value ~"' - L f;., 

n i"'l ~ 
where ti Represents Values of the Small 

(.f. x .t) Squares. 

and Cov (ti ,tj) = rij' where rij is the cross 

correlation coefficient given by Eq. (3.43). The 
mean and variance of f and the covariance of I and 
tc are given by 

and 

E(~) 0 

1 2 n-1 n 
• - + -2 r r r .. 

n n i =1 j=i+l 13 

Cov(tc•t) 2 Cov[tc'~t 1 + t 2 +•••+ tn)] 

1 n 
=- L r . 

n i"'l C1 

(4 . 7) 

(4. 8) 

(4 .9) 

Then the correlation coefficient of f; and 'f is 
c 

r = Cov(t .t)/[Var(C )Var(tH
112 

c c 

- - 1 l/2 Cov (t , f; )/ [Var(t) c (4 .10) 

Because the value of ten miles for .t can be reason­
able for the monthly precipitation, the correlation 
coefficients are calculated for a several set of n 
and L with .t = 10 miles. The results are shown in 

Table 4.1. When r 2 = 0.9 is taken as the criterion 
to define the grid system, the grid interval of 100 
miles is chosen from Table 4.1. For r2 "' 0.8, the 
gr id i nterval of 200 miles is chosen. Considering 
these values as well as the previously described con­
ditions, the 100-mile grid interval is chosen in this 
study. 

To cover the study area, a (10 x 8) square grid 
system with 100-mile grid interval is chosen for the 
generation of new samples and the investigation of 
drought characteristics. Each station represents an 
area of 10,000 square miles, which is cal led here a 
unit-~~. The grid system covers a total of 800,000 
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Table 4.1. Correlation Coefficients of the Areal 
Represen~ative Value t c and its Areal 
Average t for Various Grid Interval L 
Consisting of n small (.t x .t) 
Miles Areas. 

Square 

n .t L r r 2 

9 10.0 30.0 0.9861 0 .9723 
25 10.0 50.0 0.9759 0.9524 

49 10.0 70.0 0.9661 0.9334 
81 10.0 90.0 0.9563 0.9145 

121 10.0 110.0 0.9467 0.8962 
169 10.0 130.0 0.9372 0.8783 
225 10.0 150. 0 0.9275 0.8602 
289 10.0 170. 0 0.9181 0.8428 
361 10.0 190.0 0.9086 0. 8255 

square miles, or 80 unit-areas. Figure 4. 2 shows the 
grid system over the area studied and the l ocation of 
the new eightly stations or points. 
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Fig. 4.2. Grid System (Big Points) with 100-Mile 
Grid Interval over the Upper Great Plains 
and Observed Stations (Small Points) with 
Their Series Used for Objectives of ~lodel­
ing. 

4.3. Checking the Generated Samples 

The sample series of t , each 1200 months long, 
are generated at the selected 80 grid points by pre­
serving the mean, variance, and lag-zero cross correla­
tion coefficient, as defined by Eqs. (3 .35) and (3.43). 
The mean, standard deviation, skewness coeffici ent, 
excess coefficient, and the minimum value for the 
generated samples of the 80 stations , each sample 500 
months long, are given in Table 4.2. The generated 
samples could be accepted without a rigorous statisti­
cal test, becaus·e the multivariate generation of 



Table 4. 2. Statistics of Generated Samples Each of 
N = 500 Months, with Extremes Underlined, 
and Values Outside the 95\ Tolerance 
Limits with the Sign*. 

S..tatioo. 

I · 0.11092 
2 ·0.0556 
l -0.00911 
4 •0.0211 
5 · 0.0106 
6 0.0145 
7 ·0.0162 
a -o.o52S 
9 0.0006 

10 0.0064 
l1 0.0451 
12 -0.0 151 
13 ·0.0101 
14 -0.0323 
IS ·0.0102 
16 0 .0127 
17 0.02U 
II 0.0401 
19 0.0191 
20 0.0456 
21 O.Oh05 
2Z 0.0214 
2l 0.0205 
24 o.osu 
z.s 0.0¢03 
26 0.0554 
27 0.0540 
za o.ouo· 
29 0.0715 
30 0.1219" 
31 0.0411 
32 0.0121 
n o.ono 
Sol 0.0824 
35 0.0727 
36 0.1050" 
37 o .uza• 
38 0.1192" 
39 0.0275 
40 ·0.0226 
h 0 .0624 
42 0 . 1018" 
41 0.1260" 
u o.o•n• 
45 0.07l3 
46 o.oa54 
47 0.0528 
48 ·0.0339 
49 o.oau • 
5o o .04U 
51 0 .0409 
52 0.0263 
53 0.0207 
54 0.0453 
ss 0 .0203 
56 ·0.0071 
57 0 .0246 
sa -o.o;o2 
59 ·0.0019 
60 -0.0101 
61 -0.0191 
62 0.0075 
63 0.0205 
64 0.0154 
65 0.0144 
66 -0.0195 
67 0.0099 
68 -0. 0226 
69 •0.0191 
70 -0.0099 
71 -0.0096 
72 0.0304 
73 0.0158 
74 0.0015 
75 •0.0066 
76 0.0165 
71 -0. 0135 
78 ·0.0041 
79 0.0124 
10 0.0199 

Hem 0.0259 
s.o. 0.0424 

o:::nn•d 0.0000 

Sund.ud Skewness 2.);cess 
DeYiatioa Coe££ic.ia.t Coe!£ic:ie::nt 

1.0143 
1.0130 
1.0010 
1.0710 
1.0752 
l. llll" 
1.0263 
0.9·U2• 
t:O'l'iT 
I.Cll4 
1.0398 
1.0181 
0.9891 
1.02$9 
1.0659 
1.0971 
1.0554 
1.0119 
1.0403 
1.0661 
1.0292 
1.0007 
1.0'!2 
1.1234• 
l.i19U 
1. 14SO• 
r:T.i"!'O• r:om 
1.0114 
1.0469 
1.0651 
1.0797 
1. 0951 
1.113&• 
1.0092 
1.06U 
1.0106 
1.0577 
0.9962 
1.0241 
1.0913 
1.0294 
0.9931 
1.05U 
1.1176• 
1.0734 
1.0439 
0.9513 
1.0732 
1.0260 
l .Ol!i6 
0 .9980 
1.0919 
1.0799 
1.0671 
o . 9952 
1.0144 
0. 9a02 
0 . 9471" 
0 .9595 
1.0921 
1.0575 
1.06~1 
1.0019 
l.O~OS 
t.o.a::s 
1.0317 
1. 0046 
1.0222 
0.9974 
1.03U 
1.0652 
1.0350 
1.0761 
1.0912 
1.0941 
1.0044 
I.OZ31 
1.0761 
1.0466 

1.0464 
0.0421 

1.0000 

1.0753 
l.4Ul 
0.9464 
1.3290 
1.2211 
1.4363 
1.3321 
1.2666 
1.0291 
1.0155 
o. 8527 
1.2112 
0.9S21 
0.9910 
1.5951 
1.4840 
1.1003 
1.1617 
I. IS61 
1. 1!45 
1.0106 
0.91&6 
1.2424 
1.4594 
1.2557 
2. 0074 
T:4ffi' 
0.8162 
0.9030 
0.9191 
1.14116 
1.3614 
1.0044 
1.3459 
0. 9381 
1.05<7 
1.0994 
0.9611 
1.0742 
1.5394 
1.1138 
0.9604 
0. 7413 
o.gm 
1.3619 
1.3'%44 
1.3168 
1.1622 
0.9?14 
0.1745 
0.!772 
0.9687 
1.4916 
1.2616 
1.1695 
1.1175 
1.226t 
0.8819 
0.!000 
0.6964 
l.lO~!f 

0 .9993 
1.1519 
1.0241 
1.3217 
1.26~0 

l.0$~9 
0.9950 
1.1140 
1.0191 
1.0391 
1.3349 
0.9232 
l.Ul7 
1.40" 
1.4514 
1.2262 
1.0212 
1.1139 
1.3157 

1.1569 
0.2202 

1.6511 
4.1743 
0. 997~ 

2.5061 
I,I12Z 
3.0546 
3.0162 
3.4078 
t.ll5C 
1.1220 
o. 7601 
2.0770 
1.1114 
1.1056 
4,45611 
3.06<8 
1. 7790 
2. 7469 
2. 2531 
3. 7411 
2.2134 
1.1216 
2.11411 
!. 5526 
2.29~ 
a. 7175 
T.'mT 
0.4611 
r.nn 
1.0467 
2.02&1 
2.4110 
1.0339 
2.&lS9 
1.2501 
1.3129 
1. 6346 
0.9507 
1.4130 
3.60as 
1.<127 
1 . 1566 
0.5507 
1.0333 
2.3754 
2.4630 
2. 8399 
3.5096 
0.96•3 
0.<671 
0.6285 
0.19~2 

3. 1641 
2.1(106 
1.66$1 
2. 2711 
2.16~6 
0 .9~94 
0.1211 
1.01!1 
2.3381 
O. 7SIO 
1.4333 
l.I:S.Sl 
2.a499 
2.3Sll 
1.ll30 
1.1511 
1.1290 
1.3643 
o.nn 
2.•• 34 
0.9390 
1. 8539 
2. 7600 
3,4461 
3.0616 
I. 2794 
2.0796 
2.9147 

