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ABSTRACT

A NOVEL SMOOTHER-BASED DATA ASSIMILATION METHOD FOR COMPLEX CFD

Accurate computational fluid dynamics (CFD) modeling of turbulent flows is necessary for im-
proving fluid-driven engineering designs. Traditional CFD often falls short of providing truly accu-
rate solutions due to inherent uncertainties stemming from modeling assumptions and the chaotic
nature of fluid flow. To overcome these limitations, we propose the integration of data assimilation
(DA) techniques into CFD simulations. DA, which incorporates observational data into numerical
models, offers a promising avenue to enhance predictability by reducing uncertainties associated
with initial conditions and model parameters. This research aims to advance our understanding
and application of DA for CFD modeling of highly chaotic dynamical systems. This dissertation
makes several novel contributions in DA and CFD: i) A novel DA algorithm, the maximum likeli-
hood ensemble smoother (MLES), has been developed and implemented to provide better model
parameter estimation and assimilate time-integrated observations while addressing nonlinearity, i)
Multigrid-in-time techniques are applied to enhance the computational efficiency of the MLES by
improving the optimization processes, and iii) The MLES+-CFD framework has been validated by
classical test problems such as the Lorenz 96 model and the Kuramoto-Sivashinsky equation. The
effectiveness of the MLES has been demonstrated through a few test problems featuring chaos,

discontinuity, or high dimensionality.
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Chapter 1

Introduction

1.1 Motivations and Objectives

Using computational fluid dynamics (CFD) to accurately obtain a solution to complex prob-
lems rarely results in obtaining what is regarded as the ‘true’ solution. This is because the quality of
these solutions is determined by the many assumptions associated with our numerical models, in-
cluding discretization schemes, assumptions in the physics models, and so on. These assumptions
eventually lead to deviations from reality. In engineering applications, addressing this discrepancy
proves to be a time-consuming and resource-intensive aspect of making quality design choices.
Naturally, research has been focused on reducing the dependency of these assumptions in order
to obtain more accurate solutions. Great strides have been made and the continued research will
ultimately prove to be worthwhile. However, progress has somewhat stagnated, reaching a junc-
ture where using additional sources of uncertainties becomes a viable avenue to produce a more
comprehensive understanding of the uncertainties involved in CFD applications. Currently, one of
the biggest sources of uncertainty that is associated with complex CFD problems is chaos. Chaos
is a term used to describe the phenomena commonly known as the ‘butterfly-effect.” Lorenz [1], in
his groundbreaking discovery, he found that if two numerical experiments were to start using the
same exact configuration, these two experiment will completely diverge. The only difference was
there was small round-off errors in the initial conditions. The question is then which solution pro-
vided a more accurate representation of reality? Answering this question is especially challenging
without a trustworthy source to ascertain the truth. Indeed, Lorenz [1] showed the mathematical
models and available computing power were for simpler than in today’s typical architecture. Thus,
with the widespread use of sophisticated algorithms and applications to the complex numerical

experiments seen in engineering applications, this problem of chaos is unavoidable.



The focus on reducing the errors of the numerical models has drastically increased the qual-
ity of solutions in numerical CFD problems. Despite their effectiveness, these approaches are
inadequate in capturing the uncertainty associated with the modeling assumptions (e.g., bound-
ary conditions, operating conditions, geometrical configurations, and flow regimes, etc.). If, for
example, all assumptions in the underlying physics are guaranteed to represent the truth of real-
ity, the necessary modeling assumptions will not contaminate the solution at future times. This
phenomena can be described by the Lyapunov exponent of the dynamical system. It is a quantity
that measures the ‘butterfly-effect’ in which it mathematically describes the rate of separation of
infinitesimally close state trajectories. When considering two trajectories in phase space with an

initial perturbation, the rate of separation is given by

0U(t)| ~ eM|0Uo| (1.1)

where \ is the Lyapunov exponent, §Uj is the initial difference between the two runs, and JU ()
is the difference at some arbitrary future time. In essence, the Lyapunov exponent is a measure of
chaos for a numerical model. Figure 1.1 illustrates the concept, showing how the system’s sensi-
tivity to initial conditions and the exponential rate at which trajectories separate are quantified by
the Lyapunov exponent. Unsurpisingly, a turbulent regime exhibits chaotic dynamics, as demon-
strated by evaluating the Lyapunov exponents of the Navier-Stokes equations in Yamada et al. [2].
Consequently, while conventional methods in numerical modeling are effective in providing ro-
bust engineering design assessments, they are bound by the mathematical constraints of chaos,
ultimately rendering them inadequate in representing the truth. Recognizing these limitations, the
exploration of strategies that use more information (e.g. physical data) provides a broader spec-
trum of sources of error. Integrating these highly accurate models into our proposed application is
necessary in order to harness their precision.

Various methods exist to achieve this goal, but data assimilation (DA) [3-6] stands out. DA
incorporates reliable observational data into numerical models to improve their accuracy and re-

liability, thus we choose DA as our approach to enhance the predictability of CFD simulations.
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Measure of chaos \

Figure 1.1: Visualization of the Lyapunov exponent, demonstrating how a small initial perturbation, 6 Uy,
applied to the initial model state diverges over time in a chaotic system. The Lyapunov exponent quantifies
the exponential rate of separation between trajectories, providing insight into the system’s sensitivity to
initial conditions.

This is due to several reasons. Firstly, DA uses observations that are obtained from reality. This is
advantageous because the availability of data from physical experiments continually grows, easing
the challenge in producing experimental results. Secondly, DA must use a model for the desired
problem, a benefit that can be maximized by coupling them with advanced CFD models of high
precision. Lastly, DA has demonstrated success across multiple fields, serving as an excellent
foundation for the research directions that we aim to pursue.

While DA has traditionally been applied to numerical weather prediction (NWP), its applica-
tion has also extended to CFD [7-9]. The chaotic phenomena observed in NWP closely parallels
those encountered in complex CFD and the results have shown notable success (e.g., [4, 10-14]).
We use this research foundation to apply analogous methodologies from NWP to address these
challenges in CFD. These studies have shown that incorporating DA into CFD simulations, they
can account for uncertainties and errors in initial conditions and model parameters, reducing in-
accuracies, and improving the predictability. These simulations, which often contain complex
physical processes, involve highly nonlinear interactions. While the previous findings exhibit pro-
ficiency in handling these complex physics, applying DA to CFD remains a significant challenge

to address these nonlinearities. The chosen algorithms must ensure access to high-quality and



diverse observational data sources, developing robust DA algorithms, and efficiently integrating
DA into existing CFD frameworks. In such scenarios, many DA methods face limitations, as they
typically utilize only two modes of the error statistics, the mean and the variance, to represent the
error characteristics of the system. This restriction leads to an underestimation of errors, hindering
the accurate assimilation of observational data into the numerical models. Addressing these chal-
lenges and advancing the state-of-the-art in DA for CFD is crucial. The current dissertation focuses
on developing more sophisticated assimilation algorithms for CFD modeling and simulations of
engineering problems, improving the capability of assimilation of highly nonlinear physical pro-
cesses, and optimizing the computational efficiency of these methods. Ultimately, the continued
application of DA into CFD holds the promise of revolutionizing our ability to model and predict
complex fluid dynamics with greater accuracy, benefiting a wide range of industries and scientific

endeavors.

1.2 Objectives

Four research objectives have been identified to achieve the dissertation goal.

1. Build a comprehensive understanding of the limit of predictability for chaotic systems. The
aim is to apply DA to CFD modeling of chaotic systems for greater accuracy, and thus

understanding the coupling of DA+CFD is paramount.

2. Develop and implement a novel DA algorithm, the maximum likelihood ensemble smoother
(MLES), to provide better model parameter estimation and assimilate time-integrated obser-

vations, in addition to treating nonlinearity.

3. Explore techniques to increase the computational efficiency of the MLES by leveraging

multigrid-in-time for fast optimization process.

4. Apply the MLES to a problem featuring chaos or discontinuities to demonstrate its effec-

tiveness in improving the limit of predictability.



1.3 Dissertation Organization

This dissertation is structured as follows. Chapter 2 describes the mathematical formulations of
the novel DA algorithm. Chapter 3 reviews the numerical framework of the forward solvers used
in CFD and the combined DA and CFD system. In Chapter 4, the system undergoes verification
and validation before being applied to complex fluid dynamics problems. Chapter 5 is dedicated to
discussing the configurations of the problems, the procedures, and the analysis and assessments of
the results. Finally, Chapter 6 draws the conclusions, presents original contributions, and outlines

potential avenues for future work.



Chapter 2

Data Assimilation

This chapter first focuses on the mathematical foundation of all DA methods. Then, it describes
the development rationale and mathematical details of a novel DA method that is specifically de-

signed to be applied to the highly nonlinear problems seen in typical CFD.

2.1 Bayes’ Theorem

DA uses information from the three sources: the prior, the likelihood, and the observation data.
The prior is the initial belief or probably distribution of the predicted state, typically sourced from
the numerical model. The likelihood measures how well the predicted model state matches with the
given observation data. The observation data is a marginal likelihood of observed data regardless
of the prior information. Because error is associated with each of these conditional probabilities,
we represent the available information as probability density functions (pdfs). Bayes’ theorem [15]

uses these pdfs and outputs the updated belief of the parameters of interest, known as the posterior

pdf, p(Q[O), as

- p(0|Q)

P(QI0) = = 5P (Q). 2.1)

where p(Q) is the prior pdf, p(O|Q) is the likelihood, and p(O) is the marginal of the observation
pdf. O denotes the observation data and Q is the deterministic vector of model states. Eq. (2.1) is
the foundation of the vast majority of DA methods. Solving for the posterior pdf means to solve for
the estimate of the pdf of the state based on all available information which is the answer DA seeks
to find. There are many distinct methods to solve Bayes’ theorem. To develop a DA algorithm that
can handle the complex problems seen in CFD, it is essential to describe the three main categories

of DA methods.



2.2 Ensemble Methods

The problems applied to DA are usually high dimensional and so reducing the dimension of
the workspace makes the analysis more tractable. This is because obtaining a precise estimation
of the uncertainty associated with the forecast produced by the numerical model demands a full-
rank matrix over the model state space (/V;), requiring a sample of N, independent model state
vectors. This is manifested in the form of the forecast error covariance matrix, P, whose size
becomes computationally impractical, especially in high-dimensional applications where N is
around 10°. To address this issue, ensemble-based DA methods reduce the rank of P #, and there-
fore the problem as a whole, by using an ensemble of forecasted states to represent the uncertainty
in the system. This makes the ensemble approach feasible because it reduces the covariance ma-
trix dimension from N, x N, to Ny X N,, where N, (the ensemble size) typically ranges from 10
to 100. In addition to reducing the rank of the problem significantly, the background errors con-
tain valuable flow-dependent information, providing a comprehensive representation of the errors
in the system. This is because the ensemble is propagated to the analysis time which allows P
to contain information from the nonlinear forward model. A negative side effect of the limited
number of ensemble members is sampling errors. These errors arise because the small ensemble
fails to comprehensively capture all rapidly evolving error modes within the system, resulting in
noisy correlations and underestimated variances [7, 16, 17]. To address these issues, techniques
such as localization [17-20] and ensemble inflation [21,22] are commonly employed. Mathemat-
ically, these strategies are perceived as ad-hoc and resemble heuristic interventions [23], and their

effectiveness may not meet rigorous standards in addressing the sampling error.

2.3 Variational Methods

Variational DA [24,25] derives a cost function that measures the difference between the model’s
version of observations to the actual observations, along with any additional constraints or regu-
larization terms. This cost function is minimized using nonlinear minimization techniques. The

result is the optimal estimate of the initial state and trajectory of the model. This is well-suited for



dynamical systems that contain nonlinearities because the solution procedure is inherently nonlin-
ear. This is crucial when dealing with the nonlinear dynamics and uncertainty inherent in transient
systems like turbulence in CFD modeling because previous studies have shown that the assump-
tion of linearity breaks down in realistic situations [4,10-12,14,26]. However, there are two major
drawbacks to using variational methods. The first drawback is the limitation in quantifying flow-
dependent background and model error statistics. This is due to the static representation of the
background errors which are not consistently evaluated. The second drawback is the linearized
version of the observation and model operator is required. Outside of meteorology where such
versions of the model do not exist, this version of the model operator is especially difficult to

derive and maintain.

2.4 Hybrid Methods

The applicability of the previous methods tends to be limited by underlying assumptions and
methodologies, and they limit their usefulness to simple problems [27, 28]. To overcome these
limitations, we opt to use a hybrid approach, combining both ensemble and variational methods.
Hybrid approaches aim to mitigate their respective drawbacks while leveraging the strengths from
each method. They incorporate the dynamical estimation of prior errors from ensemble-based
methods along with the full-rank representation of all errors from variational methods. Most of
these hybrid methods minimizes a variational cost function in ensemble space, eliminating the
need for linearization of the forward model and observation operator. Bannister [29] provides an
overview of the new development of hybrid methods that represent the forefront of solving highly

nonlinear problems.

