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equal the corresponding mean velocity and u' , 

v', and w' equal the corresponding velocity fluctuation at any 

instant. 

~or a study of steady, uniform flow in wide channels, 

let x be taken along the axis of the .channel, y be taken verti­

cally, and z be taken across the channel. V and W will be 

comparatively small and may be neglected. However, v' and w' 

do not vanish, but cause secondary movements ,..tiich give rise to 

mixing of the fluid. In ,the derivation of the equation for flow 

in an infinitely wide channel carrying sediment the assumption is 

made that there is little variation in the conditions of flow with 

respect to the lateral or longitudinal directions, but that in the 

vertical direction, due to the presence of a gravitational field, 

there is a variation of sediment .concentration with respect to depth. 

The momentum transfer in turbulent flow is characterized 

by the equation 

dv 
4Y = 1 --\/7a 

ky -p 

wherein the Karman coefficient k has been found to be approximately 

equal to 0.4 for certain conditions. However,:. k is an indication 

of mixi,ng and if any disturbing factor" other than the usual bottom 

drag, enters l,.11to the f lm\l to increase or dec-rease the mixing" k 

might be expected to vary. 
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It has been found that an increase in the load of suspended 

sediment will decrease k. As the sediment load increases, it will 

take an increasing amount of energy to keep the sediment in suspension. 

Thus the turbulence will not extend upward into the flow as far as in 

clear water and the velocity distribution will have a greater variation 

with depth and k will be smaller than with clear water flow. 

Side effects entering into the flow set up a different 

pattern of mixing than in the t wo-dimensional system. Normally, 

these side effects will increase the mixing through secondary circu­

lation. Secondary circulation seems to be in the form of reverse 

spiral flow. The strength of the spiral flow and the number of pairs 

or cells in the channel will depend upon the width, the depth, the 

bed roughness, the side roughness, and the mean velocity of the flow. 

The cause of the secondary circulation is not entirely known • 

Turbulent Transfer of Sediment 

Consider the conditi9n in which sediment, with a specific 

gravity greater t han that of water, is in the flow. Then, there 

will be more sedim,ent in the lower part of the channel cross section 

than in the upper part. Let v' flow upward through a unit area. 

Because of continuity, there will be dowm.Jard flow equal to the 

upward flow. The upward fluctuation will carry more sediment upward 

than the downward fluctuations will carry downward, because the 

concentration of sediment is greater in the lower part of the channel. 
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the net transfer of sediment by the flow is upward. Under 

conditions of equilibrium the downward transfer of sediment due to 

I • gravity is equal to the net upward transfer by the flow • 

The net upward transfer of sediment varies with the gradient 

of the curve of mean concentration and may be expressed as 

Es de 
dy 

whereE s is the sediment transfer coefficient and c is the sediment 

concentration. For equilibrium, the up1,1ard transfer must be balanced 

by the settling of sediment for which the volume settling through a 

unit area is w x c x 1 where w is the fall velocity of the sediment. 

The equation for sediment transfer is, therefore, 

we +Es de = 0 
dy 

(5) 

Similar reasoning may be applied to the transfer of momentum, 

except that the slope of the velocity curve is positive, and the net 

transfer of momentum is downward. The effect of this transfer of 

momentum is a forward tangential stress, called turbulent shear, 

acting on the fluid directly below. The equation for shear in tur­

bulent flow may be written 

T• Em dv 
dy 

where Em is the momentum transfer coefficient. 

Sediment Distribution in a Vertical 

Let an element of flow in equilibrium be considered. Therefore, · 

d( 
dy 

= -Ys 
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where S is the slope of the uniform flow and is the specific 

-weight of the water-sediment mixturea Upon integration 

Denoting the distance in the vertical as depth D minus the vertical 

distance y from the bottom 

T ... ys(D-y) 

For the bottom shear 

and 

From 

To =YDS 

T· To (D-y) 
D 

l= f'€m dv 
dy 

Em c: 

According to Karman, in 

dv 1 - =-· Vu - dy ky ; 

Substituting gives 
LO D-y 

Em i:: f' n 
!.... Ito 
ky T 

Assuming 

Es =Em 

Bq S gives 

WC + k "/ ~o 
,P 

turbulent flow 

=k V--to (D-y) 
p D 

y 

(D-y) 
D 

y de 
dy 

=- 0 



. -

-31-

Separating variables 
... - . - ,- - . - - - - - -- . - . . 