2.0541 
1.2.76 

O.U71 

- 1.7459 
·I. 749a 
-1.7480 
-1.675a 
·1. 7073 
· 1. 70U 
·1.1243 
·1.6223 
·1.6919 
-I. 7121 
· 1.6607 
· I. 7117 
·1.6105 
·1.6310 
·1.6131 
-1.6379 
-1.7053 
•I. 7146 
·1.7135 
·1.7131 
· 1.6235 
· 1.6970 
· 1.11U 
·1. 5929 
-1.6675 
·1. iOOl 
· I. 7147 
· I. 7646 
-1.7639 
-1.6655 
· 1."67 
- 1.6554 
·1. 7539 
·1.72:)6 
·I. 736& 
- 1. 7Z22 
·I. 7590 
-I. 7440 
-1.6443 
·l.Slll 
·I. 7%19 
-I. 7631 
·1.6633 
-1.1560 
·1.5759 
·1.6110 
·1.6-ISO 
·1.6764 
·1.6662 
·I. 7059 
·1.7155 
·1. 7032 
-1.1480 
· 1.6501 
-1.6326 
·I. 7160 
-1.6512 
·1.6672 
-I. 5826 
·1.69H 
·1.6223 
· 1.6900 
-1.6l0l 
-1. SiOl 
-1.6368 
-I. 7001 
· 1.6161 
·1.6305 
·1.6511 
-1.7067 
-1.6963 
-1 .6549 
·1.6832 
-1. 75n 
· 1.6779 
·I. 7112 
· 1.6279 
·I. 71"6 
· 1.1410 
· 1.6796 

·1.683a 
0.0513 

• 1.7653 

samples has been used for a long time. However, since 
the method was applied to generate many samples of 
point s eries over a large area, simple statistical 
tests were carried out to check whether the generated 
sampl es preserved the inferred stat istical properties. 
For testing the preservation of the mean, standard 
deviation, serial correlation coefficient, and cross 
correlation coefficient , tolerance limits at the 95 
percent level w~th the sample size N • 500 wore used. 
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For the mean, the 95 percent tolerance limits, 
and mt, are given by 

m • = p ± 1.96o//SGO u., .... (4.11) 

For 11 0.0054 and o = 1. 0397, then mu. = 
0.0965. In case of the standard 

percent tolerance interval is 

0.0857 and mt • -

deviation, the 95 
defined by 

2 2 
0 xo.o25 2 
--4;.9.;.9;..=.:~ < s 

2 2 
0 xo .975 

< 499 

2 For a • 1.0397, x0_025 439.0701, 

562.7223, then Eq. (4.12) gives 

0.9375 < s < 1.0615 

and 

(4 .12) 

2 
xo.975 c 

(4 . 13) 

The 95 percent tolerance limits for the serial 
correlation coefficients with the lag k are given 
by Eq. (3.26), namely 

-1 ± 1. 96 f,i98:k 
riL,l = 499 - k ( 4 .14) 

The tolerance limits for the zero lag cross correla­
tion coefficient as related to distance d, defined 
by Eq. (3. 43) , was found by transforming the estimated 
p values into the Fisher's z variable. The 95 
percent tolerance limits for z are 

zu.,! • zp ± 1.96oz , ( 4 .15) 

where zp 
-1 

tanh p, oz 

( -0 . 00418d). 
are converted 

Then these 
back into 

• 1/1497, and p = exp 

95 percent tolerance limits 
ru.,t(d), by 

( 4 .16) 

Using these above tolerance limits, the statis­
tics are tested. For the means, nine out of 80 
stations, or 12.5 percent of stations, showed the 
values outside the 95 percent tolerance limits. For 
the standard deviation, eight out of 80 stati ons , or 
ten percent of total stations, were outside the 
tolerance limits. Though for both statistics the 
numbers of stations outside the 95 percent tolerance 
limits were somewhat larger t han four (5 percent of 
80 stations), the deviations are not very large. 

Table 4.3 shows the number of stations, whose 
serial correlation coefficients are outside the 95 
percent tolerance limits. Though tho serial correla­
tion coefficient for the lag three is often outside 
t he tolerance limits, the generated samples as a 
whole were considered to be time independent, because 
the total percentage of the s tations with the rk 

outside the t ol erance limits was small , 3.88 percent. 
Figure 4.3 presents some randomly selected cr oss 
correlation coefficients of the generated samples 
versus the inter station distance , with the original 
regional dependence function and its corresponding 95 
percent tol erance limits . The points outside the 
tolerance limits are few. Therefore, the regional 
dependence structure was preserved in the generated 
samples. The time and r egional structures were well 
preserved. 



Table 4.3. 

Lags 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Total 

Number of Serial Correlation Coefficient 
of the 80 Generated Samples, Which are 
Outside the 95 Percent Tolerance Limits 
of the Independent Series. 

Number of Stations 
Outside 95% T. L. 

2 
3 

12 (15.0%) 
2 
2 
7 
2 
1 
1 
0 
2 
3 
1 
4 
3 
3 
1 
7 
3 
3 

62 (3.88%) 

The average of the skewness coefficients for the 
generated samples was greater than that of t he original 
series. The excess coefficients for the generated 
samples were very scattered, with their average value 
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1.0 

Fig . 4.3. Randomly Selected Cross Correlation 
Coeff icients of Generated Samples Versus 
t he Interstation Distance, with the 
Original Regional Dependence Function and 
its Corresponding 95 Percent Tolerance 
Limits. 

much greater than the average value of the original 
series. The difference between the minima of the 
generated and original samples was not large, but 
their standard deviation was different, which may come 
from the model of the stochastic component defined 
by Eq. (3.35) . Border effects on generation seem to 
exist in l ocations of occurrences of extreme values. 
That is, the extreme val ues seem to occur around the 
border more often than in the middle of the area. 
However, a rigorous statistical test was not carried 
out. 

In view of these tests and considerations, the 
generated samples for the stochastic component of the 
monthly precipitation series can be accepted as appro­
ximately a time independent, second-order stationary 
process, with the regional dependence defined by Eq. 
(3.43) . 



Chapter 5 
EXPERIMENTAL METHOD OF ANALYSIS OF AREAL DROUGHT CHARACTERISTICS 

The monthly precipitation is a periodic-stochastic 
process, because each month has a different mean and 
a different standard deviation. Therefore, the time 
position inside the year is an important factor in 
the analysis of discrete time series with their int er­
val a fraction of the year. The stochastic component 
inside the monthly precipitation series is approxi­
mately a second-order stationary, identically distri­
buted stochastic process in most cases. In this 
Chapter, only the stochastic component is analyzed in 
order to derive general characteristics of regional 
droughts. Drought characteristics of monthly precipi­
tation are discussed in Chapter VI. 

The generated samples at t he 80 station points 
of the i.i.d. process of ~ . with the lengt h of 1200 
month.ly values f or each sample, are based on the 
models developed in Chapter III . These samples are 
then used to investigate the areal drought character ­
istics. As shown in Fig. 4.2, these 80 stations of 
the selected grid cover an area larger than the area 
of the Upper Gr eat Plains , from whose observational 
stat ions the models were inferred. Since the coverage 
of this larger area does not seem to influence the 
general characterist ics obtained on droughts of the 
Upper Great Plains , the generated series at the 80 
stations are used without further modification. 

5.1. Definition of Droughts and Development of 
Indices of Drought Characteristics 

In this study, a drought is defined by using the 
differences between the water supply and water demand 
series . The water supply series are def ined by the 
stochastic component in the monthly precipitation, 
which is assumed to be a time independent stationary 
stochastic process. The water demand series are 
given either by the mean of the stochastic component 
or by its probability quantiles as 

(5.1) 

To analyze the general drought character ist ics, the 
mean of the stochastic component may bo used as the 
truncation level . For a standardized random input 
process, the water demand is then t 0 • 0. The other 

-1 truncation levels, such as t 0 ~ F (0 . 5) , are used 

for comparisons , with all the truncation levels used 
as water demands being time invariant. In practice, 
truncation l evels at the mean or the median are 
important as the benchmark levels. 

Indi ces expressing drought characteristics should 
be defined before an analysis . Some of them are listed 
up by Yevjevich (1967) and Kates (1971), such as (1) 
magnitude, (2) duration, (3) areal cover age, (4) in­
tensity (maximum, average), (5) spatial distribution, 
(6) drought initiation or termination, etc . The cap­
ability for drought prediction on a medium or long 
range is very limited if not zero . By using a statis­
tical approach, the first four characteristics of 
drought are investigated i n this chapter, par ticularly 
the areal coverage and drought severity over that 
area, with their probabilities and time durations. 
First, the areal dr ought characteristics !or a month 
are studied without any consideration of drought 
duration. Then, the time factor of areal drought 
characteristics i s investigat~d . 
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For the areal drought characterist ics, tho three 
indices selected are : the def i cit area, A, the total 
areal deficit, D, and the maximum deficit intensity, 
I. For the truncation level, t 0, these indices 

as random variables are defined as 
80 

A " .I r ct<~ l ctil 
~=1 - 0 

(5. 2) 

80 
D .I c~o- til 1 ct~c ) ct.) (5.3) 

and 
l=l 0 ~ 

I ~0 - min(tl,t2 ,···,~80'~0) (5.4) 

where is an indicator function defined 

by 

= 0 (5.5) 

and i = the stat ion number. According to definitions, 
the deficit area does not express how the deficit s are 
distributed over the whole area. The total areal 
deficit, therefore, does not take into account t he 
spatial distribution of the deficit. Though these 
variables do not present the complete information on 
regional droughts, they are primary factors in drought 
investigations for a large area. Other viewpoints 
can be applied in further i nvestigations on the areal 
aspects of droughts. 

The indices defined by Eqs. (5.2) through (5.5) 
can be consider ed as non-negative, bounded random 
variables. The deficit area, A, is bounded by zero 
and 80. Since the probability of P(~~-1.7653) is 
less than 0.0001, the highest maximum deficit inten­
sity at the truncation level c0 may be conceived 

as (1.7653 + t 0) . Ther efore, the maximum deficit 

intensity, I, may be considered as bounded by zero 
and (1 .7653 + ~0) . A product of the highest maximum 

deficit intensity and the whole area, that is , 
80(1 . 7653 + t 0), gives the maximum possible total 

areal deficit . Tbe total areal deficit, D, is 
bounded by zero and 80(1.7653 + t 0) . Although the 

deficit area is defined as a discrete variable by 
Eq. (5.2), the deficit area should be a continuous 
random variable. 