2.5 Maximum Likelihood Ensemble Smoother
Hybrid methods address the reduced rank of the prior covariance estimation and nonlinear
optimization, but another major consideration to address is the filtering approach. Sequential DA

filtering algorithms predict the optimal state at the current time by incorporating observations avail-



able at that specific moment. This process involves adjusting the model’s predictions in real-time
based on the most recent observational data. The updated state of the system aligns closely with
the actual conditions observed at the given time point. However, there are limitations of sequential
filtering approaches. The reason for impediment is that the forward model is employed outside of
the analysis procedure. This poses a significant challenge, especially in situations involving time-
integrated observations and the estimation of model parameters, where filtering methods are not
adequate [30]. Unlike updating based on a singular observation point, ensemble-based smoothers
use the nonlinear forward model to propagate the ensemble forward to evaluate the estimate at
multiple observations over a specific time, or DA window. This effectively addresses the model’s
contribution to nonlinearity within the analysis procedure. Recognizing the need for a more robust
solution, we turn our attention to hybrid-based smoothers, where the prediction model is integrated
into the analysis procedure. Further reading for the advancements in smoother DA methods can be
found in many references (e.g., [31-35]).

In this dissertation, we introduce a novel, hybrid-based smoother that can answer the chal-
lenges of realistic high-dimensional applications. We begin with a hybrid-based filter that is al-
ready known for its effectiveness in complex CFD problems, the maximum mikelihood ensemble
filter (MLEF). We then extend the MLEF into a smoother. The novel approach is called the max-
imum likelihood ensemble smoother (MLES). By emphasizing the strengths of the MLEF and its
relevance to the challenges seen complex CFD, the extension to a smoother will provide effective
solutions for realistic high-dimensional applications. Specific details on the MLEF can be found in
Zupanski [36]. The subsequent sections of this chapter introduce the method and offers a detailed
exploration of its unique characteristics, breaking down its aspects at the conceptual, mathematical,
and numerical algorithm levels.

Before introducing the mathematical procedure of the MLES, a graphical depiction of its pro-
cedure is given in Figure 2.1. In the figure, the forecasted ensemble and control state both start at
the beginning of the DA window (pink dot). The solution process of the MLES applies the forward

model to the ensemble (gray lines) iteratively within the DA window, indicated by the available



data (green hashes and crosses). The resulting optimal analysis state (red dot) at the start of the
DA window serves as the basis for forward forecast, providing the most accurate representation of

the true state within the entire DA window.

== Smoother analysis
—— Ensemble mems.
=== Truth

DA window

Figure 2.1: Graphical depiction of the MLES in state space.

2.5.1 Cost Function

The mathematical approach of the MLES is now described. The Bayesian framework provides
a systematic approach for solving the constrained optimization problem, where the goal is to find
the optimal state estimate. To achieve this, a cost function is derived by applying Gaussian as-

sumptions on the terms in Bayes’ theorem and then applying the maximum likelihood estimation:

win(Qn)#5[Q-Q'] P [Q-Q]
+% i [Ok_HkOMO:k(QO)]TRkl [Ok_HkOMO:k(QO) - (2.2)
k=L—-5+1

where H oM .,(Qq) is a composition of the forward model and observation operators. The obser-
vation operator, H(-), maps the solution state to the observation space, and the CFD model, M(-),
represents the forecast or forward model. This cost function, shown in Eq. (2.2), is minimized for

~

Q, which is a control vector containing the solution variables U and model parameters «, such
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that Q = [U, a|'. The forecast error covariance is represented by P, and the observation error
covariance is represented by R. Both Qf and Q are defined at the initial times of the DA window.
The superscript T denotes the transpose, and the subscript f represents the forecast. The shift
length, S, is the number of observations within the DA window. The lag length, L, is the temporal
index of the last observation. After finding the optimal estimate, the DA window shifts forward
by .S observations to avoid overlap between DA windows. For example, with L = 3 and S = 2,
the last observation considered is three observations ahead, and the next analysis occurs two steps
in the future. This example is shown in Figure 2.2 and Figure 2.3, where observations needed for
analysis are indicated by red arrows pointing back to the analysis time. The configuration with
L =0and S = 1 means M, is the identity and corresponds to the MLEF. The lag and shift val-
ues influence the analysis’s nonlinearity because of the nonlinear effects introduced by the forward
model. Therefore, investigating these values is worthwhile. For more details on lag and shift times

in hybrid methods, refer to Asch et al. [37], Bocquet et al. [33], and Grudzien et al. [38].

Q ! \\ /,X )\(\
2_\\ /I \"’___~x~ /l )
. , --X X Saov
N
} } } } } —
t!/t?—/t?) h § e
DA window

Figure 2.2: One cycle of a smoother with a shift . = 3 and S = 2. The location of the first analysis is the
red circle. The observations are shown with green crosses, with red arrows that show that they are needed
in the current analysis. The truth is the black dotted line. The y-axis is an arbitrarily chosen state variable of
singular spatial element. The particular observations used in the analysis are shown by showing red arrows
pointing back to the current analysis time.

The CFD model and observations/data errors are assumed to follow a Gaussian distribution

with respect to the forecast error covariance, P, and the observation error covariance, R, respec-
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A = TForecast, M ()
=== Truth

DA window

Figure 2.3: After the analysis is found, the new analysis is propagated 2 observations forward, correspond-
ing to the value of S = 2. Then, the next observations, which are shown, are used in the analysis for the
new, current DA window.

tively. The cost function is minimized subject to the constraints,

ou

E—FV-F‘:SinQ
U =g on 99
Q=[U,qf

Q GRNSXI, UERNvarX17 O GRNOXI,

co~ N(0O,R) and N(0,P)), (2.3)

€q ™~
where (2 is the physical domain of interest, N is the total number of the model state (variables
and parameters) included in Q, Ny, 18 the total number of solution variables in the forward model,
and NN, is the total number of observations. %—? + V -F = S is the most general form of an
exact conservation law with F being the flux of the quantity of interest and S being a possible
source term. The errors €o and ¢, are random draws from normally distributed error distributions
associated with unbiased observations and the model state, respectively. In simpler terms, they
account for the inherent randomness or uncertainty in both observed data and model predictions.
With these errors, this stochastic presentation allows DA to effectively blend observational data

with model predictions while considering uncertainties from both sources.
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2.5.2 Solution Process

The solution process for an analysis cycle of the MLES is now explained. Additionally, the
pseudocode is given in Algorithm 1. This assumes that the forward CFD model has already propa-
gated the ensemble (including /N, members and 1 control case), to the beginning of the DA window.

We begin by factorizing the error covariance in ensemble subspace,

P; = P/°P}*, 24)

with the columns of P}/ 2 being
s Q- Q s
fvi - Ne _ 1 : ( . )

Q is the forecast deterministic state vector and sz is the state vector for each forecast ensemble
member. What follows is a typical change of variable seen in variational DA methods where we

define the new control vector
Q =Q' +P/*yp, (2.6)

where the new control variable 1) is dimensionless. This is necessary because the state vector QO
is generally multivariate and therefore can include variables with different orders of magnitude,
and it is not feasible to invert the forecast error covariance in a high-dimensional problem. Define

the new cost function for )

1
J(¢):§¢T¢
L
5 2 [0 Ho M@ + P Ryt 00— Ao Mun(Q) < P )]

k=L-SH1

(2.7)
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At each time index k, define the matrix Z;, which is a collection of N, columns, Z; ;, defined as

follows:

Zi; = R™/?HM, P} (2.8)

1 R A
= ER_l/Q Ho Mo;k(Qo + EP;/@»Q) —Ho MO:k(QO) ) (2-9)

where R is assumed to be constant throughout the DA window and thus the time indices are
dropped herein. H and M., are the tangent linear operators of H(-) and M (-), respectively, and €
is either a small constant or equal to unity. A finite-difference approximation is used in Eq. (2.9) to
approximate the tangent linear operators in Eq. (2.8). Define the gradient, V J,, and the Hessian

(second derivative), V2J,/,, of Eq. (2.7) as follows:

L
Vip=w— > ZIRV2|0p — Ho Mo(Q + P )| (2.10)
k=L-S+1
Vi, =1+C, (2.11)
where
L
C= > Z;7. (2.12)
k=L-S+1

A rigorous derivation of Eq. (2.11) and Eq. (2.12), as well as a further explanation about the finite-
difference approximation can be found in Appendix A.
In general, when the condition number of the Hessian, /K (V2J¢), becomes larger, more itera-

tions are needed to minimize the cost function. KX (VQJd,), can be calculated by

K(V2Jy) = 5 s (2.13)

where A\, and \j.x are the smallest and largest eigenvalues of the Hessian matrix, respectively.

To further optimize the problem, the optimal Hessian preconditioning introduces another change
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of variable

¥ =(1+Cp e, (2.14)
where
L
Cr= > ZjZsk (2.15)
k=L—-S+1
and the columns of Zy ;, are
1 A .
Zywi~ R [% o Moi(QF + P2 —Ho Mo;k(Qf)] . (2.16)

There is a deliberate difference between Z ¢ and Z,, because C; must be calculated using the initial

forecast control (i.e. before minimization), Q. The gradient is therefore
Ve =(1+Cy) "?VyJ, (2.17)
and the Hessian is
Vi =(1+Cy) PViIa+Cp) 2 (2.18)

Indeed, with the optimal Hessian preconditioner, and assuming linear observation and forward

model operators, the Hessian is the identity matrix.

2.5.3 Minimization

To find the optimal/analysis control vector, Q“, the minimization process uses a nonlinear
iterative method, such as quasi-Newton or nonlinear conjugate-gradient, to find the optimal value
of & In the current study, the minimization method used is the Newton method. Of course,

more complex minimization techniques can be used and are more efficient for larger nonlinear
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unconstrained optimization problems. However, using the optimum control variable has shown that
the Newton method proves to be an efficient method of minimizing the optimized cost function.

The problem of minimizing a function of n variables,
minf(x), x¢& R™!, (2.19)

where f(x) is a smooth function such that the gradient V f exists and can be solved iteratively

using
Xp1 = Xg + apdy, (2.20)

where £ indicates the number of iterations (not time indices in this particular case), « is defined as
the step-length value that can vary in each iteration and is determined by the minimization method.

If using the Newton’s method, oy, = 1 and the descent direction d can be solved using
dy = — (V3 (x) " VI(x). (2.21)

By using these steps and following Eq. (2.20) and Eq. (2.21), our minimization update equations

are

€1 =&k +dy, (2.22)

and the descent direction is
2 7/ ! A
d, = — (VgJ(Qk>> VgJ(Qk) . (2.23)
The process starts with an initial guess of &x—o = 0, which implies

Qi0 = Q. (2.24)
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Because of the optimal Hessian preconditioning, typically only 2-5 minimization iterations are
required. However, a more rigorous convergence criteria can also be used. For example, min-
imization can be stopped when the L,-norm difference between the previous iteration and the

current iteration is of low enough value given by
1AQq,[| <e, (2.25)

where AQ, , is the state update for the next iteration p, and e is a small constant. Beginning with
e = le — 4 is an adequate initial value and can be adjusted to better match the current scale of the
state vector.

For each minimization iteration, an updated value of £ is found from Eq. (2.22), which is used
to update the state vector, given by

L —1/2
Q=Q +P/* |1+ > z}’sz,k] £ (2.26)

k=L—-S+1

This new state estimate is then used for the next minimization iteration. After the convergence
criteria is met and the optimal &, is found, Q“ can be calculated using

I —1/2
Q =Q +P/? |1+ z},sz,k] Eopt - (2.27)

k=L—-S+1

. . . . 1/2 .
This results in the analysis error covariance, Pa/ , given by

L ~1/2
P2=P/" |1+ ) z{zk] , (2.28)

k=L—S+1
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where Z;, is calculated using Eq. (2.9) using Q“. P+/? is used to calculate the initial conditions for

ensemble forecasting to the next DA cycle,
Q=Q"+p?%, i=1,... N, (2.29)

where p{ are the columns of P./%. Now apply the forward model, M, to propagate the new initial

values to the next DA window.

Algorithm 1 MLES analysis cycle

Calculate P in ensemble subspace
while error > tolerance do
Run M, L(Qo) and the ensemble, M., (Qg7V°), for the entire DA window
Calculate Zy . from Eq. (2.16), and C; from Eq. (2.15)
Calculate Zj, from Eq. (2.9), and C from Eq. (2.12)
Calculate the gradient and the Hessian of the cost function
Use Newton method to update £ Eq. (2.22) and Qo from Eq. (2.26)
Calculate the error from Eq. (2.25) (if not using a specified number if iterations)
end while
Use Qa from Eq. (2.28), from Q“
Update the ensemble from Eq. (2.29)
return Q¢, Q!

2.6 Multigrid in Time Applied to MLES

2.6.1 Motivation

One drawback associated with the MLES lies in the considerable demand for computational
resources and time during the iterative analysis procedure. This is because the forward model
must undergo multiple runs throughout the DA window for successful minimization. The number
of model runs in the DA window is determined by the ensemble size (typically 6 to 30) and the
required minimization iterations (typically 2 to 5). Although crucial for optimization, the need
for multiple forward model simulations can present challenges in practical applications, particu-

larly when dealing with computationally expensive numerical algorithms. To decrease this com-
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putational expense, our dissertation introduces the application of multigrid-in-time (MGinT) as a
strategic solution to decrease the number of minimization iterations using the fine time grid.