l
e 

- - - de -C 
c _... wD 

k'/Z-o 1' dy 
y(D-y) 

7 
Which leads to 

Where 

£... = (D-v) ( a ) 
ca y D-a 

Z =-w __ 

~ -- p 

= __ w __ 

ky gDS 

z 

D :_ .<:\~pt~-~~( __ ~J~~., __ __ .. , _ 
C = the concentration of particles 

size at distance y above the 

Ca a the concentration of particles 
size at distance a above the -

of 
bed 

of 
bed 

w = settling velocity of the particles 

k =-is Karman's universal constant 

(6) 

(7) 

a given 

a given 

Bq 6 enables one to compute the sediment concentration at any point 

in the vertical at a distance y above the bed, when the concentration 

ca at a distance a above the bed is known. 

The exponent Z can be determined by two methods, (1) 

from Eq 7 designated by z, and (2) .from the slope of the log plot 

of concentration versus depth designated by z • 1 . 

The ratio of the exponent 21 to the exponent Z is 

designated fJ • 
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Several assumptions are made in the derivation of Eq 6. 

These assumptions and their possible effects are discussed below. 

1. The flow is steady, uniform flow. This assumption 

would probably have its greatest effect on the 

determination of the slope. 

2. The density p and the s pee if ic weight y are 

independent of y. The validity of this assump­

tion will differ with the amounts of sediment in 

the flow. However, for most practical purposes 

its variation with depth should be insignificant. 

This statement does not apply to the unmeasured load 

where P and Y may vary considerably with depth. 

3. The velocity is proportional to the log of the 

depth. This assumption should not introduce any 

appreciable error. The effective elevation of 

4. 

the channel bottom, however, may need to be adjusted. 

The sediment transfer coefficient r 
Cs is equal to 

the momentum transfer coefficient Em• This assump-

tion is probably the most important one made in the 

derivation. There is good evidence, to show that 

Es does not equal Em• It is thought to vary with 

sediment size, roughness, and secondary circulation. 

The sediment transfer coefficient can be either 

greater than or less than the momentum transfer 

coefficient. 
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'.Che distribution of coarse sediments in streams does not 

follow Bq 6. Colby and Hembree (1955) have found Z to vary . 1r1ith 

about the a. 7 power of w. Einstein and Chein (1954) have developed 

a 'second approximation' of Z which agrees better with stream 

measurements. 

The Von Karman constant (K) enters into equations of 

velocity and sediment distribution. For clear water in flumes and 

pipes a consistent value of 0.4 is computed. For natural sediment 

laden streams the value of K varies appreciably from 0.4. Benedict 

(1957) has sho\m that where prominent dunes are present on the bed, 

values of K have been found to vary from o.39 to 2.59. It appears 

that the large scale turbulence or 'Kolk action' associated with 

dunes may have a marked effect on vertical distribution of velocity 

and sediment. 

The modified Einstein procedure is limited, as are the 

open channel flow equations for alluvial streams, by lack of under­

standing of factors that control roughness. It appears adequate for 

computation of total sediment movement under conditions existing 

at the time of data collection but cannot explain satisfactorily 

why the observed conditions occurred as they were found. 

Some typical data illustrating sediment distribution 

is shmm in Fig. 10. 
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Several properties of sediment particles influence their 

behavior in moving fluids. These properties have already be en discussed. 

It has been found that the influence of the several properties can be 

combined into the one parameter of fall velocity (Vs) in equations 

of sediment suspension. 

Some typical concentration curves showing the relative 

influence of turbulence, particle size, and viscosity on vertical 

distribution of sediment are shmm in Fig. 11. 
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Einstein (1950) has classified the total sediment load of 

a stream into fine material or wash load (consisting of particles 

finer than those in the bed material) and bed-material load (particles 

found abundantly in the bed). Different factors in part limit the 

rate of transpot't for each class. 

Sil ts and Clays 

The particles of wash load can be moved by small fluid 

forces and therefore are nearly continuously in suspension. The 

quantity of such material in a stream at any time depends on the 

rate at which these fine particles become available from the upland 

areas and not on the ability ·of the flow to transport them. Control.:.. • 

ling factors include rainfall intensity, quantity and distribution, 

soil type, land use, vegetal cover, relief, channel density, and 

other factors. 
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I Bed-Material Load 

It is assumed that the transport rate for sediment present 

in unlimited amounts in a stream bed will equal the transporting 

capacity of the stream. It is possible then to compute the movement 

of this material from the characteristics of flow, channel, and 

bed material. 