5.2. Statistical Analyses of Drought Characteri stics 
I 

The basic statistics of the t hree drought 
characteristics (the deficit area, the total areal 
deficit, and t he maximum deficit int ensity) are com­
puted from the 1200-month generated sampl es for 
different truncation levels. The results are pre­
sented in Table 5.1. The variation of basic statis­
tics of distributions of the deficit area and t he 
total areal deficit ~ as funct ions of the truncation 
level , are shown in Fig. 5 .1 . The di stribution 
statistics of the deficit area are expr essed in per­
centage of t.ho total whole area (or of 80 stations). 
The mean of the deficit area increases with the prob­
ability of the truncation level, as expected . The 



Table 5.1. Basic Statistics of the Deficit Area, the 
Total Areal Deficit, and the Maximum 
Deficit Intensity for the Sample Size 
N = 1200. 
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standard deviation of the deficit area is symmetrical 
about the point q = 0.5. The highest variation of 
the deficit area is found for the truncation level at 
the median. The mean of the total areal deficit in­
creases exponentially with an increase of the trunca­
tion level. 

A comparison of the maximum and minimum percen­
tages of the deficit area for various truncation 
levels indicates that at the truncation levels of 
q = 0.5 and q = 0.58, or at the median and the mean , 
respectively, the deficit never covers the whole area 
completely. On the other hand, at least a small 
deficit area always occurs within the whole area. 
Though this does not prove that the probabilities of 
the two extremes, of the whole area completely covered 
by a drought and no part of the whole area covered 
by a drought, are zeros, these two extremes very rarely 
occur for such a large region, as used in this study, 
for the truncation levels of the median and the mean . 
The fact that there is always at least a small deficit 
area covered by a drought within the area studied, is 
a specific feature of droughts. The three variables 
have time independent sequences, as expected, because 
the original stochastic component series is time 
independent. 

The probability distributions are fitted to the 
frequency distributions of the three variables for the 
truncation level of ~O = 0 (q = 0.58). The beta 

distribution function is used to these frequency 
distributions of the three variables, because they 
are assumed to be bounded at both t ails, as specified 
in the previous section. The bounds f or the three 
variables are given in Table 5.2. The weak point in 
the fi t of the beta probability distribution function 
to the frequency distribution of these three variables 
is that the probability densities at both bounds are 
zeros, though the probabilities for t he bounds may 
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Fig. 5.1. Variations of Basic Statistics of the Deficit Area and the Total Areal Deficit 
in Function of the Probability of Truncation Level for the Sample Size N=600. 

22 



Table 5 . 2 . Boundary Values of the Deficit Area , A, 
the Total Areal Deficit, D, and the 
Maximum Deficit Intensity, I, for the 
Truncation Level of ~O = 0. 

Variables Lower Bound Upper Bound 

A 0 80 .0 
D 0 141.224 

0 1.7653 

not be zeros. Since probabil ities of both extremes 
are close to zero, as mentioned earlier , and the ob­
jectives of this study were not to analyze these 
extremes , this weak point is not decisive so that 
the use of the beta distribution may be accepted. 
When t his weak point is not negligible, a mixed 
distribution could be used. 

The general form of the beta distribution func­
tion is 

1 a-1 a-1 
fy(Y) "' -;;-;,.::.......,~ -'"'(y_-::..a),____,(b.::-~-Y~) __ 

B(a, 8) (b-a)a+s-1 
(5.6) 

with a>O, 
(l and a. 

13>0, and B(a,S) = the beta function of 
By using the transformation 

X = (Y - a)/(b - a) (5.7) 

the standard form of the beta distribution with param­
eters a and e becomes 

and 

1 a-1 13 1 
B(a,l3) X (1- X)- , (0 < X< 1). (5 . 8) 

Johnson and Kotz (1970b) gives estimates a and 
as the first approximation as 

a = 
n n 

1 (1 - I1 x~/n)/ [1 - n x~/n 2 i=l 1 i=l 1 

n 
- I1 (l- x.)l/n] 

i=l 1 

! [1- ~ (1 - x.)l/n]/[1 
2 i=l 1 

n 
- I1 ( 1 - x.) 1/n] . 

i=l .l 

(5.9) 

n 
rr x~/n 
i=1 .l 

(5.10) 

Using the transformation of Eq. (5 .7) with the values 
i n Table 5.2, the est imates a and B for the three 
variables are made by using Eqs. (5 .9) and (5. 10). 
The goodnesses of the fit of the beta distribution to 
the computed f requency distributions of the deficit 
area, the total areal deficit, and the maximum deficit 
intensity, are tested by using the chi-square statistic 
of ten class intervals at the five percent l evel of 
significance . At this significance, the critical 
value of chi-square statistic with the number of 
degrees of fr eedom of seven is 14.1 The estimates 
a and s and the test are as follows. 

For the deficit area, the estimates a and e 
are 3.417 and 2.559, respectively , with the beta den­
sity function 
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f(x) = 27.6128 x2 .417 (1- x)l . 559 (S .11) 

Its chi-square statistic is 12.80, which is less than 
the critical value of 14 .1. 

For the total areal deficit, a and a esti­
mates are 2.760 and 9.566, respectively, with the bet a 
density function 

f(y) = 403.4121 yl.760 (1- y)8.566 (5 .1 2) 

with the chi-squar e statistic of 9.33. 

For the maxi mum deficit intensity, the estimated 
density function with the parameters 8.314 and 2.092 
is 

f(z) = 91.6392 %7.314 (1 - z)l.092 (5 .13) 

and the chi-square statistic of 11.70, being smaller 
than the critical value. 

Since the chi-square statistics for all the 
three variables are smaller than the critical value 
at the five percent level of significance, the fitted 
distributions may be accepted. Comparisons of fitted 
distribution functions and tho frequency distributions 
of these three variables are show~ in Fig. 5. 2. 

I 

/ Max imum 
,' In tensi ty 

1.0 

ll 

Fig . 5.2. Relative Frequency Distribut ion (Broken 
Lines) and the Fitted Beta Distribution 
Functions (Sol id Lines) for the Deficit 
Area, the Total Areal Defici t, and the 
Maximum Deficit Intensity. 

The cross corr elat ion and r egressi on anal ysis are 
carried out to find relationships among the deficit 
area, A, the total areal deficit, D, and the maxi­
mum deficit intensity, I . The lag zero cross corre­
lation coefficients among the pairs of the three 
variables are given in Table 5 .3, and relationships 
are presented in Figs . 5.3 through 5.6. It is seen 
that the pair s of the three variables are highly 
correlated, especially the correlation coeffici ent 
of the deficit area and the total areal deficit is 
high, namely 0.934 . Since Fig. 5 .3 shows that the 
relation is non-linear (quadratic or exponential) 
rather than linear, two types of regression func t ions 
are fitted, namely 



Table 5. 3. Pairwise Cross Correlation Coefficients for the Deficit Area, A, 
the Total Areal Deficit, D, the Maximum Deficit Intensity, 1 , and 
Their Derived Variables, for the Sample Size NK600. 

A D I AI 

A 1.000 

D 0.936 1. 000 

0.660 0.719 1.000 

AI 0.973 0. 963 0. 789 1. 000 

D/A 0 . 741 0.900 0 . 797 0.821 

I/D -0.796 -0 .710 -0 .553 -0 . 744 

DI 0.903 0 . 991 0 . 765 0.958 

I/A -0.730 -0 . 581 -0 . 260 -0 .628 
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Relationship of the Total Areal Deficit, 
D, to the Deficit Area, A, with the 
Inferred Regression Equation or D = 
0.2479A + 0 . 0088A2 . 

D = 0.2479A + 0 . 0088A2 , (5.14) 

with the explained variance of R2 0.9078, and 

D • 0. 0558A1· 6433 (5 .15) 

with the explained variance of R2 
= 0.9031. As the 

two equations explain the variance of the total areal 
deficit well, the unexplained variance may result 
from the neglect of the shape or the spatial dis­
tribution of the deficits as well as from the sampling 
errors. 
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Fig . 5 .4. 

1/D DI 1/A 

1.000 

-0.665 1.000 

0. 877 -0 .522 1.000 

Relationship of the Maximum Deficit 
Intensity, I, to the Deficit Area, A, 
with the Inferred Regression Equation or 

I • 0. 5131A0· 2682 . 

The relation between either the deficit area or 
the total areal deficit and the maximum deficit 
intensity, as shown by Figs. 5.4 ~d 5.5, are not 
easily inferred, though the maximum deficit intensity 
increases both with an increase of the deficit area 
and with an increase of the total areal deficit . 
Using the power f unction relationships, the fits give 

" 0.5131A0•2682 (5 .16) 

and 
I a 0.72650°· 1994 

(5 .17) 
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Fig. 5.5. Rela'tionship of the Maximum Deficit 
Intensity, I, to the Total Areal Deficit, 
D, with the Inferred Regression Equation 

AI 

Fig . 5 . 6. 

or I = 0. 7265D0· 1994 . 

.. 

0 
100 

Relationship of the Product AI to the 
Total Areal Deficit, D, with the Inferred 
Regression Equations: (1) AI = 14.7749 + 

1.6306D and (2) AI a 3.6489D0·8457 . 

with the explained variances 0.4480 and 0.6054, res­
pectively. 