The overall goal of multigrid-in-time (MGinT) is to increase the computational efficiency while
straightforward to implement. The strategy uses time step size coarsening which is used to rapidly
obtain a coarse-grid estimate of the optimal analysis state. Assuming the coarse-grid estimate
proves sufficient, it serves as the starting point for subsequent fine-grid minimization. The com-
patibility between MLES and MGinT positions the latter as an ideal choice, requiring minimal
adjustments to both the existing MLES framework and the forward model. With the fine-time-grid
minimization procedure commencing much closer to the optimal analysis, a significant reduction
in iterations on the more computationally expensive fine-time-grid model is achieved, leading to
a notable reduction in computational cost. Specifically, the forward model employed in the cost
function can use different time resolutions as needed without inhibiting the foundation of the so-
lution procedure. These advancements result in substantial computational savings, meaning the
MLES will be more practical and accessible for large-scale DA problems. This approach is a novel
application of MGinT to a DA method such as the MLES, marking the first time such a technique

has been employed in this context.

2.6.2 Procedure

Figure 2.4 illustrates the core process of the integration of the MLES + MGinT algorithm.
The figure shows a 4-grid multigrid-in-time where the optimization constrained by the nonlinear
forward model can be solved on a sequence of low-resolution time-grids, indicated by the levels
l1, I, and 3. The result is coarse-time-grid estimates of the analysis at the respective levels. These
estimates are then used as the initial starting points for the optimization for the fine-time-grid
levels, and eventually the optimization takes place on the finest-time-grid level, indicated by /.
This process can be generalized for any number of levels of multigrid, and any configuration of
multigrid cycles. The procedure shifts to the finer time-grid upon meeting the convergence criteria,

which is given in Eq. (2.25).
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Figure 2.4: An example illustration of MGinT cycles in time. Levels 0, 1, 2, and 3 indicate the meshes from
the finest to the coarsest in time, and, by applying the MLES, solutions of Qg at levels [, l2, and /3 can be
found.

The process for MGinT for a 2-grid example is now described. The algorithm pseudocode is

given in Algorithm 2.

1. First, run the forward model using the coarse time grid:

QN _ MéV,coarse(QO) (230)

Qi = MJ™(Qly, i=1,...,N.. (2.31)

QO and Q}, are the control and members in the ensemble at initial time, ¢ = ¢,, and Q ~ and
QY are the control and members in the ensemble at final time ¢ = ¢y of the assimilation
window. Note the use of the coarse model propagator, My () from time t = t to t =
tn. Graphically, we can depict an example of this process which can be seen in Figure 2.5.
Here, N = 5 and N, = 3. The result of applying the coarse forward model means the
state values are only available at times 7y, t2, and ¢; while leaving gaps at times ¢; and 3.
This means the summation term in the cost function will lack the terms located at these time

points. Therefore, the minimization produces a coarse-grid optimal estimate of QO and Q).
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Figure 2.5: Running the coarse-grid forward model to the end of the assimilation window. State variables
are obtained at times t, t2, and t5 while not acquiring information at times ¢; and ¢3.

2. Use this coarse-grid estimate and apply it to the minimization procedure on the fine grid.

Starting with the coarse-grid estimate of Qo and Q}, run the forward model using the fine

time grid:

Qn = M) ™(Qy) (2.32)

QY = My™(Qly, i=1,...,N,. (2.33)

This is graphically shown in Figure 2.6.
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Figure 2.6: Running the fine-grid forward model to the end of the assimilation window. State variables are
obtained at all times.

3. Now that all of the information is available, the minimization of the cost function produces

the optimal estimate of Q and Q' at the beginning of the time window.
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Algorithm 2 MLES +MGinT analysis cycle

Calculate P in ensemble subspace
for Multigrid levels do
Adjust appropriate At for the current MG level
while error > tolerance do
Run MO:L(QO) and the ensemble, M. ( é:NE), for the entire DA window
Calculate Z, from Eq. (2.16), and C from Eq. (2.15)
Calculate Z;, from Eq. (2.9), and C from Eq. (2.12)
Calculate the gradient and the Hessian of the cost function
Use Newton method to update £ Eq. (2.22) and QO from Eq. (2.26)
Calculate the error from Eq. (2.25)
end while
Calculate Q“ to be used as QO for the next multigrid time level
end for
Use Q“ from Eq. (2.28), from Q“
Update the ensemble from Eq. (2.29)
return Q¢, Q!
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Chapter 3

Numerical Framework

The current chapter describes the numerical framework developed for this dissertation. Typi-
cally, the software needed to incorporate the forward model is as important as the DA algorithms
themselves to ensure a robust architecture. This is especially true when using high-dimensional
fluid simulations with large amounts of data. First, it will provide an overview of Chord [39—-44],
our in-house numerical model used for complex fluid dynamics simulations. It describes the math-
ematical components that distinguish Chord as a unique, high-order finite-volume-method (FVM)
CFD solver. These include the high-order spatial discretizations, the usage of mapped multiblock
grids (MMB) for accommodating complex geometries, and the time marching method for efficient
time-to-solution. Secondly, the framework to couple DA with the CFD is described. This details

how the DA methods are integrated into Chord.

3.1 CFD Forward Model (Chord)

In this section, we discuss our in-house high-order FVM CFD code, Chord, which is used
for the numerical results found later in the thesis. Chord stands out for its capability to achieve
high-order accuracy in both time and space, enabling accurate modeling of fluid flows encom-
passing turbulence and combustion phenomena. Notably, it incorporates adaptive mesh refinement
(AMR) techniques in both spatial and temporal domains, allowing for efficient handling of com-
plex geometries while maintaining free stream conditions through the MMB technique. Moreover,
Chord is optimized for performance on high-performance computing (HPC) architectures. The

subsequent sections provide the details of the features found in Chord.

3.1.1 Governing Equations

On a rectangular physical domain, identical to the computational domain prior to applying

any coordinate transformation, the system of partial differential equations (PDEs) governing a
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compressible gas comprises continuity, momentum, energy, and a set of species transport equations

if chemical reactions are considered, given by,

dp =
— . v pr— .1
5 TV (pu) =0, (3.1
o, .. = - i >
E(pu)jLV-(pu +pl) =V -T+pf, (3.2)
0 = q p == = 7o
a(pe)—%v-[pu e—l—;)}—v (T u) V.-q+pf-u, (3.3)
a — — —
a(p%)%—v-(pcnﬁ):—v- ntpn, n=1...,N,, (3.4)

where p is the density, @ is the velocity vector, p is pressure, [: is the identity tensor, and e =
u]?/2 4+ > cphn — p/p is the total specific energy with ¢, and h,, being the mass fraction and the
specific enthalpy of species n, respectively. The pressure is solved by the ideal gas law p = pR, T,
where R, is the universal gas constant and 7' is the temperature. f is a body force per unit volume
acting on the gas, but is negligible in the present work. ¢'is the molecular heat flux vector. The

molecular fluid stress tensor, 7, is given as

:2u(§—

A

Wl

iy a) , (3.5)

where S is the strain rate tensor and o is the fluid molecular viscosity. A total of N, species
comprise the gaseous mixture, with N, transport equations. T and 1, are the species diffusive
flux and the production rate of species n, respectively. In the current study, the thermally-perfect

neglects gas mixture disregards Dufour, Soret, and radiative heat transfer effects.

3.1.2 Grid Mapping

To accommodate complex geometries, the MMB technique is employed to work with struc-
tured AMR grids [45]. The transformation grid metrics, NT, and metric Jacobian, .J, are introduced

into the system of governing equations to transform from physical space, Z, into computational
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space, E where E = &(Z). They are defined as

——

N=J (vxg)T CONT = Ve, J=det (6@) . (3.6)

After applying the coordinate transformation to Egs. (3.1) - (3.4), the governing equations are now

o(JU)
ot

+ Ve (NTF‘ - NT§> —JS, (3.7)

where U is the solution vector, F is the inviscid flux vector, G is the viscous flux vector, and S is

the reaction source vector. They are defined as

p pu 0 0
pu - pUU + pl - T pf
U= JF = ,G = = . |,S= ~ . (3.8)
pe pﬁ(e—i—g) T-u—Q pf-u
PCn pcnﬁ _jn pwn
The mapped stress tensor, T, is given by
3 2 1.,z o
T =2u(8—3J Ve (N*@) |, (3.9)

where the mapped strain rate tensor, S, is updated by

-2 (@m (N7) s (NT) N@)T) - (3.10)

The mapped molecular heat flux, 0, is modeled by

Qi

d=- <n§6§T - i (hﬂ])) , 3.11)

n=1
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where  is the thermal conductivity coefficient and T is the mapped mass diffusion of species n
modeled by the Fourier’s law, given by

N

Jﬁgﬁ. (3.12)

In the equation, D, is defined as the molecular diffusivity for species n.

3.1.3 Spatial Discretization

FVMs have typically been confined to second-order accuracy [46], while higher-order methods
introduce complexity in terms of implementation and stability. However, increasing the order of
accuracy from second to fourth enhances the convergence rate of solution errors as the grid refines
in smooth flows [47]. In this study, our forward model is a FVM solver with a fourth-order accurate
approximation in both space and time for smooth flows. Continuing with the governing equations

of Eq. (3.7), the divergence form is initially integrated over control volumes as

2/ JUdV+/ (€5~ (NTF‘—NTQ> —JS) dV =0. (3.13)
ot Jy, Vi

On a rectangular computational domain, the cell centers are marked by the points (ig, ..., ip_1) =
1 € ZP. The control volumes are thus V; and take the form V; = [z + (7 — %u)A:v, xo+ (1 +
%u)Am], where £, € RP is a fixed origin of coordinates, Az is the mesh spacing, and w is the
vector whose components are all equal to one. Representing the integrals as averages and applying
the divergence theorem, we get the semi-discrete form

d —

—(JU); = —— ( (JVEF) 1 00—(IVEF), 10
dt Axd — ( tz 2 ) (3.14)

(TG TG ) ) =8

where the (-) indicates cell-averaged or face-averaged quantities, and the superscript d is the di-

rection of the flux vector. A fourth-order center-differencing scheme is employed for computing
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face-averaged quantities and gradients as inputs for the flux evaluation. Additional techniques are
exercised during the transformation from conservative to primitive variables to maintain fourth-
order accuracy during smooth-flow regimes. The stencil for computing the face-averaged primitive

variables, (W), uses four neighboring cells in each coordinate direction, by

7 1

<W>i+%ed = E(<W>z + (W)ited) — E(<W>z¥ed + (W)ited) - (3.15)

Then, the inviscid face-averaged fluxes (F)?, , , can be computed by (F)¢,, , = F/(W{, 1 ) +

it+led it itged
%—fA(d’Q)Fd((Wﬂ g .a) - In addition, the viscous flux vector requires the fourth-order evaluation
of the gradients of primitive variables, (VW), {1 in addition to (W), 1 1a- The gradient eval-
uation is not duplicated here and can be found in Gao et al. [39]. Additional details regarding
the stencils for hyperbolic spatial discretization near physical boundaries, including discussions on
limiters and dissipation mechanisms, are further discussed in Guzik et al. [40], Gao et. al. [42], and

Owen et al. [44]. For the DA integration, the discretization error is neglected, which is considered

as a “perfect” model scenario.

3.1.4 Time Marching Method

To advance the solution, we employ the fourth-order standard four-stage Runge-Kutta (RK4)
method to evolve Eq. (3.14) for cold flow. However, for reacting flow, small time-step constraints
can be placed for the simulation if the combustion is stiff. The small chemical time step due to
fast chemistry is addressed by using an implicit-explicit (IMEX) time integration. Specifically,
the fourth-order additive Runge-Kutta (ARK,) method is used and more details can be found in
Kennedy et al. [48], Christopher et al. [49]. The ARK, method has demonstrated that it can
gain computational efficiency by splitting the physics into stiff and non-stiff terms. This is done
to address each using implicit and explicit methods, respectively. The convection and diffusion
physics are solved explicitly and the chemical reactions are solved implicitly. Christopher et
al. [49] showed that ARK, has the potential to provide a 70x speedup over the standard RK4

in the 2D test case, and three-orders-of-magnitude-larger time step sizes are achieved for the three-
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dimensional test case. Although ARK} serves as the time marching method in this dissertation, it
is not the focus of discussion. Interested readers are directed to the referenced studies for further

details.

3.2 DA-+CFD Framework

The integration of the CFD forward model and DA algorithms is crucial for seamless data
exchange within the software framework. This integration ensures the efficiency of the assimilation
process. There are three main steps in the DA+CFD (or “DA+Chord”) system, as illustrated in
Figure 3.1, including forward model, innovation (aka. observation increment), and analysis. This
flow chart uses the symbol of the deterministic state of MLES for illustration. Initially, every
member of the ensemble and the control undergoes propagation by the forward CFD model until
the observation data becomes available, at which point P is calculated. The CFD model predicts
the system’s temporal and spatial evolution, with scales influenced by the numerical algorithm
employed. Observations, which can be measurements in space and time, rely on the technique used
in physical experiments for their spatial and temporal scales. During assimilation, the innovation
is computed as the difference between the observation and the initial guess of the forecast state. In
the analysis phase, CFD simulations and experimental data are combined to estimate the optimal
state based on statistical error analysis criteria. Finally, the analysis state reinitializes the CFD

model for each ensemble member to propagate the forward CFD model in subsequent DA cycles.
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Figure 3.1: Graphical depiction of the DA+CFD system.

To establish a robust DA workflow, the CFD forward model and DA algorithms must commu-
nicate with a simple robust framework. The DA procedure needs this efficient data exchange and

will enhance the predictive capabilities. Ultimately, the approach will prove to provide a deeper

Qh

e.g. quasi-Newton

(MLES)

understanding and give a reliable forecast of dynamic systems.
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Chapter 4

Verification and Validation

Before applying the MLES to enhance predictions of practical turbulent flows, it must be ver-
ified and validated within the DA+CFD system established in this study. In the current chapter,
the Lorenz-96 model and the Kuramoto-Sivashinsky equation problem serve to verify and vali-
date the efficacy of the MLES. These are selected as they are a well-established canonical DA and
fluid dynamics problems with readily available literature data for benchmarking the framework
(e.g. Zupanski [36], Kalnay et al. [7], Jardak et al. [SO], and Asch et al. [37], to name a few). By
comparing CFD predictions with and without DA, we can effectively evaluate the performance of
assimilation through metrics such as x? diagnostics and RMS errors. This assessment shows the
reliability and effectiveness of the MLES within the DA+CFD system and can then be used for
turbulent flows. In particular, the MLES is benchmarked against the already-proven MLEF. These
steps are crucial for ensuring the robustness and accuracy of predictive models in complex fluid

dynamics scenarios.

4.1 Lorenz-96 Model

The framework is developed and validated by the well known Lorenz 96 model [51]. This
model is chosen because it is used in many validation cases for DA and has literature data for the
performance assessment of the framework. Additionally, by choosing a correct forcing term, the
model is commonly known to cause chaotic behavior and can therefore provide insight to future
turbulent flow simulations. The result of the MLES algorithm is compared to those of the MLEF
algorithm. The performance of the MLES algorithm is measured by y? diagnostics, the normalized
cost function, and a root-mean-square error (RMSE) analysis. The following provide details of the

experimental setup, descriptions of the tests, and the results of the experiments.
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The Lorenz 96 model is given as

dl’i
dt

=@ — i) —x+F, i=1...,M. 4.1)

A value of I' = 8 is known to cause chaotic behavior and chosen as such for the validation. In the

current study, the number of variables in the test is chosen to be M = 40.

4.1.1 Twin Numerical Experiment Setup

In DA problems where methods are verified, the "truth twin experiment” is a common setup that
serves as an approach for validation and testing of DA algorithms. This experimental framework
involves creating a controlled environment where the true state of the system, referred to as the
“truth,” is known. Synthetic observations are then simulated from this true state, incorporating a
source of error such as synthetic measurement noise, spatial and temporal resolution limitations,
or missing data. For example, once the truth run is initialized, the forward model propagates it to

the desired solution time. Observations are synthesized from the truth, which is defined as

O = H (Que) +7. (42)

where n is the time index, lee is the true state, and m is a random perturbation taken from a nor-
mal distribution of a chosen variance and zero mean. Subsequently, the DA algorithm is applied to
assimilate these simulated observations into a numerical model representing the system dynamics.
Following the assimilation process, the performance metrics are used to evaluate the assimilated
state estimates against the true state to assess the performance of the assimilation algorithm. Met-
rics such as RMSE, x? diagnostics, normalized cost function, averaged statistical measured, and
other measures are commonly used for this evaluation. Additionally, sensitivity analyses may be
conducted by varying parameters such as the observations taken in the domain, ensemble size, or

other DA parameters to assess its robustness and sensitivity under different conditions.
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4.1.2 Data Assimilation Configuration

There are a number of parameters specific to DA and are explained herein. The choice of IV,
greatly determines the ability of the ensemble-based DA algorithms to accurately capture the error
in the current system. A relatively low ensemble size (N, = 6 to 8, depending on the system)
generally does not accurately capture error and artificially inflating the error is necessary. The time
between observations is arbitrarily chosen to be the same as the forward model time step size. This
also dictates the length of a DA cycle. The MLEEF is performed at every observation point in time
and the MLES DA window length is determined by the observation interval as well as L and S
parameters. No is the number of observations. o, is the variance of the normal distribution used
for synthesizing observations taken from the truth as shown in Eq. (4.9). The diagonal elements
of the observation covariance, R, are unchanging with values 02,. The number of steps to be
used in the minimization procedure is based on Zupanski [36]. The DA configuration parameters

for the validation are given in Table 4.1. These values are used to gather statistics for the tests

Table 4.1: the Lorenz 96 model experiment’s data assimilation parameters.

Variable Value
N, 15 members
Observation time interval 0.05 time units
No 40 (every computation cell)
S 10
L 10
Tobs 0.05
Diagonal elements of R 0.05
Minimization steps 3

in the following sections. Note that the observation error covariance matrix R only has diagonal
elements specified in the table above and stays constant through the entire simulation, i.e., the
random realization for the gathered observation data remains the same for each DA cycle. Also

note that for the MLEF, one DA cycle consists of running the model to each observation available.
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For the MLES, however, one DA cycle for this experiment is 10 times the length of the DA cycle

in the MLEF because the number of observations taken in the time window is S.

4.1.3 DA Performance Measures
x? diagnostics

The performance of the MLES relies on the estimation of the input error covariances, Q. R,
and P;. These directly influence the analysis covariance, P,. The y? diagnostics test [26,36, 52]
uses the innovation (i.e. O — H(Q)) covariance matrix to evaluate the correctness of the input error
covariances. It is given, in observation space, as

, X'X
-

X X=(ReHQPHEQ) T (0-H@) . @3)

where H(Q) is the tangent linear model of the observation operator, #(-). Q is the analysis state
at each DA cycle. For a Gaussian distribution of innovations and a linear observation operator, the
expected values of x? should be equal to 1.0. However, due to the calculation of P; wherein the
nonlinear model is used, and also due to the finite number of observations per cycle, the actual
values for the assimilated runs will not be exactly 1.0. The result of the test is shown in Figure 4.1.
Every DA cycle for the smoother represents 10 complete DA cycles in the MLEF and thus different
x-axes are used. Nevertheless, both experiments show the same solution time at the same corre-
sponding coordinate locations. Both MLEF and MLES show x? values close to 1.0 for each DA
cycle. The mean x? values for the entire run are 0.9509 for the MLEF and 1.088 for the MLES,
respectively. Either by running further experiments or by increasing the number of Gaussian dis-
tributed observations, one would expect each subsequent run to have a mean close to 1.0. The free
run x? values are expectedly much larger and emphasizes the chaotic behavior of the experiment’s

model.
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Normalized Cost Function

We examine the normalized cost function where the number of observations taken in the spatial

domain is the normalization factor and is calculated by

(Ni()) = NLO (% (0 _ H(Q))TR;1 (o - %(Q))) . (4.4)

The cost function .J and the control state Q are calculated after the minimization process has
occurred and therefore the analysis state is used for Eq. (4.4). The normalized cost function is used
to assess the minimization in a multi-variate problem and is related to the x? test. The uncertainty
error is reduced and thus the expected values are expected to be approximately 0.5. The results can

be seen in Figure 4.2 and every value is close to 0.5.

RMSE

The RMSE is also used to measure the difference between the analysis and the truth. The

truth is simply the deterministic simulation by the forward model using perfect conditions and

MLEF DA cycle
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Figure 4.1: The x? diagnostic test for the Lorenz 96 model experiment with a semi-log axis. There are two
different x-axes that show the different DA cycles for the MLEF and MLES, respectively, but at the same
solution times.
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parameters. The RMSE is calculated by

S (Quue — Q)
Ns

RMSE = m (4.5)

The results of the RMSE are seen in Figure 4.21 for each DA cycle and compared between the
MLEF and MLES. In addition, the RMSE of the free run is shown and clearly larger than that of
the MLEF and MLES, which is expected. Both the MLEF and MLES have similar values and,
overall, the RMSE shows a stable convergence with the truth as well as having stable performance
throughout the experiment.

Additionally, the first state value, Q,, is plotted as a function of the time step for the MLES
and MLEF and the synthesized data for this particular state value is also shown in Figure 4.4. This
particular case setup is the same as described in Section 4.1.2. The first DA update is located at the
11% time step and is the corresponding analysis update for the MLES of the time window. After the
MLES analysis update, it is freely forecasted to an end time of 120 time steps. The first analysis
point for the MLEF is also at the 11" time step but is updated at every available observation until

the last observation which is located at the 20 time step. At this point, it is freely forecasted to

MLEF DA cycle
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Figure 4.2: The normalized cost function values for the MLEF and MLES. There are two different x-axes
that show the different DA cycles but at the same solution times.
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Figure 4.3: The RMSE for the free run, MLEF, and MLES. Two different x-axes showing the same time
point while marked by a different DA cycle number, e.g. 3 DA cycles in the MLES corresponding to 20 DA
cycles in the MLEF.

the same end time as the MLES. A free run that does not have any DA updates is also included.

Fundamentally, Figure 4.4 displays the increase in predictability after DA is applied. Both the

MLES - - - Free run — MLEF
x  Data --- Truth

10 .

10 20 30 40 50 60 70 80 90 100 110 120
Time step

Figure 4.4: The trajectory of Q; for the truth, MLES, MLEF, free run, and observations of the Lorenz
96 model over time. Both the MLEF and MLES are first updated at the 10 time step and the MLEF is
continually updated until the last observation available. The free run is simply a simulation by the forward
model with the same steps as the MLES or MLEF but without DA.

MLEF and MLES diverge from the truth at approximately the 100" time step while the free run
completely diverges from the truth very early. The DA simulations have good approximations of

the truth state but their trajectories start to deviate from the truth as a consequence of the nature
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of the chaotic system. It is worth mentioning that the MLEF is competent and efficient in general;
it is encouraging and promising to have shown the MLES to have comparable performance as the

MLEF for these cases.

4.2 Kuramoto-Sivashinsky Equation

The validated MLES algorithm is now applied to solve the 1D Kuramoto-Sivashinsky equation.
Originally developed for modeling instabilities in flame fronts [53, 54], this simulation provides
insight to the MLES application to turbulent reacting CFD problems. The algorithm is tested and
compared against the original MLEF algorithm.

The model equation is
— =—a— —by=— —c— (4.6)

where, in the truth run, the model parameter coefficients are « = 1, b = 1, and ¢ = 1. The
boundary conditions are chosen to be periodic and the computational mesh has 256 cells uniformly
distributed over = € [—100, 100]. The initialization of the ensemble is based on the lagged forecast
method [7]. That is, given a time interval length of ¢ € [0,¢,], a “burn-in” simulation of length ¢,
is run using an arbitrarily chosen initial condition. Given an ensemble of size N,., one picks N,
normally distributed temporal points over the [0, ¢, ] interval. At each of the chosen temporal points,
there is a corresponding state vector, QQ, from the “burn-in” simulation which is then used as the
initial conditions for the members in the ensemble. The true state is set to be the simulation in the
middle of the simulation length and the initial state of the control run is set to be the state average
of the members in the ensemble. ¢, is set to be 5 time units. Where applicable, initial uncertainty of
the model parameters is based on a normally distributed probability density function. The variance
for the synthesized observations is chosen to be oo, = 0.001. The time step of the forward model

is At = 0.005 time units.
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4.2.1 Number of Time Points With Observations

We first perform an experiment to study the effect of the MLES as a function of S’ (the number
of observations used within a smoothing window). That is, using a fixed time interval between
observations, S is varied and the RMSE of the analysis update of the initial DA cycle (i.e., the be-
ginning of the smoothing window) is then calculated. L is equal to S in this numerical experiment
to match the last observation in time. Note that by fixing the time interval between observations
and adjusting S, the total length of the entire smoothing window changes. Figure 4.5 shows the
statistical average of the RMSE calculated over 100 individual runs. S varies from 1 to 50. The
fixed time interval between observations is At = 0.05 time units and the domain is fully observed.

Also, N, = 20 for each run in this experiment. As a check, the MLEF is included and shows the
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Figure 4.5: The analysis RMSE of the MLES by varying S from 1 to 50. The red dotted points are the
statistical average of 100 runs of the RMSE of the analysis of the MLES as a function of S. The blue circle
is the MLEF at the analysis point and, as expected, matches the MLES when only one observation is taken
in the window.

analysis RMSE matches the MLES when S = 1 which is to be expected. Then, as S'is increased,
the RMSE values of the analysis drop until there is a saturation of performance. We expect the
overall performance to eventually degrade as S is increased beyond a certain threshold as the dis-
tance between the last observation and the location of the analysis becomes larger. In other words,

the introduction of nonlinearity (mainly from the forward model) of a larger smoother window will
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eventually cause an increase in the error. Nevertheless, Figure 4.5 shows that given more informa-
tion within a smoothing window, the error is reduced. It is worth noting that while there are small
oscillations in the RMSE values (see points S = 11, 40, and 46, for example), it is expected that
this curve will smooth out as more and more cases are run to help with the averaging. The impor-
tant result is that the general trend of error reduction in the MLES goes down as more information
is provided within a smoothing window. Furthermore, there is a balance between the optimal
state and the computational cost for assimilating observations. For example, S = 18 provides the

desired optimal state.