The correlation coefficient between D and AI 
suggests a high relationship among the variables, as 
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shown by Fig. 5 .6. 
between D and AI 

The simple linear regressions 
are given by 

D -6.1420 + 0.5684AI 
and 

AI; 14.7749 + 1.63060 

(5 .18) 

(5 .19) 
with the explained variances of D.9266 and 0.9274, 
respectively. Figure 5.6 implies a power relation, 
as a better function to fit, 

AI ; 3.64890°·8457 (5. 20) 

with the explained variance of 0.9482, and with the 
difference from Eq . (5.19) of 0.0208 , or about 2. 1 
percent . 

Since the regression functions represent only 
the expected value of the dependent variable for a 
given value of the independent variable, the joint 
probability distribution may be of interest also, 
especially the joint probability distribution of the 
deficit area and the total areal deficit may be use­
ful in practice. The joint cumulative frequency 
values of the deficit area, given in percentage of 
the whole area, and the total areal deficit are given 
in Table 5.4. 

5.3. Trivariate Distribution 

Instead of studying the joint distributions of 
A and I or D and I, the trivariate distribu­
tion for these three variables is studied. Joint 
frequency distribution of the deficit area, the 
total areal deficit, and the maximum deficit inten­
sity is fitted by using the beta distribut ion 
functions with the Jacobi polynomials, because the 
marginal distributions for the three variables are 
assumed to be beta distributions as per Eqs. (5 .11) 
through (5 .13). The product of the three beta distri­
bution functions with the Jacobi polynomials is used 
as an approximation to the joint, trivariate prob­
ability density function, expressed by 

fx y zCx,y,z) ; fx(x)fy(Y)fz(z) L L L a .. k· 
' ' i j k lJ 

Gi (a1,B1;x)Gj Ca2,82;y)Gk(a3,83;z) (5.21) 

with aijk the coefficients and G1 (a,S;x) the 

Jacobi polynomial s of degree i with two parameters 
a and S. 

A Jacobi polynomial of degree n, Gn(a,S;x), 

when expanded i n the power series of x, becomes 

For a -S>-1 and. S>O, 

for (n = 1,2, ... ) form 

(0,1), with the weight 

(1-x)a-s, so t hat 

r(S+n) 
f(a+2n) 

(5.22) 

the polynomials Gn(a,S;x} 

an orthogonal system in 
function g(x) = xB-l 

1 
J G. (a ,B ;x)Gn(a ,8 ;x)g(x)dx = 0 if i ~ n 

0 l. 
(5 . 23) 

d
2 if i = n 
n 

(5.24) 



Table 5.4. Joint Cumulative Frequency of the Deficit Area and the Total Areal Deficit. 
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where d2 = n!r(n+a)f(n+B)f (n+a-8+1) 

n (2n+a)r2(2n+a) 

Deficit Area (%) 

40 so 60 70 80 90 100 

1.0000 

t 0.9975 

t 0.9625 0.9933 

t 0.8592 0.9558 0 . 9767 

t 0. 7142 0. 8567 0.9267 0.9342 

t 0.5492 0 . 7125 0.8300 0.8550 .. 
t 0.3492 0.5467 0.6717 0. 7150 0. 7167 .. 

0.1933 0 . 3475 0.4983 0.5275 0.5283 .. 
0.1867 0.2550 0.2650 ... 
0.0583 ... 

Taking further into account Eqs . (5.23) and (5.24), 
(s .25) the expected value of Eq. (5 . 26) becomes 

Coefficients a .. L can be estimated by taking the 
1)11. 

expected value of Gi(a1,B1 ;x) Gj(a2,s2;y) GK 

(a3,a3; z) , that is 

E(Gi(al,Bl;x)Gj(a2 ,82;y)~(a3,83;z)) 

1 1 1 
= /

0
/

0
/

0
Gi(aJ,Il1;x)Gj(a2,B2 ;y)Gk(a 3 ,s3 ;z)f(x,y,z)dxdydz. 

(5.26) 

Replacing f(x,y,z) by its value of Eq. (5.21), and 
considering that the postulated marginal distribution 
are beta functions 

and 

(5. 29) 

then Eq. ( 5. 26) becomes 

ai ' k d~d~~2 
B(a1 ,al-Bl+l)8(B2,a2-S2+l)B~Il3 ,a3-s3+1) 1 J-k 

(5.31) 

Therefore, the a .. k coefficients can be expressed 
as 1 J 

(5. 32) 

The aijk coefficients are then obtained for the 

selected values of i , j, and k by Eq. (5 .32). 
Using only up to the values i +j+k•3 , and simplifying 
Eq . (5 . 32), then 

E (XY) - E (X) E (Y) . 
allO = Var(X)Var(Y) ' 

a 
210 

2 2 
d

0
(x)d

0
(y) 

2 2 d2 (x)d1 (y) 

E(X
2
)E (Y) ; 

2(Bl+l) [E(XY) - E(X)E(Y)) 
Q1+3 

(5.30) + 2E(X)E(Y)E(Z) )/[Var(X)Var(Y)Var(Z)] ; and 
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(5 . 33) 

The other coefficients can be obtained by interchanging 
the variables and subscripts. Computing E(X), E(Y), 

E(Z), E(X2), E(Y2), E(Z2), E(X3), E(Y3), E(Z3), E(XY), 

E(YZ), E(XZ), E(X
2
Y), E(Y2Z), E(Z2X), E(X2Z) , E(Y2X), 

E(Z2Y), and E(XYZ) from the 1200 months long 
samples , the coefficients a .. k can be obtained. 

lJ 
Using these estimates of the a. "k coefficients and 

lJ 
expanding Eq. (5 . 21) in function of up to the values 
i+j+k•3, the beta distribution function with the 
Jacobi polynomials becomes 

2. 417 1. 559 fx y z (x,y, z) = 1021401. 514x (1-x) 
' , 

y1 . 769(1-y)8 . 566 z7 . 314(l-z)1.092 ( 8• 1901x3 

3 3 2 2 + 2.4360y - 15.2448z + 53. 4116x y - l4.5653x z 

- 54.6704xy2 - 111.3110y2
7 + 4.8804xz2 

+ 81.6306yz
2 

- 6.7835xyz- 13.6763x2 + 117.9596y2 + 11.6667z
2 

+ 16.8549xy- 7. 8702yz + 39 . 8227zx- 27 .5350x 

- 72. 1956y - 30.5372z + 28.8814 ) (5 . 34) 

The use of this function for the triviate frequency 
distribution of deficit area, total areal deficit, and 
maximum def icit intensit y, did not show a good fit 
because the probability densities often take negative 
values. The main reason for it is that these three 
variables are highly mutual ly correlated. Therefore, 
the use of the product of the three marginal distri­
butions might not be a v~lid assumption for the tri­
variate distribution. Since the convergence of the 
polynomials is slow due to a high dependence among 
the components , taking more values of i+j+k, up to 
4 or 5, does not improve the goodness of fit . 

The method of transforming the three variables 
into the normal variables and/or into mutually in­
dependent variables may show a better fit. However, 
it was not tried to find this trivariate distribution 
in this study. 

5.4. Model for the Areal Drought Structure 

It is useful to generalize the areal drought 
structure as in the form of depth-area relationship 
of thunderstorms or showers (Woolhiser and Schwalen, 
1960; Court, 1961). The analogous idea to the depth­
area relationship is applied herein to define the 
areal drought structure, though the deficit area, A, 
does not always consist of one deficit cel l but may 
be composed of several deficit cells. To obtain a 
general idea of the areal drought structure, the 
dimensionless deficit-area relationship is first in­
vestigated. The deficit intensity, z~. at a point . 
i, is denoted by the absolute value Jf a negative 
deviate from a certain truncation level, that is, 
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(5.35) 

where ~i = the stochastic component of monthly pre­

cipitation . Under the deficit area, A, and the 
maximum deficit int ensity, I, the dimensionless 
expression of the area-intensity relationship may be 
in the form 

where i .. 

0 ~a,. ~ 1, 

.. 
Z. /I 

1 

and 

i .. = f(a.) (5. 36) 

• with 0 ~ i* ~ 1, a,. = X./A with 
• 1 • 

X~ is the area where Z. < Z and 
1 1-

0 < X~< A. To find a functional form of Eq. (5. 36), 
some iefations obtained from the generated samples are 
presented in Fig. 5. 7. This figure shows that the 
dimensionless area-intensity relat ionship i s very 
close to be linear. This means that the deficit 
intensity may be relatively uniformly distributed 
over the area. Figure 5.6 and Eq. (5.19) also suggest 
the uniform distribution of the deficit intensity 
because the relationship between D and AI is close 
to D = AI/2 for a uniform distri bution. This linear 
relationship is given by 

(5 . 37) 

As the first approximation, the distribution of the 
deficit intensity over the deficit area can be con­
sidered to be uniformly distributed. 
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Fig . 5 . 7. Dimensionl ess Area-Intensity Relationships 
of Drought, Obtained from the Generat ed 
Samples . 

For more flexibi l ity in this relationship and for 
explaining the concave or convex shapes of Fig. 5. 7, a 
parameter is added to Eq. (5.37) , expressed by 

{5. 38) 

This dimensionless expression becomes 

(5 . 39) 



The conceptual relationship is then shown as i n Fig. 
5.8 . The total areal deficit, D, is given by inte­
grating z* over x* from zero to A, 

AI 
m (5 .40) 

then the parameter b is defined by 

AI 
b = 0 - 1 (5 .41) 

With the parameter b computed from A, I , and D 
of generated samples, the goodness of fit of this 
model for the areal drought structure is tested. The 
600 samples at three different truncati on levels, 
q = 0.58, 0.50, and 0.65 are used. For all the trun­
cation levels, the average of the explained variance 
by the model is greater than 95 percent. Comparisons 
between the data and model are shown in Fig. 5.9. The 
average b value for the 600 samples at the trunca­
tion level q = 0.58 is 1.2292, wi t h the standard 
deviation 0.3467. Generally the larger the deficit 
area or the total areal deficit, the smal ler is the 
parameter b. This comes from the condit ions that the 
deficit area and the maximum deficit intensity are 
limited so that the deficit intensity function should 
be convex upwards in order to produce a large t otal 
areal deficit . 