4.2.2 Ensemble Size

The ensemble size is varied from N, = 5 to N, = 50 and a similar test is run as described in
Section 4.2.1. The smoother window is kept constant using S = 25. The RMSE of the analysis
is reported in Figure 4.6. The performance of the MLES is severely diminished when a small
ensemble size is used. The performance is found to be relatively stable after approximately N,
is chosen to be 15 or greater. However, more members than 20 are not necessary for this case

according to the sensitivity study.
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Figure 4.6: MLES performance as a function of NV, using a constant smoother window length of .S = 25.
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4.2.3 Number of Observations

The MLES is now used to directly compare results with the MLEF. The current test cases are
performed by varying the number of available observations in the domain (/No) while keeping S
constant for each case. Spatially, these observations are evenly spaced. For the MLES, only one
smoother window (and therefore only one analysis update) is used. Once the optimal analysis state
has been found, the control state of the MLES is forecasted to a temporal location equal to twice
the MLES smoother window length and the RMSE is calculated. In order to directly compare with
the MLES, the control state of the MLEF is updated using S DA cycles. At the last point of the
MLEEF update, the MLEF control state is forecasted to the same ending point of the MLES and
the RMSE is calculated. This means that the time between the updated analysis location for the
MLES and the end of the simulation is equivalent to two smoother window lengths whereas the last
MLEEF analysis update is exactly one smoother window length. The process is graphically shown
in Figure 4.7. The size of the ensemble is set to N, = 20 members and the smoother window is
set to be S = 25. The other simulation parameters are the same as presented in Section 4.2.1. The
result of the averaged RMSE over 100 independent runs for each Ny is shown in Figure 4.8. The
RMSE for both algorithms decreases with more available observations which is to be expected.
The error reduction for the MLES is slightly better for all cases. This is promising and interesting
as both DA algorithms have been provided with the same information, while the main difference
is that the MLES has a longer time between the location of the RMSE calculation and the initial
analysis. This will be an area of emphasis for future studies in order to better understand the impact

of the observations on the performance.

4.2.4 State Quantities and RMSE

Three state quantities are presented to compare the improvement of predictability for both the
MLES and MLEF. Using Np = 64, the state variable at spatial domain locations of 1, 65, and
221 for the MLES, MLEF, free run, and truth run are shown in Figures 4.9-4.11. Also shown are

the observed quantities at these locations as well. The observation interval is chosen to be 200
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Figure 4.7: Graphical description of the error comparison with the MLES and MLEF. The MLES is updated
at the vertical dashed red line and freely run to the vertical black dashed line. The MLEF is updated at each
of the green hashes which represent available observations. The last update for the MLEF is located at the
vertical blue dashed line and run to the same vertical black dashed line. At the vertical black dashed line,
the error of the MLES and MLEF is calculated with respect to the truth and compared. This value is saved
and the mean of these values is taken over 100 simulations. In the figure, the y-axis, Q, represents just one
state value in the entire spatial domain.

time steps in this case. Each DA algorithm correctly matches the truth state beginning at the first
analysis cycle located at time step 0.1 x 10*. Deviation for both runs can be clearly distinguished

at time step 2 x 10*. For each spatial location presented, the MLES does a slightly better job at
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Figure 4.8: Performance comparison between the MLES and MLEF using a smaller amount of evenly
spaced observations in the domain. The RMSE is taken at the end of a time window length equal to two
smoother window lengths after the first initial MLES analysis update.
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predicting the truth for a slightly longer time than the MLEF. It is worth noting that at time step

1.8 x 10%, the MLES does slightly diverge from the truth but is still a good approximation of the

truth.
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Figure 4.9: The model state and observation data at the first spatial location.
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Figure 4.10: The model state and observation data at the 65" spatial location.
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The RMSE value is also given for the current simulation and is shown in Figure 4.12. The
MLEEF updates can clearly be seen from the vertical drops after the initial analysis state update.
The plot shows good initial convergence to the truth and accurately depicts the chaotic nature of
the KS equation as both DA algorithms eventually diverge from the truth. Note that this is a single

run and previous results have been collected from an average of these runs.
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Figure 4.11: The model state and observation data at the 221% spatial location.
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Figure 4.12: The RMSE values for the MLES, MLEEF, and free run.
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4.2.5 Model Parameter Estimation

The estimation of model parameters of the KS equation, a, b, and ¢, are now included in the DA
process and therefore added to the control variable Q. The initial uncertainty of the parameters for
each member in the ensemble is chosen by a random Gaussian PDF with mean 0.50 and variance
of 0.05. For reference, the truth of these parameters is known as a = b = ¢ = 1. 10 DA cycles for
the MLES is used and the corresponding amount of DA cycles is used for MLEF. The initial “burn-
in” period is reduced to 2 time units. The rest of the case setup is similar to that in Section 4.2.1.
Note that the model parameters are not observed as this is often the case. The statistical average
of the mean of the final analysis update of the model parameters for the MLES and MLEF after
100 independent cases is shown in Table 4.2. All three model parameters for both the MLES and

MLEEF to converge to approximately the true values.

Table 4.2: The estimated model parameters for the MLES and MLEF by taking the average of the last
analysis model parameters over 100 different cases. The mean of the initialization of the model parameters
is set to be 50% less than that of the truth.

Model Param. | Truth | MLES | MLEF

a 1.00 | 1.0003 | 1.0010
b 1.00 | 1.0013 | 1.0009
c 1.00 | 1.0001 | 1.0012

Additionally, the plots of the model parameter update over time is also shown in Figures 4.13-
4.15 for a single run. Although the simulations over the entire solution time are not shown for the
sake of space, both MLES and MLEF converge to the true model parameters quickly. Both DA
algorithms show good prediction of the true model parameters even with a poor initial uncertainty
of the truth. The MLES does better for a and ¢ while slightly less for b when compared to the
MLEEF. More complex chaotic systems will be investigated to see whether the MLES consistently

does better than the MLEF in general.
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Figure 4.15: Model parameter ¢ convergence.

4.2.6 Averaged Observations

In fluid dynamics problems that involve chaotic turbulence, rather than providing instantaneous
data, the time-averaged flow data are desirable. Thus, it is of interest to use time-averaged data. To

synthesize the data, a time-averaged true value is used in the observation operator, but a random
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perturbation 7 is applied to the averaged value as “measurement error.” The acquisition of this data
is shown in Figure 4.16. Apart from the averaged observations, the case setup is identical to that
in Section 4.2.5 where the statistical average of the model parameters are found after running 100
cases. Table 4.3 presents the model parameter estimates by the MLES and MLEF. All three model
parameters for both the MLES and MLEF converge to the true values and the MLES performs
slightly better for a and ¢ than the MLEF.

- gtruth
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X %(Qtruth,tp) + n
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Figure 4.16: To gather the averaged data, an average of the true values is taken within an interval and
then the observation operator is applied and perturbed using random variance. The interval is shown as the
vertical red dashed lines and the black horizontal dashed lines are the averaged true values. The black crosses
represent the data obtained after applying the observation operator #(-) and adding random variance, 7). The
y-axis, Q, represents just one state value in the entire spatial domain.

Table 4.3: The estimated model parameters for the MLES and MLEF using the averaged observations
method.

Model Param. | Truth | MLES | MLEF
a 1.00 | 0.9997 | 1.0004
b 1.00 | 1.0011 | 1.0006
c 1.00 | 0.9996 | 1.0006

The plots of the model parameter update over time are also shown in Figures 4.17-4.19 for a
single run. Note only 3 MLES DA cycles (and the equivalent number of MLEF DA cycles) of the

simulation are shown as both MLES and MLEF converge to the true model parameters quickly.
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Both DA algorithms show good prediction of the true model parameters even with a poor initial

uncertainty of the truth. Notice that the MLES performs slightly better in this verification process.
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Figure 4.17: Model parameter a convergence for the time-averaged synthesized observations.
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Figure 4.18: Model parameter b convergence for the time-averaged synthesized observations.

4.3 Verification and Validation: MLES -MGinT

The current section gives details the verification of MLES +MGinT using similar tests as seen

in the verification of the MLES.
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Figure 4.19: Model parameter c convergence for the time-averaged synthesized observations.

4.3.1 Performance metrics
To compare the performance of the MLES and MLES+MGinT, we compute a temporal mean
of performance metrics over many analysis times, denoted by k. The first metric is the root-mean-

square error (RMSE), which is given as

s (Qk,true - Q%)

2
L 4.7
i , 4.7)

RMSE; =

and indicates the deviation from the truth.

The second metric is the ensemble spread-skill relationship. It is used to assess the accuracy
of the linear-Gaussian approximation in DA. It involves comparing the RMSE to the ensemble
spread [55]. If the ensemble RMSE and the ensemble spread are of approximately the same order,
it indicates a satisfactory spread-skill relationship. Large deviations indicate inadequacies in the
linear-Gaussian approximation. This relationship gives important insights into the overall perfor-

mance in highly nonlinear applications. The ensemble spread is defined as follows:

Ne T/2 1/2
1 Zmzl (Pk,/a,mPk,/a,m>
N, —1 M

spread; = ; (4.8)

T/2

am 18 the analysis error covariance matrix at time index & and column index m.

where P
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The third metric is the wall-clock time to minimize the cost function. To evaluate the wall-clock
time, the MLES +MGinT and MLES algorithms are implemented and run on the same computa-
tional setup. The execution time, given in seconds, for each algorithm is measured and compared.
This comparison measures the computational efficiency of the selected method. A shorter wall-
clock time for MLES+MGinT indicates faster execution and potentially better scalability, making
it advantageous for large-scale applications.

Lastly, the comparison of the number of iterations required for the minimization process is
performed between the MLES +MGinT and MLES algorithms. Specifically, the focus is on eval-
uating the number of iterations needed on the finest time-grid level for MLES +MGinT. Eval-
uating the iterations on the finest time-grid level is crucial because, in general, computations on
the finest grids are exponentially more resource-intensive. As a result, understanding the iteration
count on this level provides valuable insights into the efficiency and computational cost of the
MLES +MGinT algorithm in comparison to the standard MLES. It’s important to note that unlike

MLES, the MLES+MGinT algorithm requires iterations on every time level.

Minimization
In this appendix, the convergence criteria (i.e. when to stop the minimization iterations) is given

by Eq. (2.25), and e, or error, is le — 04.

4.3.2 Parametric studies

For each of the following numerical experiments, we modify parameters, assess the perfor-
mance metrics, and present the results as a heat map in the parameter space. The parameters that
are adjusted are the lag, shift, observation nonlinearity, and the model’s time step size on the finest
level. These are chosen due to their influence on the level of nonlinearity in the DA procedure. The
significance of adjusting the nonlinearity is that it directly relates to the understanding of complex
CFD problems. As CFD problems inherently exhibit a high degree of nonlinearity, characterizing
the effects of nonlinearity through parameter adjustment becomes crucial when applying DA to

such problems.
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Verification

First, to establish our confidence in the MLES+MGinT algorithm and its implementation, the
solution is compared to the truth and that of the MLES. Figure 4.20 shows four lines: the results of
using the MLES +MGinT, the MLES, the truth, and a free run. The MLES +MGinT, the MLES,
and the free run are all initialized from the same initial state. This state is slightly perturbed from
the truth’s initial starting point. The forward model is the same for every case. The expectation,
under ideal DA configurations (i.e. low observation variance, relatively large ensemble size, etc.),
show both the MLES+MGinT and MLES methods show good adherence to the truth. By contrast,
the free run, found by using the same initial conditions and applying the numerical model without
DA, diverges from the truth almost immediately. The observed behavior in Figure 4.20 supports
the effectiveness of the MLES4+MGinT algorithm and its implementation. This particular case was

taken from the parametric study below, using L = 8 and S = 4.
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Figure 4.20: Plot of the first state variable in space, Q1 showcasing the effect that DA has on predicting the
truth when compared to a free run. The red line is the MLES+MGinT and the blue line is the MLES. Both
methods closely approximate the truth of the dotted black line. The gray dotted line is the free run with no
DA applied, and quick divergence from the truth.
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Lag vs. shift

The two parameters that are adjusted in this section are the lag and shift. Their numerical
effect on the analysis procedure is explained in Chapter 2, but their effect on the nonlinearity of
the system is now explained. Increasing the lag means the length of the DA window is increased.
This implies that calculating the cost function requires a longer integration of the forward model.
Because the forward model is nonlinear, this results in increased nonlinearity in the analysis pro-
cedure. For chaotic problems, this eventually deteriorates the quality of the posterior estimate and
the solution becomes unstable. When this happens, the reliable estimation of the truth is lost and
the DA solution is considered to be diverged. Additionally, observations that are temporally fur-
ther from the start of the DA window may contribute to numerous local minima. These additional
minima can significantly impact the optimization’s performance.

Smoothers with a shift greater than one offer improved computational efficiency because it
reduces the necessary number of cycles by a factor of S. This is because using a larger shift value
reduces the number of cycles required to analyze a time series of observations with sequential DA
windows. However, a greater S value means there is longer free forecasts between analysis times
which introduces more nonlinearity between posterior estimates.

Choosing L and S requires a balance between the length of the DA window and the number
of observations to incorporate in the analysis. The objective for this particular parametric study is
to compare these aspects while also comparing the computational efficiency of the MLES and the
MLES+MGinT. The configuration for this numerical experiment is given in Table 4.4.