1.7653 
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Fig . 5.8. Graph for Modeling the Relationship of 
Deficit Intensity to Deficit Area. 

Once the deficit area, the total areal deficit, 
and th·e maximum deficit intensity are computed, the 
model defines the areal drought s.tructure. The model 
may be more useful if the joint distribution of the 
three vari ables is obtai ned. However, the model does 
not indicate how: the deficit area or how the deficit 
intensity is distributed areally. 

z* min' 

In this model, the minimum deficit intensity, 
is assumed to be zero . However, the minimum 
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2.0 

Fig. 5.9. Comparisons of the Model with the Resul ts 
Obtained from the Generated Samples: Model 
Values are Given by Solid Lines , and 
Computed Values by Broken Lines. 

deficit intensity can be larger than zero when a con­
cerned region is small and a drought covers the whole 
region. In this case, the above model is not valid 
and some modifications are needed. By using deficit 

* * * intensity defined as (Z - Zmin) instead of Z , 

the above areal drought structure model may be appli­
cable. 

5.5 . Probability of Areal Coverage by Droughts 

The areal coverage by droughts is further investi­
gated without considering the corresponding total 
areal deficit. 

The probability density function of the deficit 
area, A, over the whole area is given by Eq . (5.11). 
Defining a random variable by X = A/80 and using 
Eq. (5.11), the probability of more than the 100x0 
percent of the whole area to be covered by a drought, 
with the truncation level ~O = 0, is given by 

1 F( x
0

) 

X 
= l- J 027 .6128x2.417(1-x)l.SS9dx (5. 42) 

0 

This probability can be found easily from Fig. 5.2. 
For example, the probability of more than the SO per­
cent of the whole area to be covered by a drought 
in a certain month is 0.65 at the truncation level 
~O = 0. This probability is relatively high, though 

the drought does cover each time a different area 
within the whole ar ea. 

Since the deficit area is a time independent 
variable, some information on the time duration of 



areal coverage can be obtained by using the theory of 
runs and the recurrence of random events. For an 
independent process, the expected positive run-length, 
M, is given by · 

E(M} = 1/q (5.43) 

with q = F(x0) • P(X ~ x0). Therefore, the expected 

duration of a drought which covers more than the 
100x0 percent of the whole area can be found. Table 

S.S shows some probabilities. For x0 = O.S in the 

deficit area given by the truncation level ~O : 0, 

or q ~ F(O.S) = 0.3S, the expected duration of that 
drought from Eq. (S.43) is 2.8S7 months. This expect­
ed duration of about three months seems to be long 
enough to affect many water users, such as crop 
producers. 

Table S.S. The Expected Duration of Drought Covering 
More than 100x0 Percent of the Whole Area 

xo 0.4 o.s 0.6 0. 7 

For ~ "' 0 
0 S.l13 2.8S7 1.876 1.393 

For ~0 ,. -0. 2028 2.984 1.93S 1.438 1.185 

The other interesting property is the longest 
drought duration. Millan and Yevjevich (1971) applied 
the theory of recurrent events to find probabilities 
of the longest negative run-length of a given sample 
size N, on the basis of the formula given by Feller 
(1957). The probability of the longest drought dura­
tion in a given sample size N is, as an ~pproxima­
tion, 

1 - pw 1 
[1 + 2 - (1 +l)w]q ~ w 

(5.44) 

with q '" F(x0) • 1 - p and 

Probabilities of the longest drought duration 
during a given period covering more than the 100x0 
percent of the whole area are calculated by Eq. (5.44). 
For 60-, 600-, and 1200-month periods, the expected 
longest drought durations E(Mmax)' with droughts 

covering more than the 100x0 percent of the whole area 

are computed for the deficit area of the truncation 
level ~0 s 0 and -0.2028 and given in Table 5.6. 

For the 1200-month period of the deficit area series 
based on the generated series C at the truncation 
level c

0 
= 0, the observed longest duration of the 

drought covering more than the SO percent of the whole 
area is 13 months , which is a little lower than the 
expected value, or 14.5 months. During 600 months 
or SO years, the expected longest duration of the 
drought which covers more than a half of the whole 
area is more than one year. This duration is fairly 
long. 

The conditional distributions of the deficit area, 
A, given that a certain point has or has not a deficit 
are investigated analytically. The probability density 
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function of the deficit area defined by A/80 is 
given by Eq. (S.l l), namely 

1 a-1 t!-1 
B (a, t!) x (1-x) 

27.6128 x2•417 (1-x) 1'S59 
(S . 4S) 

Table S.6. The Expected Longest Duration of Droughts 
Covering More Than SO Percent of the Whole 
Area in 60-, 600- , 1200-Month Periods for 
t 0 • o and -0.2038. 

Longest Drought Duration 

Sample Size for t 0 .. o for ~O • -0.2028 

in Months Expected Observed Expected Observed 

60 7.866 5.007 

600 13.077 ll.S 8.181 8.0 

1200 14. sos 13.0 9.134 10.0 

The probability that a certain point has a deficit at 
the truncation level ~O is defined by 

(5 . 46) 

Assuming that every point is equally likely to exper­
ience a drought, the conditional probability that a 
certain point has a deficit given that the deficit 
area x exists in the whole area is 

P(~ ~ ~oiX=x) = x 

Then the joint probability P(~ ~ t 0, X ~ x) is 
defined by 

P(~ ~ ~0 • x s x) 

• P(t ~ t 01X ~ x)P(X ~ x) 

(S. 47) 

(S. 48) 

Therefore, the conditional probability of the deficit 
given that a certain point has a deficit is given by 

P(X ~ xl~ ~ t 0) 

= P(X ~ x, ~ S ~0)/P(t S ~0) 

1 X 
"q I oxfX(x)dx 

I
X 3.417(1 )1.559dx 47.6083 X -X 
0 

(5 . 49) 

(S. SO) 

Because this is also a gamma distribution, the con­
ditional density function is 

(S .Sl) 



Similarly, the conditional probability of the defi cit 
area given that a certain point has no deficit is 

• P(X s x, t > t 0)/P(t > to) 

1 X 
= l - q J

0
(1-x)fx(x)dx 

X • f 65.7448 x2.417(1-x)2.559dx 
0 

• 1 X Cl-1 ll 
B(a, S+l) f

0
x (1-x) dx 

Therefore , the density function is 

(5.52) 

(S. 53) 

(5. 54) 

The two conditional probability density functions of 
the deficit area, with the t wo corr esponding condi­
tional frequency curves, are shown in Fig. 5. 10, in 
comparison with the probability density function of 
the deficit area. A quantitative comparison of the 
three probability density functions may be possible 
by appl ying the Fisher ' s information content, which 
is defined as the reciprocal of the variance of the 
concerned variable or par ameter. The conditional 
distributions clearly have more information than the 
original distribution. As the extension of this 
concept, the conditional distribution of the deficit 
area given that more than a station, selected randomly 
or systematically, have deficits and/or no deficits 
can be analyzed by an experimental method . A number 

2.5 

Fig. 5. 10. The Probability Density Function of the D·e­
ficit Area and the Two Condit ional Probabi­
lity Functions of the Deficit Area Given 
That a Certain Point Has or Has not a De­
ficit (Solid Lines), with the Two Sample 
Conditional Frequency Curves (Broken Lines). 
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of selected stations and their locations will affect 
additional information content. Their effects are 
worthy of studying as concerning to the network design 
or some other problems. 

5. 6. Probabilities of Specific Area Covered by Drought 

In previous analysis, the deficit area inside the 
whole area consisting of 80 unit-areas or 800 000 
square miles has been considered. In practic~, how­
ev~r! one may be more interested in finding the prob­
ab1l1ty of drought covering a small, specific area, 
or sub-area inside the whole area. For example, what 
is the probability of drought covering the State of 
Kansas, the wheat region, or the corn belt of the Mid­
west? Bec~u~e of regional dependence, the probability 
of the def1c1t area depends upon the size and shape 
of this small, specific sub- area. 

First, the probability of a drought covering a 
whole sub-area is investigat ed by considering the 
effect of the shape of the sub-areas. Int uitively, it 
is clear that the smaller a sub-area, the higher is 
the probability of the drought covering t his whole 
sub-area. An elongated sub-area should have a smaller 
chance for a drought to cover the whole sub-area 
than would be the case of a circle or square typ~ 
sub-area of the same surface. The analysis is carried 
out quantitatively by using the generated samples. 
Figure 5.11 shows the experimental results of two 
cases , with probabilities of drought covering the 
sub-areas, from one to 32 unit-areas, by changing 
the area shape, in different ways . The probability of 
a drought covering the whole sub-area of 16 unit-areas 
or a 400 x 400 square miles square shape in case 
(1) is 0.0793, which is higher than 0.0583 for case 
(2) , for which the same 16 unit-areas are arranged 
as a 200 x 800 square miles rectangular area. Figure 
S.ll further indicates that the probability of a 
drought covering the whole sub-area decreases rapidly 
with an increase of the area . The probability of the 
drought coverage is very sensitive to the shape of the 
sub-area; this is especial ly the case for the sub-area 
with about eight unit-area. However, the effect of 
the shape of the sub-area decreases with an increase 
of the area. For a large area, the shape does not 
seem to be a decisive factor as long as a particularl y 
irregular sub-area is not considered. Since prob­
abilities are estimated by sample frequencies, and 
since these frequencies have smal l variations , the 
average frequencies as estimates of probabilities are 
used to evaluate the effect of the area size and the 
area shape on probabilities of areal coverage by 
droughts. The assumption used is that any geometri­
cal l y i dentical sub-area would have the same prob­
ability regardl ess of sub-area position. Table 5.7 
summarizes these average estimates of probabilities 
of the drought covering the whole sub-areas of various 
sizes and shapes. Table 5.7 indicates that the size 
of an area seems to be more important than its shape 
as it concerns the probability of drought coverage, 
as long as the shape is not of a very elongated type. 
Although the estimates of probabilities in Table 5.7 
may be in error due to small sample sizes and the 
assumption, these values give a general picture of 
drought probabilities for a specific area. For 
example, the probability of the drought covering the 
whole state of Kansas, of 82,264 square miles, 
approximated by 200 x 400 miles rectangle, is about 
17.5 percent and 11.7 percent for each month at the 
truncation levels of the mean and the medi an , respec­
tively. 

In order to evaluate the shape factor more 
quantitatively, a mean areal correlation coefficient 
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by the Droughts, Obtained by the Two Schemes Illustrated by Cases 1 and 2. 

Table 5.7. Estimates of Probabilities of the Drought 
Covering the Whole Subarea with Various 
Sizes and Shapes for the Truncation Levels 
of the Mean and the Median. 

Subarea 

Site Shape 
in Unit- Area 

1 1 X 1 
2 1 X 2 
3 1 X 3 
4 1 X 4 
4 2 X 2. 
5 1 X 5 
6 2 X 3 
8 1 X 8 
8 2 X 4 
9 3 X 3 

10 2 X 5 
12 3 X 4 
15 3 X 5 
16 2 X 8 
16 4 X 4 
18 3 X 6 
20 4 X S 
21 3 X 7 
24 3 X 8 
24 4 X 6 
25 5 X 5 
27 3 X 9 
28 4 X 7 
30 5 X 6 
32 4 X 8 
36 6 X 6 
49 7 X 7 
64 8 X 8 

Probabilities of Drought 

Nos. of Truncation 
Samples Levol•~lcan 
Used c0•o 

14 0.5698 
14 0.4367 
ll 0.3459 
9 0.2759 
3 0.3092 
4 o. 2171 
4 0.2320 
3 0.1150 
8 0.1748 
6 0 . 1609 
1 0.1343 

11 0.1155 
1 0.0793 
3 0.0569 

14 0 . 0766 
1 0.0600 
3 0.0545 
1 0.0451 
3 0.0300 
3 0.0394 
3 0.0369 
1 0.0208 
3 0.0242 
3 0.0239 
6 0.0164 
2 0.0175 
2 o.ooso 
2 0.0013 

Nos. of 
Sampl es 
Used 

2 

4 

4 

s 

2 

Truncation 
Levcl•~lcdian 
c0,.-o.2o29 

0.1654 

0.1167 

0.0736 

0.0437 

0.0059 
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is introduced. It is defined by 

r 2 n~l ~ 
= n(n-1) .L L r .. 

1=1 j•i+l 1) 
(5 .55) 

Figure 5.12 compares the probabilities of the drought 
covering the whole sub-area of eight unit-areas with 
different shapes as a function of the mean areal 
correlation coefficient. For contiguous areas, prob­
abilities of drought are linear functions of the 
mean areal correlation coefficient. A gradient of 
the line decreases with a decrease of the probabi lity 
of truncation level s. This means that effects of 
shape of the sub-area decreases with a decrease of the 
truncation levels. Figure 5.13 shows the probabilities 
of the drought covering the whole sub-area with 
different sizes and shapes as a function of the mean 
areal correlation coefficient. Three probabilities 
for r z 0 are calculated from a binomial distribu­
tion. For contiguous areas which are surrounded by 
broken lines, probabilities of the drought are approxi­
mated by a linear function of the mean areal correla­
tion coefficient. The gradi ent of the line for eight 
unit-areas seems steepest, that is, the shape factor 
is most sensitive to the probabilities. With an in­

·crease of the area, the gradient of lines decreases. 

Probability distributions of the deficit area 
within sub-areas of various sizes are also investigat­
ed. The sub-areas considered are of 2 x 3, 2 x 4, 
3 x 4, 4 x 4, and 4 x 8 unit-areas. Besides, a sub­
area of 63 unit-areas, as the original study area, is 
also considered. For the truncation levels at the 
mean and the median, frequency curves of the deficit 
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Fig. 5.13. Probabilities of Orought Covering the 
Whole Subareas of Different Sizes and 
Shapes, as a Function of the Mean Areal 
Correlation Coefficient. 

area within these sub-areas are obtained from some 
sampl es, and shown in Fig. 5.14. Their cumulative 
frequency distributions are shown in Fig . 5.15, as 
the reduced variables in percentages of the whole 
sub-area, for comparison. 
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Fig. 5.14. Relative Frequency Curves of Def i cit Area 
Within the Subareas of the 6, 8, 12, 16, 
and 32 Unit-Areas. 
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For the 2 x 3 and 2 x 4 unit- areas, probabilities 
of both extremes , that is, the whole sub-area covered 
by a drought and no part of the sub-area covered by a 
drought, are very high. Their frequency curves are 
either U-shaped or J-shaped . These are intuitively 
obvious because of the regional dependence. In the 
case of the truncation level of the mean, the prob­
ability of no part of the area covered by a drought 
is decreasing faster than 'for the other extreme with 
an increase of the area. For the truncation level of 
the median, the opposite trend seems valid. The 
distribution of the deficit area is affected by the 
truncation level, especially for the small areas, as 
shown by Fig. 5. 14. The probability of the deficit 
area for a given sub- area with the area l ess than 80 
unit -areas can be approximated from Fig. S . 15 . 

5.7. Conversion of the Total Areal Deficit of Station­
ary Stochastic Series into the Total Areal 
Deficit of Periodic-Stochasti c Seri es 

The stationary stochastic series, C, are stand­
ardized, (or dimensionless) , with the regional and 
temporal variations in the means and the standard 
deviations removed. Thus the drought characteristics, 
such as the total areal deficit and the maximum 
deficit intensity, do not represent the absolute values 
or the actual amount of deficits. However, these 
values are needed for planning drought contr ol measures. 
Therefore, the method of converting the total areal 
deficit of the standardized series, ~. over an area 
into the total areal deficit of the original monthl y 
precipitation series over the same area must be avail­
able. In this section, only the regional variations 
in parameters are investigated, while their temporal 
(or periodic) variations are discussed in the next 
chapter. 

Let OS denote the total areal deficit of the 

series ;, and Da the total areal deficit of the 

original series x. or the actual total areal deficit. 
They are defined as 
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80 
D ~ <to - ti)I (tsto) (~) s i=l 

(5. 56) 

and 
80 

D a L 
i=1 

(Xo- xi) I (xsxo>Cxi) 

80 

.L 
1=1 

si <to - ti)I(tsto) Cti) (S. 57) 

where to and xo are the truncation levels for the 

series E; and x. respectively , s. 
1 

is the standard 
deviation at station i, and I( · )( · ) is an indicator 

function. These definitions are valid as long as the 
relationship between the two truncation levels t0 
and is defi ned by 

(50 58) 

with m. 
1 

station 

and si the mean and standard deviation at 

i , respectively. 

The actual total areal deficit, Da, can be 

approximated by a function of the total areal deficit, 
Ds , the mean and standard deviation of t he regional 

standard deviat ion, si and s(si). and the deficit 

area, A. Thi s relationship is expressed as 

(5. 59) 

In the case the regional variation of the standard 
deviation is small in comparison with the mean, Eq. 
(5 .59) can be r educed to 

(S. 60) 

Figure 5 . 16 shows a relationship between Ds and 08 , 

with the regional standard deviations for t he 80 
stations given by Eq . (3.19), and their mean and 
standard deviation of 1.4360 and 0.4747 , respectively . 
The regression analysis gives the relationship 

Da = 0.1060 + 1.4374 OS (5.61) 

with the explained variance of 95.84 percent. This 
equation is further approximated by 

Da = 0. 1060 + 1.4374 OS 

(S. 62) 

This indicates that the actual total areal deficit 
Da of the original series can be well approximated 

by the product of the total areal deficit Os of the 

standardized stationary series 
regional standard deviations, 

showing a relationship between 

Os and t he deficit area, A, 

and the mean of the 
si. However, Fig. 5.17 

the ratio of D to a 
indicates that , for a 

smnll deficit ar ea , the mean of the regional standard 
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Fig . 5.16. Relationship Between the Total Areal 
Deficit Da of Periodic-Stochastic Series 
and the Total Areal Deficit 0 of the 

s 
Stationary Series, with the Inferred Re­
gression Equation or Oa • 0.1060 + 
l. 43740 s. 

deviations for that area rather than the mean of al l 
the standard deviations over the whole area should be 
taken for determining si. Since the larger deficit 
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Fig. 5.17. Relationship Between the Ratio Da/Ds ~nd 

the Deficit Area A, with the Equation 
D/Ds = 1.4360 . 

areas are mostly of interest, the above approximation 
to the determination of the actual total areal deficit, 
by using the product siDs' has a practical s ignifi­
cance. 



Chapter 6 
DROUGHT ANAlYSIS OF PERIODIC- STOCHATIC PROCESSES 

Drought characteristics of the stochastic compo­
nent of the monthly precipitation were studied in the 
previous chapter. This stochastic component of the 
monthly precipitation is a stationary process for 
good, consistent data, while the monthly precipitation 
is a periodic-stochastic process . The drought analysis 
of periodic-stochastic processes is much more complex 
than the drought analysis of stationary stochastic 
processes. Each month has a different mean and a 
different standard deviation. Therefore, the time 
position is one of the important factors in evaluating 
drought characteristics. The main reason of analyzing 
drought char acteristics of periodic-stochastic series 
is to find fluctuations of deficits within a year and 
at specific months such as a growing season rather 
than to find long-term fluctuations. Drought charac­
teristics depend upon the hydrologic phenomenon such 
as precipitation and river runoff which is used for 
drought definition and upon the objectives of drought 
analysis. They make difficult a generalization of 
drought characteristics of periodic-stochastic pro­
cesses. 