Figures 4.21-4.24 depict the results for RMSE, spread, wall-clock analysis times, and the num-
ber of minimization iterations. Each figure describes the behavior of a specific performance metric
in the parameter space of a specific performance metric, with the left subfigure representing the
MLES and the right one representing the MLES +MGinT method. The z-axis represents the S
values, and the y-axis represents the L values. Note that if S > L, the data used for each DA

window overlaps and thus are not shown.
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Table 4.4: The forward model and DA configuration for the lag vs. shift parametric study.

Forward model Configuration
Number of variables 40 (M = 40)
Time step size At =0.01s
DA Configuration
DA Method MLES and MLES+MGinT
Size of the ensemble 21 +1
Control vector Q=|q,q,. -, qol"
Observation operator H(Q)=Q
Observations Synthetic data are generated with a simulated truth
for q1, 4o, .-, quo
Observation error N(0,ep), o0 = 1.0
Number of analyses 100
Observation frequency | Atg = 0.05
Time multigrid levels 3
Multigrid At Atcoarsest = Ao, Atginest = At
Atintermediate - (Atcoarsest - Atﬁnest)/ 2
Lag L =1,4,8,16,24,32,40,48
Shift S =1,4,8,16,24,32,40,48

To obtain the values in the parameter space, a total of 100 analysis points are averaged for
each combination of L and S, following an initial burn-in period to reduce sensitivity to initial
conditions. The corresponding values are represented by colors in the figures, as indicated in
the legends. Blue indicates lower values, while red indicates higher values for their respective
performance metrics. Note that the legend in Figure 4.22 has the same scaling as in Figure 4.21
for direct comparison. Also, in Figure 4.24, the number of minimization iterations for the MLES+
MGinT is given for the fine-time-grid only and not coarser-time-grids.

According to Figure 4.21, the quality of the analysis for both the MLES and MLES +MGinT
deteriorates with a lag greater than 32. This is consistent with the increased nonlinearity introduced
into the system and indicates that L. > 32 is the limit of reliability in this particular numerical setup.
The spread for both methods are similar and, as expected, we see a large deviation in magnitudes

between the spread and RMSE values for the aforementioned diverged cases with L > 32.
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Regarding the wall-clock times needed to achieve the optimal estimate, there is a slight im-
provement observed for the MLES + MGinT compared to the MLES at lower lags and shifts.
Nevertheless, the most notable improvement is evident in the number of required iterations for
minimization, where the MLES +MGinT approach consistently outperforms the MLES method.
This improvement is particularly notable in scenarios where the performance of the MLES is not

severely degraded.
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Figure 4.21: Distribution of the RMSE in the L-S parameter space.
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Figure 4.22: Distribution of the ensemble spread in the L-S parameter space.
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Figure 4.24: Distribution of the minimization iterations required in the L-S parameter space.

Lag vs. nonlinear observations

In this parametric study, the two parameters that are modified are the lag and the nonlinearity

of the observation operator. Observations are generated by
O = H (Qrane) + 1, (4.9)
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where £ is the time index, 7 is a random perturbation taken from a normal distribution of a chosen

variance, €g, and mean of 0. #(-) is given as

QW) = 2o

v—1
1+ (|1_%|) ] , (4.10)

where 7 is an integer number and is used to control the nonlinearity of the mapping, and o is
a Shur product. Eq. (4.10) is the same as in Asch et al. [37] and is chosen for the purpose of
reproducibility. A higher value of 7 corresponds to a more nonlinear operator. The details of the
observation operator can also be found in Table 4.5.

Table 4.5: The forward model and DA configuration for the lag vs. v parametric study. All parameters not
shown can be found in Table 4.4.

DA Configuration
1
Observation operator | H(Q) = % {1 + (%)7 |,7 =1,...,10
Lag L =1,4,8,16,24,32, 40, 48
Shift S=1

The results are shown in Figures 4.25-4.28 and follow the same layout as the figures in Fig-
ure 4.3.2. Consistent with the findings from the previous section, the RMSE values show a sig-
nificant increase when L > 32. However, it is worth noting that the introduction of the nonlinear
observation operator had a more pronounced impact on the MLES+MGinT compared to the MLES.
In particular, the right plot in Figure 4.25, representing the performance of MLES+MGinT, demon-
strates deteriorating RMSE values starting at L = 24 and v = 5. This degradation occurs earlier
compared to the MLES method. The ensemble spread values remain relatively similar between the
two methods.

Despite the slight increase in RMSE values, the MLES+MGinT method shows an improvement

in terms of wall-clock times and the number of iterations required on the fine-time-grid level. In
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cases where the MLES +MGinT method performs well in terms of RMSE, only about 1 iteration
is needed, whereas the MLES method typically requires 2 iterations.

In summary, while the MLES+MGinT method experiences a degradation in RMSE values com-
pared to the MLES method, it still demonstrates advantages in terms of computational efficiency,

reflected in reduced wall-clock times and iterations required for convergence on the fine-time-grid

level.
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Lag vs. At

In this section, we show the results when the nonlinear forecasting errors are the primary source
of nonlinearity in the analysis. This is accomplished by adjusting the lag and the time step size of
the forward model. A greater time step size equates to longer times between analyses which has

a similar affect of increasing the lag wherein more nonlinearity is introduced. The case setup is

shown in Table 4.6.

Table 4.6: The forward model and DA configuration for the lag vs. At parametric study. All parameters not
shown can be found in Table 4.4.

Forward model Configuration
Time step size At =0.1 x1073,0.25 x 1072,0.5 x 1073,
0.75 x 1073,1.0 x 1073 s
DA Configuration
Lag L =4,8,16,24, 32,40, 48
Shift S=1

The results are shown in Figures 4.29-4.32 and share the same traits as the figures in Sec-
tion 4.3.2. The RMSE and spread plots are nearly indistinguishable between the MLES and
MLES +MGinT. Slightly faster wall-clock times are seen for the MLES +MGinT and there is
a definitive reduction in iterations required on the fine-time-grid for the MLES 4+ MGinT when
compared to the MLES.

Each parametric study shares similar trends when comparing the RMSE and spread values
between the MLES and MLES +MGinT methods. However, it is important to acknowledge that
these studies are conducted using a simplified and computationally cheap model, which may lessen
the effect of the differences in wall-clock times between MLES+MGinT and MLES. Nevertheless,
it is expected that when applied to complex CFD problems, the impact of the wall-clock time
will be more significant. This is especially relevant when taking into account the minimization

iterations required, where the MLES +MGinT consistently outperforms the MLES in the majority
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Figure 4.29: Distribution of the RMSE in the L-At parameter space.
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Figure 4.30: Distribution of the ensemble spread in the L-At parameter space.
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Figure 4.32: Distribution of the minimization iterations required in the L-At parameter space.
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of the numerical experiments. This finding is particularly promising because avoiding the use of
the fine-time-grid model will have a clear positive impact on the computational resources required.

In summary, while the comparisons between the MLES and MLES+MGinT in terms of RMSE,
spread, and wall-clock times may not show drastic differences in the current simplified model, the
MLES +MGinT demonstrates a clear advantage in terms of minimization iterations and provides
potential for efficient utilization of computational resources. This positive impact is expected to
become more prominent when applying more complex fluid dynamics problems.

The verification and validation process for the MLES proves its reliability and accuracy, re-
inforcing its suitability for CFD applications. With this, the MLES will serve as a tool for DA-

enhanced CFD predictions of more complex fluid dynamics problems.
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Chapter 5

Experiment Results and Discussion

5.1 1D Shock Tube

The MLES is applied to the Sod’s [56] 1D shock tube problem. This problem has the complex
physics of shock wave propagation and fluid interactions and is suitable for testing DA methods
because of its simple configuration. Houba et al. [57] presented an application to flows with discon-
tinuities by using conventional ensemble DA methods, however this is the first time in the literature
that an ensemble-variational smoother method has been performed on the 1D shock tube. Beyond
academic research, the shock tube problem’s applicability extends to engineering scenarios, where
shock-capturing numerical methods can be employed alongside DA to improve the estimate of
the shock location. By applying the MLES to the shock tube problem, we gain insight into the
strengths and limitations of the MLES, enhancing its broader applicability to more intricate fluid

dynamics simulations.

5.1.1 Problem Setup

In this particular setup, we investigate and compare the performance of the MLES and the
MLEF in the context of Sods’ 1D shock tube problem. The shock tube problem is initialized by
specific initial parameters, which represent the true, analytical values used for the comparison. The
analytical state values are then propagated in time according to Pulliam et al. [5S8] which are then
used in obtaining the performance metrics as described in Section 4.1.3. These parameters are
outlined in Table 5.1. p;, and p;, denote the initial pressure and density on the left side of the tube,
while pr and pg represent the corresponding initial values on the right side. the heat capacity ratio,
v, is set to 1.4. Additionally, the spatial domain of the shock tube is defined by the coordinates x,

and zg, with values of 0 and 1, respectively. The forward model used in DA, denoted as M, is
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Parameter Value
PL 1 Pa
oL 1 Kg/m3
PR 0.1 Pa
PR 0.125 Kg/m?
¥ 1.4
Iy, 0
TR 1

Table 5.1: Shock tube parameters

Chord. The analytical solution serves as the true and known values against which the performance

of the MLES and MLEF methods will be evaluated and compared.

5.1.2 DA Configuration
Ensemble Initialization

Initializing the ensemble requires a diverse set of initial conditions to provide variance in the
initial DA analysis. For every ensemble member, the parameters py., pr, pr, and pr are generated
randomly and is then propagated using these randomly selected values. Then, a random time is
selected from this random assortment of initial parameters by drawing from a Gaussian distribution
with a mean equal to the initial starting time of the DA analysis and a variance equal to the starting
time, thereby contributing temporal diversity to the ensemble. The ensemble of N.+1 members are
selected from this random draw of configurations. Among these ensemble members, the control
is the set of values that are closest to the true solution within this assortment. The ensemble
initialization is illustrated in Figure 5.1, where the left subplot shows the distribution of initial
densities, and the right subplot exhibits the corresponding pressures. These visualizations provide
a clear depiction of the ensemble’s initial states, forming the basis for the prior information utilized
by the DA algorithm. The variability introduced during the initialization process ensures a diverse

representation of possible states.
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Figure 5.1: Initial state of pressure and density for the prior. For reference, the true state is given by the
black line, and the prior is shown in blue. The thicker blue line shows the control and the thinner blue lines
show the ensemble. In this figure, N, = 12 and the initial starting time for the DA analysis is t = 0.05.

5.1.3 Performance Metrics

Performance metrics, including RMSE, shock location, shock quality, and quantitative analysis
of the state values, play a pivotal role in evaluating the effectiveness of the MLES. RMSE serves as
a fundamental measure, providing a quantitative assessment of the overall accuracy in predicting
variables such as pressure and density. Shock location and shock quality offer specialized insights
into the dynamic nature of shock waves by evaluating the MLES’s ability to accurately position
the shock and capture its "steepness.” By employing these metrics, we gain a comprehensive un-
derstanding of how well the DA algorithm reproduces critical aspects of the shock tube’s behavior,
guiding the refinement and optimization of these methods for enhanced reliability in real-world

fluid dynamics simulations.

RMSE

For root-mean-square-error calculations, we compare the state estimate of the shock tube pro-

vided by DA with the true, analytical values. The equation is

Nip  — e )2
RMSE = \/ % (”“"”EV Tia) (5.1)
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where NV is the number of cells chosen in the domain, z;, is the true variable (pressure, density,
etc.) at cell ¢, and z; , 1s the analysis variable (pressure, density, etc.) at cell ¢ provided by DA.
Note this can be used for calculating either the prior values (ie before a DA analysis update) and

analysis values. A distinction will be made in the results section.

Shock Location

The right-moving shock location is calculated and compared to the true location of the shock.
The true shock location is found from the analytical solution, providing a reference. Numerically
computing the shock location through Chord involves a series of computational steps. Firstly, the
pressure gradient is computed through a straightforward second-order finite difference method,
and a biased difference stencil is employed at the domain boundaries. An illustrative example is
presented in Figure 5.2, showcasing the analytical truth and Chord’s result of the pressure and

pressure gradient.
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Figure 5.2: Pressure and gradient of pressure at ¢ = 0.05 for the classic shock tube case. This figure shows
the truth obtained by the analytical solution and the result from Chord.

To refine the estimation and to potentially capture the shock location between cells, a cubic
spline is applied to the pressure gradient, where BSplineKit [59] is used. The result of the pressure

gradient spline is shown in Figure 5.3.
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Figure 5.3: Gradient of pressure at t = (.05 of chord, showing the cubic spline to interpolate between cells.

Lastly, a straightforward local minima algorithm identifies the minimum points in the pressure
gradient. Focused on capturing the right-moving shock location, our search is constrained to the
right-half of the domain, ensuring that the located position aligns with the correct pressure gradient
minima. As depicted in Figure 5.3, the shock location is determined to be approximately 0.595,

corresponding to the local minima of the pressure gradient.