6. 1. Run Properties of Periodic-Stochastic Processes 

Although run properties of univariate periodic­
stochastic processes may not give the best parameters 
for drought analysis, they are studied analytically 
for some simple cases in order to compare them with 
those of univariate stationary stochastic processes 
and to find out possibilities of using run properties 
i n evaluation of drought characteristics of periodic­
stochastic processes. 

The following assumptions, considered to be close 
to real processes of nature such as for the monthly 
precipitation, are used for a simpl e study. The 
monthly precipitation process, x. as an example of 
periodic-stochastic processes, is assumed to be com­
posed as 

x_ "'1.1 +of; ·p,T 1: 1: p,T (6 . 1) 

where p and 1: denote the sequence of years and the 
month within the year, respectively, 1.1, and oT are 

the means and standard deviations of monthly precipi­
t ation, respectively, and ; is a time independent 
stationary stochastic component . Next , the standard 
deviation o, is assumed to be composed only of the 

12-month harmonic 

- ll o + Ccos( 6( + 8) (6. 2) 

with o = the average value of o, C the ampli­

tude, and e : the phase. The truncation level Xo,t 
(or the water demand series) is also assumed to be a 
periodic function 

x = 1.1 + o to 0,1: 1: 1: (6. 3) 

with ~O = the truncation level for f; corresponding 

to x
0

• Under these conditions, negative runs as 

various random variables are defined as: N = the 
negative run-length, T : the onset time of a negative 
run, wN,T : the negative run-sum with the run-length 
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N and the onset time T, t 0 = the truncation level 

of q = P(~ ~ t 0) = F(,0) or P = 1-Q, E(t*) = (* = 
the expected value of the truncated series, t*, and 
Var (~*) = the variance of the truncated ser ies. The 
distribution of the negative run-length of an i ndepen­
dent process is a geometric distribution (Downer et 
al ., 1967), with the expected value and the variance 
given by 

and 

E(N) = 1/p 

2 
Var(N) = q/p 

(6.4) 

(6. 5) 

Since each month is assumed to have the same prob­
ability for the negative run to start, t he probability 
of the onset time can be defined by 

P(T=t) : 1/12 (t=l,2, • •• ,12) (6.6) 

Under t hese basic assumptions , run properties of 
univariate periodic-stochastic processes can be ob­
tained. As long as the truncation level of x is 
defined by Eq . (6 . 3), the distribution of the negative 
run- length of t he monthly precipitation x is a p,T 
geometric distribution, with the expected value and 
the variance given by Eqs. (6.4) and (6. 5), respect­
ivel y. The expected value, variance, and conditional 
expected values and variances of the negative run-sum 
of wN,T can be also derived analytically. 

Since the negative run-sum is defined by 

T+N-1 T+N-1 
I o. c t 0 - t . ) 

i=T 1 1 

L o.W - F:o)• (6.7) 
i=T l l 

then by taking into account Eq . (6.2) the conditional 
expected value of the negative run-sum for given N=n 
and T~t is 

t+n-1 
ncr + c L cos ( ii- + e)] (~* - F:0) 

i=t 
(6. 8) 

The conditional expected value of WN T for given . 
N•n is given by the expected value of Eq. (6.8) with 
regard to T. Therefore, it is given by 

aE (E(WN TIN=n,T)) 
' 

(6 . 9) 



12 n+t-1 
Taking into account \ \ 'll 0 0 IT L L cos ('6 l + 6) "' , 

t=l i=t 

Eq. (6. 9) becomes 

(6 0 10) 

The expected value of WN T is given by the expected 
' value of Eq. (6ol0) with regard toN, that is, 

•E (E(WN 1 JN)] • E [Na(~* - ~0) ] 
' 

• a(C* - ~ )E (N) 0 
(6.11) 

Since E(N) is given by Eqo (6.4), the expected value 
of the negative run-sum i s given by 

1 - -E(W ) • - o(~* - ~ ) N,T p 0 
(6 ol2) 

Since t is a time independent variable , the 
conditional variance of the negative run-sum for given 
N=n and T=t is given by the sum of variance of each 
term, 

Var(WN,TJN=n,T=t) 

Var(ot(t0 - t t)] + Var[ot+lct0 - 't+l)] + ··· 

2 
t+n-1 

[no + 2aC L cos(~+6) 
i • t 

2 t+n-1 2 
+ C L cos (~i+6)]Var(C*). 

i •t 
(6 .13) 

Applyi ng the fo llowing r elation (Thomas, 1971, p. 103) 

Var(Y) = Var[E(YJX)] + E[Var(Y JX)] (6.14) 

the condit ional variance of the negative run-sum for 
given N• n is 

Var(WN,TJN=n) 

= Var[E(WN,TJN=n,T)] + E[Var(WN,TJN=n,T) ] 

_ T+n-1 1f _ -2 
= Var{[no + C L cos(6i+6)]((* - t 0)} + E{[no 

i•T 

T+n-1 2 T+n-1 2 
+ 2cc L cos(~i+6) + c L cos (~i+e)]Var(t*) } · 

i•T i•T 

(6.15) 

12 n+t- 1 
Taki ng 1/12 L L 

t • l i • t 

1f 
cos(6 i + e) 0 and 1/12 
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12 n+t- 1 
E E 2 1t 0 ) /2 cos (6 1 + e ,. n , Eq. (6.15) becomes 

t =l i=t 

n 
£~ c2

• c
2 E cn-i)cos-611tlc~· -, ) 2 

2 i=l 0 

-2 n 2 
+ (no + ~ )Var(( *) (6 .16) 

Using Eq . (6 .14), the variance of the negative run­
sum is 

Var(WN,T) 

Var(E(WN,T JN)] + E[Var(WN,TJN)] 

-- { - 2 N2 () • Var[No(t* - t 0)] + E (No + 1C )Var (* 

N 
+ (~2 

+ c2 L (N-i)cos~i](~*- 'o)2
} (6.17) 

i=l 

Finally, taking account of Eqs . (6 o4) and (6.5) , 

Var (WN,T) • ~a2(t* - t 0) 2 + ~ o2Var(t*) 

+ ;\var(~*) + ct* - t 0) 21 

N 
+ c2(t* - t )2E[ L (N - i)cos-61fi) 

0 i=l 
(6 . 18) 

The conditional moments of the negative run-sum 
for given N=n and T=t can be found by the moment 
generating function and the cumulant generating func ­
tion, as used by Downer et al. (1967) to find run 
properties of stationary processes . The following 
notations are adopted: ~ and Kw are the moment 

and the cumulant generating function of wN,T (N=n, 

T=t), respect i vely, Kw = log Mw, K* is the 

cumulant generating function of t *, 

m-th cumulant of t *. Thus 

.. m 
• K* (u) '" L ~<* ~ 

m•l m ml 

In part icular, 

and K* is the 
m 

(6 .19) 

(6. 20) 

~<t = E(t*), ~<i = Var(t*), and~<; 

• E[(t* - i *)3] · 
(6.21 ) 

The cumulant generating function of the conditional 
negative run-sum for given N=n and T=t is given 
by 

t+n-1 
L (6 . 22) 

i"t 

where O o is defined by Eq. (6. 2) . The first two 
l 

moments are the same as those given by Eqs. (6 .8) and 
(6.13). 



Looking at these results, the conditional 
e~pected value and variance of the negat ive run-sum 
for given N=n, the e~pected value and the variance of 
the negative run- sum do not depend upon the phase e. 

The e~ected value and variance of the negative 
run-sum of a stationary series with the mean zero and 
the standard deviation a are given by Downer et al. 
(1967), 

E(w) = ~oCt* - t 0) (6 . 23) 

and 

(6 . 24) 

The expected values of the negative run-sum of the 
stationary process and the periodic -stochast ic pro­
cess are the same. The variance V of the negative 
run-sum of the periodic-stochastic process consi st s of' 
two parts , namely the variance Vs due to the statio-

nary process, which is given by Eq. (6 . 24) , and the 
variance Vp due to the periodicity in C. This is 

e~ressed by 

v = v ... v s p 
(6.25) 

For a given series t , the variance V depends on 
the truncation level t 0 , the average of standard 

deviations a, and the amplitude C. A relationship 
of the ratio of Vs to V t o the ratio of C to a 
is considered. This relationship as shown in Table 
6.1 i ndicates that the variance of the negative run­
sum of periodic-stochastic processes is mainly due to 
their stationary part, especially for the ratio of C 
to o less than 0.5. 

The distribution of the negati ve run-sum, 

which cannot be obtained analytically, depends 
the distribution of t, the truncation level 

upon 
t 0, the 

average standard deviation a ' and the amplitude c. 
The method used by Llamas and Siddiqui (1969) and the 
fitting of a theoretical distribution to experimental­
ly obtained data may be a feasible way of finding the 
distribution of the negative run-sum. 

Since in evaluating droughts of periodic­
stochastic series of the monthly precipitat ion, de­
ficit during a short period within the annual cycle, 
for e~ample two or three month period including the 
specific months , may be of i nterest besides the long­
est duration and the largest deficit, the conditional 
distribution of the negative run-sum for given N=n 
and T=t should be useful in practice. Since the 
moments of the conditional distr ibution may be given 
by Eq . (6. 22) for a distribution of t, and trunca­
tion level t

0
, an average standard deviation o , 

and an amplitude C, the conditional distribution can 
be estimated from the Pearson system of distributions 
on the basis of the first four moments (Johnson and 
Kotz, 1970). Once the conditional distributions are 
determined, it is possible to cal culate their various 
probabilities. 