Shock Quality

Shock quality serves as a critical metric to assess how accurately the DA method captures the
"steepness” of the shock within the shock tube scenario. In CFD solvers, numerical techniques
such as limiters are essential for maintaining solution stability and accuracy around discontinuities
by imposing constraints on the gradients (e. g., McCorquodale et al. [60]). Namely, a first-order
representation near sharp transitions to preserve monotonicity prevents spurious oscillations in the
numerical solution [61]. The evaluation of shock quality involves measuring the minimum values
of the pressure gradient, previously discussed. A percentage difference is then calculated between
the true and analysis pressure gradient minima. In Figure 5.2, the minima of pressure at the shock

location is approx —3.25, and for the analysis (using the cubic spline result in Figure 5.3), the
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minima is approx. —4.19. This percentage difference, using

|xt _xa|

%d’lff (OI' shock quality) = m
t a

(5.2)

where x; is the truth and z,, is the analysis values. In this case, the percentage difference is 0.253.
We are looking for a smaller percentage difference.

This particular metric is chosen because a higher pressure gradient indicates the shock is
‘sharper’. Theoretically, the analytical pressure gradient is undefined due to the true discontinuity.
However, with the constraint of discrete points, we can directly compare the quality of the discon-
tinuity at the shock location. The shock quality metric provides a nuanced understanding of how
well DA captures the sharpness of the shock, crucial for evaluating the fidelity of the assimilation

process in representing the dynamics of the shock tube problem.

State Values

The assessment of state values at different times stands as a valuable and quantitative metric,
offering a comprehensive evaluation of the DA method’s performance. This comparison involves
scrutinizing various state variables, such as pressure and density, at distinct time points through-
out the simulation. By examining the evolution of these variables, we gain valuable insights into
how well DA captures the temporal dynamics of the system. This qualitative approach provides
an understanding of the DA’s ability to reproduce complex phenomena, such as shock wave in-
teractions and fluid behavior, enhancing the overall reliability of the simulation. The state values
metric serves as a practical and intuitive measure, allowing for a holistic evaluation of the DA
method’s capability to accurately represent the intricate temporal variations within the simulated

fluid dynamics.

5.1.4 Ensemble Size Sensitivity Test

We present results that compares the MLEF and MLES by adjusting the ensemble size, where

N, is the number of ensemble members. The objective of adjusting the ensemble size is to under-
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stand the impact of a reduced ensemble on the model’s error statistics. As explained in Section 2.2,
the ensemble is designed to capture the reduced subspace of the error statistics within the model.
However, it is often impractical to span the entire error subspace due to computational limita-
tions. By systematically varying the ensemble size from 8 to 40, the study aims to investigate the
trade-off between computational efficiency and the ability to represent the model error statistics
comprehensively.

Specifically for the MLES, the number of observations taken in the DA window is fixed at
4. The MLEF is the classic configuration where the analysis time is at the current time and the
observation is also taken at the analysis time. The main goal is to provide insight as to the optimal
ensemble size. This optimal ensemble size will be a compromise between performance and com-
putational resources required. A performance saturation is expected at some point and an optimal

ensemble size will be chosen to be used for the rest of the experiments.

Other Initial DA Configuration Parameters

Some other pertinent DA configuration parameters are given in Table 5.2. A meticulous ap-
proach was adopted in selecting these parameters, resembling a ‘perfect’ numerical experiment.
This choice aims to yield optimal results for the shock tube problem which serves as an important
verification step before using more complex DA configurations. The rationale behind this strategic
selection is twofold: first, it ensures a comprehensive understanding of DA’s functionality under an
ideal, best-case-scenario setting, laying a robust groundwork for subsequent analyses. Second, by
establishing a successful baseline, the focus can seamlessly shift towards applying more intricate
DA configurations involving increased nonlinearity and reduced degrees of freedom. This enables
a systematic exploration of the alterable DA configurations which is important to understand be-
cause it provides insight into progressively challenging scenarios.

The initial steps, characterized by the ‘perfect” DA numerical experiment, thus serve as a crit-
ical preparatory phase, setting the stage for the in-depth investigation and application of more
sophisticated DA configurations in subsequent sections of this thesis. The end time is chosen to be

t = 0.23, which is before the shock hits the boundary. The number of analyses is adjusted so that
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Parameter Value

Analysis inflation 1.1
Observation uncertainty 1.0e — 05
Tpa (time between observations) 0.01
spin (¢ for DA start) t =0.05

end time t=0.23
observations pressure (acquired from truth)
observations spatial locations every cell
lag (MLES only) 4

shift (MLES only) 4

Table 5.2: DA parameters

both the MLEF and MLES finish their respective analyses before the end time. In this case, the

MLEEF has analyses points at

tanalysis times, MLEF — 005, 006, ce ,0.22, 023,

and the MLES has analyses at

Tanalysis times, MLES = 0.05,0.09,0.13,0.17.

Because the analysis for the MLES takes observations at future locations, it must stop once obser-
vations are not available. We still look at the resulting DA metrics at each time, even if no analyses

occur at some points.

MLEF

Various state values are shown for each case. To show the initial analysis time for both the
MLES and MLEEF, pressure plots are shown of the truth, observations, prior, and analysis pressures.
These plots serve to provide a visual representation of the analysis update’s impact during the initial
time for DA. The opaque red and blue lines represent the ensemble members of the analysis and
prior, respectively, while the gray dashed line corresponds to the free run with no DA applied. For

this free run, the initial parameters are the same as in Table 5.1.
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The configuration for the MLEF and N, = 16 is shown in Figure 5.4. The shock at approxi-

mately x = 0.58 in the domain is improved dramatically.

—— truth free
1 x  obs —— analysis
—— prior

0.5

time = 0.05

0 01 02 03 04 05 06 07 08 09 1
x

0

Figure 5.4: Pressure values for the MLEF at ¢ = 0.05, or the initial analysis time. The opaque red and blue
lines show the ensemble members of the analysis and prior, respectively. The gray dashed line is the free
run with no DA applied.

MLES

Now the configuration for the MLES and N, = 16 is shown in Figure 5.6. The improvement
for both the MLEF and MLES serves as a noteworthy validation milestone wherein both the MLEF

and MLES effectively captures and refines the system’s dynamics during the initial analysis time.
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Figure 5.5: Pressure values for the MLES at ¢ = 0.05, or the initial analysis time. The parameters for the
MLES are L = 4 and S = 4. The opaque red and blue lines show the ensemble members of the analysis
and prior, respectively. The gray dashed line is the free run with no DA applied.

Direct Comparison at Right-Moving Shock

Here, the analysis is shown for both the MLES and MLEEF in the same plots as above with an
emphasis at the right-moving shock. The prior states are omitted in this case for clarity, as they are

the same for both the MLEF and MLES.

1 == —— truth free

x obs ——MLES
—— MLEF
0.5 \\

—~
%.4 0.45 0.5 0.55 0.6 0.65
x

Figure 5.6: Pressure values for the MLES and MLEF at ¢ = 0.05, or the initial analysis time. Zoomed in
on the shock location.
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The MLES exhibits a slightly better performance in capturing the dynamics near the right-
moving shock. This is indicated by the visual inspection that the MLES analysis is updated slightly
closer to the true values. This qualitative performance shows the capability of the MLES methodol-
ogy to provide a marginally more accurate representation of the system’s state variables during the
initial analysis time for this particular numerical experiment at this particular solution time. The
visual emphasis on the shock location within the comparison plot illuminates the subtle differences

in the predictive capabilities of these two data assimilation methods.

MLEF and MLES with N, = 16: Time Comparisons

State comparisons for the MLEF and MLES values are given for pressure at different times.
The primary objective is to ensure the foundational elements of the DA process are operating
optimally. The focus remains on observing and verifying the behavior of the ensemble analyses
at different time points, providing a comprehensive understanding of the assimilation process’s
dynamics. First, plots of the MLEF with N, = 16 are shown in Figure 5.7. Equivalent plots are

shown for the MLES in Figure 5.8.
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Figure 5.7: Pressure values for the MLEF of N, = 16 at different times.
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One observation emerges concerning the analysis update of the ensemble. There is a discernible
trend toward a low variance in the ensemble after the initial update, denoting a relatively small
spread in the analysis ensemble. This characteristic is primarily attributed to the small observation
errors. This exerts a large influence on the analysis update spread. This phenomenon, while
influencing the ensemble’s variance, does not detract from the overall objective of this phase, which

is to validate the foundational aspects of the DA process. The subsequent sections will delve into

x

T

Figure 5.8: Pressure values for the MLES of N, = 16 at different times.

more complex configurations, leveraging the insights gained from this preliminary analysis.
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Performance Metrics of the MLEF and MLES with N, = 8 — 40

Pressure plots for the MLEF and MLES are given for N, = 8, 16, 24, 32, and 40. The free
run is simulated again with the initial conditions in Table 5.1. Figure 5.9 shows the results for
the MLEF and Figure 5.10 shows the results for the MLES. Each of these figures focuses on the
shock location and zooms in on the area of interest. For N, = 16, 24, 32, and 40, the results of
pressure show minimal difference whereas /N, = 8 is visually a worse. The same trend is seen for

the MLES, where N, = 16, 24, 32, and 40, show minimal differences in pressure.
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Figure 5.9: Pressure values at the shock location for the MLEF at different times and different N, values.
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Figure 5.10: Pressure values at the shock location for the MLES at different times and different IV, values.

The RMSE, shock location, and shock quality results are now given. Figure 5.11 shows the

pressure RMSE for the MLEF and Figure 5.12 shows the equivalent metric for the MLES. Fig-

ure 5.13 shows the physical shock locations for the MLEF and Figure 5.14 shows the shock loca-

tions of the MLES. Figure 5.15 shows the shock qualities for the MLEF and Figure 5.16 shows

the shock qualities of the MLES. Each figure shows the metric values at the temporal points where

there are available observations. For the MLEEF, this also corresponds to every analysis.
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Figure 5.11: Pressure RMSE values for the MLEF at different times and different N, values.
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Figure 5.12: Pressure RMSE values for the MLES at different times and different N, values.
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Figure 5.13: Shock location for the MLEF at different times and different IV, values.
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Figure 5.14: Shock location for the MLES at different times and different /N, values.
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Figure 5.16: Shock location for the MLES at different times and different IV, values.

This ensemble size sensitivity analysis shows the importance of selecting an appropriate /V, that

balances computational efficiency and optimal performance. The negligible variations observed
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in pressure values for higher V. values suggest the potential for achieving stable and accurate
results with a larger ensemble. In analyzing the sensitivity study on different ensemble sizes,
several trends emerge across the performance metrics. In the RMSE plots, a larger ensemble size
generally leads to improved results, aligning with the expected behavior that a larger ensemble
can better capture the error statistics of the model. However, as seen in the pressure plots, the
ensemble analysis spreads are quite small and thus the error statistics may be lost regardless. In
Figure 5.12, deteriorating RMSE values after ¢ = (0.2 is an indication that there are no analysis after
t = 0.17. This is because the later analysis times would require observations outside the domain
(i. e. in this numerical setup, an analysis time at ¢ = (0.21 would require the last observation
at t = 0.25, which does not exist). The shock location metric proves that each configuration is
fully capable of capturing the location of the shock, but no discernible difference can be seen
between configurations. All configurations perform slightly better than the free run which is to be
expected. This observation is especially promising as the free run’s initial parameters are the same
as in Table 5.1, indicating that even with known initial parameters, the MLES with unknown initial
parameters outperforms the CFD simulation. The shock quality metric shows that all methods
initially perform acceptably but exhibit a quick deterioration. This decline is attributed to the
small variance in ensemble updates. Averaging the shock quality values could potentially provide
a more stable representation of the overall performance. The inherent variability in the updates,
influenced by the specific locations where the ensemble priors are updated, introduces an element
of uncertainty, contributing to the fluctuations observed in the results.

These findings provide a basis for selecting an ensemble size in subsequent analyses. To give a
balanced trade-off between computational resources and the accuracy of the analysis, an ensemble
size of N, = 16 is deemed optimal as no significant loss in performance was noticed. This choice
represents a practical compromise, considering the observed trends and the associated computa-

tional costs, offering a trade-off that meets the objectives effectively.

80



Adjusting DA Window Length

In the next numerical experiment, we explore the complexities introduced by increased nonlin-
earity by adjusting the length of the MLES’s DA smoother window. Lengthening the DA window
with more observations provides the assimilation process with more observational information,
as well as more flow-dependent errors. However, this also presents a trade-off in terms of intro-
ducing nonlinearity stemming from the prediction model. The challenge lies in determining the
optimal number of observations within the updating window, considering the nonlinear nature of
the model. The shock tube problem, propagated by Chord, serves this purpose due to its high non-
linearity. Our focus is to understand the limitations associated with increasing the DA window size
by incorporating more observations, and extending their temporal range from the current analysis
time. The following numerical experiments aim to provide this quantitative information.