6.2 . Discussion on Drought Analyses of Periodic­
Stochastic Pr ocesses 

The techni ques for evaluating drought character­
istics of periodic-stochastic series are not we l l 
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Table 6.1. Relationship of the Ratio of the Variance 
Vs Due to the Stationarity to the Vari-

ance V to the Ratio of the Amplitude C 
to the Average Standard Deviation a. 

Case 1 Case 2 

Distribution of t Normal Eq.(3.35) 

to 0.0 0 .0 

q 0.5 0.58 

E(t*) 0.7979 0.6988 * 

Var(t*) 0. 3634 0.1699 * 

v 2.ooooa2 2.o1o1a2 
s 

v 1.6069C2 1.36soc2 
p 

c/a v I (V ... v 
s s 

0.1 0.992 0.993 

0.2 0 .969 0.974 

0.3 0.933 0.942 

0.4 0.886 0.902 

0.5 0.833 0. 855 

0,6 o. 776 0.804 

0 . 7 o. 718 0.750 

0.8 0.660 0.697 

0.9 0.606 0.645 

1.0 0.555 O.S96 

* Obtained e~erimentally . 

developed . For doing it, several promising methods 
are outlined herein. First, the use of the theory of 
runs, as appl ied i n the previous section, is a 
promising method. The good aspect of this approach is 
t hat the definitions of run-length, run-sum, and run­
intensity are clear and these properties may be 
studied analytically except when they are very complex. 
At the same time , this aspect has a weak point. That 
is, objective definitions are based on the anal ytical 
approach so that the physical meanings of the series 
invol ved may be ignored. Definitions of runs do not 
take into account the previous moisture conditions. 
The previous moisture state, or the previous run-sum, 
which affects the following conditions in physical 
and practical terms of the next run-sum, must be con­
sidered in evaluating the effect of the present or 
the next state . This point may become critical with 
a decrease of time interval of the series. Therefore, 
run properties without any modifications may not be 
suff icient to analyze the drought characteristics of 
periodic- st ochastic series such as monthly or weekly 
precipitation series . However, for the secondary 
series , which t akes the carr y-over effect of an ori­
ginal series and therefore is a time dependent series, 
the run properties may be useful for studying drought 
characteristics . 

Another possible technique in treating the droughts 
of periodic-stochastic processes is the use of partial 
sum series or of i ts cumulative series. The concepts 
of deficit and surpl us, the maximum deficit or the 
maximum surplu5, the range , and the maximum range, are 
connected to the general theory of water storage . 
Therefore, these concepts may be useful and proper for 
t he drought analysis of runoff series . They might be 



applicable for a rather long-range evaluation of 
droughts than for a short term such as a few months. 
Guerrero-Salazar and Yevjevich (1975) used the drought­
magnitude and drought-duration criteria on the basis of 
these cumulative series. Their results of a case 
study seem to support the expectation that the criteria 
are useful for an analysis of long-term droughts. To 
analyze the short-term periods, other concepts must be 
added. 

S~ill another alternative may be in deriving the 
series by using the water budget, and to investigate 
this series in the evaluation of drought characteristics. 
Palmer (1965) developed such a method of calculating 
the de£icit and the surplus index, called the Palmer 

index. Herbst et al. (1966) developed a rather simple 
method, based on monthly rainfall data. The method 
derives the effective rainfall in considering the 
water carry-over from month to month. Though this 
method includes subjective procedures or criteria, it 
is useful and may have a possibility for further 
developments. An application of the theory of runs 
to these secondaTY series may help the investigation 
of drought characteristics to be obj ective and quanti­
tative. 

A comparison of these various techniques for the 
same original data would be worth of trying in order 
to find their advantageous or disadvantageous aspects. 

Chapter 7 
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 

Under the inferred model of the stochastic com­
ponent of monthly precipitation over the Upper Great 
Plains, generated samples in a systematic grid were 
used to analyze drought characteristics. The deficit 
area, the total areal deficit, and the maximum de­
ficit intensity were used as the primary drought 
indices. Some other areal aspects of droughts were 
also investigat ed. Drought characteristics of 
periodic-stochastic processes were analyzed by using 
the theory of runs. 

The study leads to the following conclusions: 

(1) The extreme that the whole area is completel y 
covered by a drought occurs very rarely in a large 
area, such as that used in this study, for the trunca­
tion levels at the median and the mean, though prob­
abilit ies of droughts over the area are shown to be 
relatively high. 

(2) Once the deficit area, the total areal 
deficit, and the maximum deficit intensity were com­
puted, the areal drought structure was defined by 
Eqs. (5.39) through (5.41). 

(3) The probability of a drought covering a 
whole subarea is more affected by the size than by 
the s hape of the subarea. For a small area, the 
shape of the area affects probabilities of droughts . 

(4) Probability distributions of the deficit 
area within a subarea are affected by the truncation 
levels, especially for a small subarea, as well as 
by the size and the shape of the subarea. 

(5) The total areal deficit of monthly precipi­
tation series can be obtained as a product of an 
areally averaged standard deviation and the total 
areal deficit of stochastic component series of 
monthly precipitation. 

(6) Under simple assumptions, run properties of 
univariate periodic-stochastic processes were obtained 
analytically. The conditional moments of the negative 
run- sum for given run- length and the onset time , given 
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by Eqs. (6.8) , (6. 13), and (6.22), are expected to 
be useful in practice. 

(7) The variance of the negative run-sum, con­
sisting of the variance resulting from the stationary 
stochastic component and the variance resulting 
from the periodicity, is explained predominately by 
the variance which results from the stationary sto­
chast ic component. 

Suggestions and reconunendatons for further 
studies: 

(1) Improvements in the regionalization of 
important parameters of monthly precipitation series 
for a large area are needed in order to accurately 
describe the drought characteristics of monthly pre­
cipitation series over a lar~e area. 

(2) In generating new sampl es , at a. systematic 
grid of points over a large area, the border effects 
should be investigated . Some properties of generated 
series may be biased due to these effects, and t he 
generation method may not be as effective for the 
solution of some problems as expected. 

(3) Systematic and quantitative analysis of 
observed data over a rather l arge area is very much 
needed for the study of drought characteristics, 
especially of areal coverage of droughts. 

(4) The areal drought structure should be further 
investigated by analyzing each deficit cell (instead 
of using these combined multi- cell). Analysis of 
characteristics of each deficit cell, such as its size, 
shape, deficit intensity, and duration, would give the 
physical expl anation to process modeling. 

(5) There is a need for developing advanced 
techniques of evaluating the drought characteristics 
of periodic-stochastic processes. By advancing con­
cepts of such techniques, by comparing their results, 
and by finding positive and negative aspects, general 
and objective techniques of evaluating drought 
characteristics of periodic-stochastic processes would 
be produced. 
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Key Words : Drought, Areal Droughts, Drought Deficit , Drought 
Intensity, Monthly Precipitation. 

Abstract: Under the concept that monthly precipitation series over 
an area are composed of deterministic components specified by peri­
odic parameters and a stationary stochastic component , a mat hemati­
cal model is developed of the area -time process of monthl y precipi­
tation, especially of the stationary stochastic component, using the 
Upper Great Plains in USA as an example. The independent indenti­
cally distributed variables are obtained from the transformed sto­
chastic component. Their regional dependence structure is given by 
an exponential decay function of the interstat ion di stance. By using 
this model, new samples of time series over the are4 at a new grid of 
80 points were generated in order to investigate area-deficit in­
tensity drought characteristics. 

The deficit area, the total area l deficit , and the maximum defi­
cit intensity are used as indices of drought characteristics. Basic 
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parameters of their frequency distributions and of mutual relation­
ships are analyzed for various truncation levels in drought de­
finitions. 

Probabili ties of areal coverage of droughts are further investi­
gated by applying the theory of runs, the theory of recurrent events, 
and similar approaches. Probabilities of specific areas covered by 
droughts of given properties are investigated by considering the 
effects of the size and the shape of an area. 

Run properties of a simple, periodic-stochastic process are in­
vestigated analytically. Moments of negative run-sums are found by 
considering the negative run-length and the onset time. Other tech­
niques are discussed in comparison with the use of run properties in 
evaluating drought characteristics of periodic-stochastic processes . 

Reference: Tase, Norio, Colorado State University, Hydrology Paper 
No. 87 (November 1976), Area-Deficit-Intensity Characteristics of 
Droughts . 
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niques are discussed in comparison with the use of run properties in 
evaluating drought characteristics of periodic- stochastic processes. 

Reference: Tase, Norio, Colorado State University, Hydrology Paper 
No. 87 (November 1976), Area-Deficit-Intensity Characteri stics of 
Droughts. 

parameters of their frequency distributions and of mutual relation­
ships are analyzed for various truncation levels in drought de­
fini t ions . 

Probabilities of areal coverage of droughts are f urther investi­
gated by applying the theory of runs , the theory of recurrent events, 
and similar approaches. Probabilities of specific areas covered by 
droughts of given properties are investigated by considering the 
effects of the size and the shape of an area. 

Run properties of a simple, periodic-stochastic process are in­
vestigated analytically. Moments of negative run-sums are found by 
consider i ng the negativ~ run-length and the onset time. Other tech­
niques are discussed in comparison with the use of run properties in 
evaluating drought characteristics of periodic-stochastic processes . 

Reference: Tase, Norio, Colorado State University, Hydrology Paper 
No. 87 (November 1976), Area-Deficit-Intensity Characteristics of 
Droughts. 
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