With the results from the N, study, a fixed ensemble size of N, = 16 is used. L is adjusted
from 2 — 8 and S is adjusted from 2 — 8. For clarity, all possible combinations of L and S are
omitted for clarity and only the optimal analysis is shown for the given MLES configurations. In
this numerical experiment, observations are now taken at computational cells close to the shock
and their random realizations are now 0.01. This simulates a pressure sensor that follows the shock
as it evolves. Additionally, the free run now shares the same initial conditions as the prior of the
DA runs, simulating the same unknown initial conditions as the MLES. Due to this, the free run,
without any DA applied and having initial conditions far from the actual true shock tube initial
parameters, is distinctly worse than all states with DA applied. Figure 5.17 shows the pressure
plots at various times for the MLES with several combinations of L and S. Figure 5.18 shows the
pressure RMSE, Figure 5.19 shows the physical shock locations, and Figure 5.20 shows the shock
qualities. Each figure shows the metric values at the temporal points where there are available

observations.
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Figure 5.17: Pressure at different times and for different configurations of the MLES. A portion of the
domain is shown for identifying the quality of the shock capturing mechanics.
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Figure 5.18: Pressure RMSE at different times and for different configurations of the MLES.
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Figure 5.19: Pressure at different times and for different configurations of the MLES.
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Figure 5.20: Shock quality at different times and for different configurations of the MLES.

5.2 Conclusions

Our findings suggest that the MLEF has limitations in effectively capturing shock dynamics
compared to the MLES. This is due in part by the incorporation of the model in the minimization
of the MLES, thus allowing the system’s dynamics by an integral part of the analysis. While
MLES shows promise in improving forecast accuracy, obtaining better performance with MLES
remains challenging due to the intricacies involved in configuring DA parameters. Future research
efforts should focus on refining these parameters and exploring alternative strategies to enhance
the effectiveness of MLES in capturing shock dynamics. Additionally, further investigation is
warranted to explore the full potential of MLES in addressing similar highly nonlinear problems,

with emphasis on refining its implementation for practical applications.

84



Chapter 6

Conclusions and Future Work

6.1 Conclusions

This dissertation presents the creation and application of a novel DA method, the MLES, de-
signed to improve the predictability of CFD modeling of complex fluid dynamics problems. By
using the MLES, we integrate data into the CFD model to enhance fluid flow predictions and show
its effective potential in improving CFD modeling as whole. CFD solvers like Chord serve as
the foundation for the DA+CFD system due to its advanced features, such as ARK4 and MMB,
which ensure reliability and computational efficacy. Performance evaluations against the MLEF
demonstrate the effectiveness of the MLES and is supported by a performance study using the L96
model and Kuramoto-Sivashinsky equation. Both algorithms demonstrate a positive impact on
the analysis states in each presented experiment, with the MLES performing at least comparably
or slightly better than the MLEF. More significant impacts are expected as the problems become
more complex. Numerous similar experiments indicate that the initial setup of model parameters
for ensemble members and the control run significantly influences result quality, defined by prox-
imity to true values. It has been shown that variations in observation variance have less impact
than changes in model parameters, suggesting that empirical knowledge of the dynamical system
outweighs the influence of gathered data. It’s worth noting that when comparing the model param-
eter estimation, it assumes an imperfect initialization of parameters. This mimics reality, where
parameters are unobservable and data is collected from physical experiments. Consequently, the
notion of converging to true model parameters using synthesized data differs from actual physi-
cal scenarios. Nevertheless, the methodology remains applicable when using data from physical
experiments and shows its potential for application in practical engineering flows.

Additionally, we introduce a novel approach by integrating MGinT with the MLES to enhance

computational efficiency and practical applicability. This integration results in reduced minimiza-
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tion iterations on fine-time-grids, demonstrating improved computational efficiency. Performance
evaluations against the MLES show the effectiveness of this approach, providing significant com-
putational speedups. The integration of MGinT with MLES offers a promising avenue for advanc-
ing the capabilities of DA in improving the computational efficiency.

Furthermore, the efficacy of the MLES combined into the DA+CFD system is assessed through
its application to a 1D shock tube, serving as a robust platform for assimilating measurements ob-
tained from the true analytical solution. By extending the temporal range and incorporating more
observations within the DA window, this study aims to uncover the limitations associated with
managing nonlinearities while leveraging observational information effectively in the context of
the shock tube problem. The ensemble size sensitivity analysis reveals the critical importance of
selecting an appropriate V., striking a balance between computational efficiency and performance
optimization. While larger ensemble sizes generally lead to improved results in terms of RMSE,
the inherent variability in updates introduces uncertainty, impacting shock quality metrics. Despite
challenges in interpreting shock location metrics, a compromise at N, = 16 demonstrates opti-
mal performance without significant loss, aligning with computational resource considerations.
Transitioning to the exploration of increased nonlinearity, extending the DA window provides
valuable insights into leveraging observational information while managing nonlinearities. This
performance assessment of the shock tube problem shows the complexities associated with incor-
porating more observations, offering crucial considerations for future analyses seeking to balance

observations and nonlinear model dynamics effectively.

6.2 Original Contributions

Key original contributions of this research include:
1. Development of a novel DA method, MLES, for application to complex CFD problem:s.

2. Integration of a novel approach, MGinT, to increase the computational efficiency of the

MLES.
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3. Application of the novel DA method, a hybrid ensemble-variational method capable of han-

dling highly nonlinear problems, to Sods’ shock tube problem.

6.3 Future Work

In this study, we have explored the influence of a hybrid ensemble-variational smoother DA
method, the MLES, on the predictability of challenging flow dynamics, involving chaotic and

discontinuous flows. Future research may center on

1. Improving the understanding of the uncertainty associated with model parameters for the

development and evaluation of data-driven models.

2. Demonstrating a comprehensive understanding of the impact the DA parameters have on the

non-Gaussian of turbulent-combustion problems.
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Appendix A

Gradient and Hessian Derivations

A.1 MLEF
V4 J (1) derivation
The following will show the rigorous derivation of the gradient for the MLEF in terms of .

Given the costfunction

T

J(¢Y) = %¢T¢+% O—H(Qf+Xf¢):| Rl[O—H(Qerva,b) : (A.1)

we take the gradient w.r.t. 1. We focus on the two terms individually.

term 1, S¢p"p

Starting with the first term and using the definitions of gradients of matrices,

1oyl o0 g
T o [2¢9'T] = (A.2)

T
term 2, 1 O—H(Qf+xf¢)] Rl[O—H(Qf‘f’Xf"nb)

By using the matrix derivative rule,

of 1 \ Oh
Gy =hT(Aa+AnTE (A3)
where h is a function of 7). Letting
1 ! .
f=3 O—H(Qf+Xf¢)] R_I{O—H(QPLXW) (A4)
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and

h(¢p) = O-H(Q;+ X)) (A.S5)
and
R!'=A (A.6)
we need to find 2_1};' Let
oH
H, = % (A7)
and we get
oh
% = —H;Xj;. (A.8)

We get, for term 2,

—% [O-H(Q+Xs9)]" (R™' + RTH,X; = — [0-H(Q;+X;4)] RTH Xy (A9)

Here we assume R ™! is symmetric. Rearrange and take the transpose to get
~ (RPH,X)) R (0-H(Qs+X9)]. (A.10)

term 1 + term 2

Putting the two terms together, the result is (we take the transpose of the first term to assure a

column vector):

V] = — (RTVPHX,) RV [0-H(Q+X )] . (A.11)
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V2,J () derivation

Now for the Hessian. We take the gradient of V,J (1)) w.r.t. ).

term 1, ¢

This is trivial, we get I.

term 2, (R"1/2H,X,;) R™/2 [0—H(Q;+X ¢)]

Apply the chain rule:
of  0f Oh (A.12)
o Ohoy '
where h is the same as before, and f is term 2. We get
of _ T _
op— (R VPH,X;) R7Y? (A.13)
and
oh
term 1 + term 2
Bringing the two terms together, the result is
V2] =1+ (R V’H,X;) RV H,X;. (A.15)
Second change of variable
We now introduce the second change of variable:
p=(1+C; "¢, (A.16)
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where
Cy=7Z}Z; (A.17)
and the columns of Z; are
Z;i = (RY?H,X,); . (A.18)

Note that Z; and Z are different and the difference will be explained later. The new cost function

is

7€) =5 (T+C)™e) (140 ¢) (A.19)

1
2
1
3

T
[O—H(QerXf (I+Cf)‘T/25)] R [O—H(Qf+xf (I+Cy) "%¢)|. (A20)

V¢ J (&) derivation

Finding the gradient is straightforward. We can use the chain rule:

9J(§) _ 9J(&) Iy

= —. A2l
0€ oY 0¢ ( )
If, in the term ag_ff)’ we replace £ with ¢ in J(§), we simply get V,,.J (). For the other partial
derivative,
0 _
a—z’ —@+cCy) 2. (A.22)
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The result is

Vel =(1+Cy) "2V ,J (%) (A.23)
=(1+Cp)7" [ — (RTHX,) RV 0-H(Q+X, )| (A.24)

= (I + Cf)_TE N (I + Cf)_T/2 (R71/2H¢Xf)TR71/2 [O_H(Qf+Xf (I + Cf)_T/2 5)

(A.25)
—(I+Cyp) e~ (I+Cp) PZTRI2 [O—H(Qf+xf (I+Cp) " 5)} (A.26)
—([@+C) e (1+Cp) PR [O—H(Q)] . (A27)
Note that we purposefully don’t use Z, but rather Z, but we continue to use Cy.
V:J(§) derivation
The Hessian is dealt with in a similar way.
0[VeJ]  0[VeJ| Oy
= —. A2
TR T (A28
where
~T/2
0V O|I+Cp) TV J(9) B
o = 5 laiermomw o
and
O —1/2
i | . A.
3¢ — 1+C)) (A30)
And so we have
ViJ(€) = (I+Cy) P VLI() (1+Cp) (A31)
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Approximating R~Y/?HX
We don’t want to explicitly use the tangent linear of H. We can get around this by expanding

HX ¢ ; using a Taylor series:

_ 1 ~\ _ 1 A 9 1 A
H <Q + \/ﬁ(QN - Q)) =H(Q) + H—Ne = 1(Qf,z Q)+ (0) (—Ne = 1(Qf,z Q)>
(A.32)
Notice X can be substituted, and so we get
HX;; ~ H(Q+ X)) — H(Q). (A.33)

If we say, instead of using the normalizing constant of -, we can actually reduce the error by

1
vV Ne—

using a small value ¢ << 1. Now we have ¢(Qy; — Q) to use in the expansion, and we get

HeX;; ~ H(Q+ eX;,) — H(Q) (A.34)

HX; ~ E (H(Q + eXy;) — H(Q)] - (A.35)

€

1

TN—T into the e constant and thus is not shown.

Note we can technically lump

C

There is a deliberate difference between Z; and Z. The columns of Z are redefined as
1 _ _
Z; = R—I/QE [H(Q +eXy,) —H(Q)] . (A.36)
which also changes C. The columns of Z are

Zsi= R‘W% [H(Qs + eXy:) — H(Qy)] (A.37)

99



which also changes C;. So in the equations, when we see Cy, we use the appropriate forecast

control.

VJ(1) and Vbe('zp)

We need to redefine V ./ (v)) and V7,J(v) in terms of this new Z. They are

VyJ () = — Z'TRV? [0—H(Qp+X )] (A.38)
= - Z'RV?[0-H(Q)] . (A.39)

and
V] =1+7"Z. (A.40)

VeJ(§) and VZJ(€)

These don’t change if you calculate them using
Vel =1+ Cp) P VyJ(2). (A.41)
and

ViJ(€) = (I+Cy) P VLI(p) (1+Cp)~ (A.42)

A.2 MLES

For the MLES, we now have the model in the cost function. If we let

For(-) = H(Mowx(+)), (A.43)
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the derivations for the gradients and Hessians are similar to that of the MLEF:

L
Vol =1%— Y ZIR.?[0p—Fou(Qu)] - (A.44)
k=L—S+1
L
Vi =1+ Y ZZ;. (A.45)
k=L—S+1
Vel =(1+Cp) PVyJ (A.46)
L
—(@+CpTe-arcy)? Y zZR, [Ok—]—"o:k(Qo) . (A.47)
k=L—S+1
ViJ(€) = (I+Cy) PVLI(p) (I+Cp) 2. (A.48)

The time index k refers to the observation locations, and running the forward model (i.e. Mo.(+))

represents as such. Redefining Z and C:

1l _ _
Z.: = R, 1/22 [For(Qo + X ) — Four(Qo)] (A.49)
and
L
C= ) ZjZ, (A.50)
k=L—S+1
and
L
Cr= > Zi,Zy, (A.51)
k=L—-S+1
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with
—121 = =
Zio = Ry~ [Fou(Qro + eXpi) = For(Qpo)] - (A.52)

Again, this is only calculated once at the first minimization iteration, and updated when the optimal

state value is found to reinitialize the ensemble.

A.3 Additional Minimization details

We need to calculate the gradient and Hessian in terms of 4. There are some things to consider

when performing minimization.

1. Only calculate Cy in the first minimization iteration using the forecast value, and use that
value for the rest of the minimization iterations. When there are Z terms (i.e. with no sub-
script f), you must calculate those differently for each iteration. For V¢.J, there is Z* that

must be updated, but the C terms need only calculating once. For V%J , we get
Vil=(1+Cy) P (I+2'Z)(1+Cy) . (A.53)

The Hessian would be the identity which is only be valid when H is linear. We must use Z.

2. At the end of minimization, we must re-calculate C (call it C,) using the final, updated Q..

To update the ensemble, we need

X, = /Ne —1X; (I4C,)""? (A.54)
note the v/ /N, — 1 to cancel the original —ﬁ on X . We can now update the ensemble,
Qa,i - Qa + Xa,z’ ) (ASS)

and continue with forecasting.
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