The vertical distribution equation for suspended sediment 

breaks down near the bed because of the interference with the mixing 

length of the turbulent eddies. Einstein assumes that particles 

near the bed roll and slide along in a layer with a thickness of 

two particle diameters. The concentration at the top of this layer 

is Ca in the vertical distribution equation and joins the suspended 

load concentration \<Jith that moving on the bed. The total sediment 

load is the sum of the wash load, the suspended bed-material load, 

and the bed layer movement. 

Total Load Methods 

The method developed by Dr. Einstein (1950) is the only 

one of many that clearly attempts to compute material in suspension 

as well as that moving on and near the bed. His original method 

does not compute the wash load - fine suspended material not present 

in the bed. The modified Einstein method (Colby and nembree, 1955) 

is designed to compute~ of the sediment moving through the streams 

section including the wash loado 



.. 

... 

• 

I 
I 
I A recent method by Dr. Bagnold (1956) is being studied 

intensively in the Division. It is similar in some respects to 

the Einstein approach and brings sound physical concepts and the 

great experience of Dr. Bagnold with wind transport of sands to 

the problem. Its full impact on sediment methodology must await 

current testing of the concept in streams, 

Bed Load Equations 

Numerous other equations have been developed in this 

country and in Europe to compute the movement of sediments in streams. 

It is generally not clear M1ether or not the equations are intended 

to compute suspended sediments as well as bed load. The Dubois, 

Straub, and Schokli tsch equations have wide use (Colby and Hembree, 

1955, pp. 57-60). The Schoklitsch equation reads 

where: 

G = 86. 7 
dso0.5 

Se1
•

5 (Q - 0.00532 wDso ) 
Se1•33 

G . = discharge of bed material, in pounds per second 

d50 = median diameter of the particles, in inches 

Se = slope of the energy gradient 

W = width of stream in feet 

Q = water discharge in cfs 

The other equations are similar in form but differ in 

detail. These equations do not appear reliable for streams that 
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have a significant percentage of suspended load. They are believed 

to be reliable for computing the transport of coarse sediments -

gravel and boulderso 

SEDIMENT DISTRIBUTION IN A STREAM SECTION 

The vertical distribution of sediment has been described 

aboveo Figso 12 and 13 illustrate the vertical distribution of 

several size classes in the Mississippi River at St. Louis and the 

Niobrara River near Cody, Nebraska. 

The transvers~ distr.ibution of sediment on most deep 

streams is fairly unif o,.m with the exception of those having 

irregular cross sections and those located just dovmstream from 

important tributaries a Lateral mixing forces operate in the 

same manner as vertical ones - gravity does not oppose the process. 

However, varying flow patterns across the sections maintain different 

vertical distribution patterns o The distribution then results 

from an equilibriun:. between distinctive vertical distributions 

and the mixing forces of lateral turbulenceo Wide streams with 

coarse sediments hc>.ve large lateral variations while narrow 

streams with fine sediments have only small lateral variations. 

See Fig. 14., 

Sediment Distribu'.:ion With Time 

Turbulence causes nearly instantaneous fluctuations while 

watershedQ streamf lm,,·J or :;:ainfall characteristics cause more gradual 

concentration variations o Fign 15 illustrates typical variations 
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Fig. 12. Particle size of suspended sediment with depth for 3 verticals in the Mississippi 
River at St. Louis, Mo. on July 20, 1950. 

(Discharge 281,000 cfs. size analysis in distilled water) 
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for two streams. Streams that transport coarse sediments have greater 

short-term variation than streams with fine sediments. 

Fine Sediments 

The concentration and discharge of fine sediments vary 

with time due to the influence of many factors. At a particular 

station, there is marked variation in the pattern for successive 

run-off events. At different locations the pattern ranges from 

the near absence of sediment to saturated mud flows. It has been 

noted that the transport of fiae sediments is controlled by factors 

of supply in the watershed. Some of these factors are: 

(1) Kind and condition of soil cover 

(2) Condition of vegetative cover 

(3) Topography of watershed 

(4) Nature and density of channel system 

(5) Distribution and intensity of precipitation 

(6) Distance of channel travel 

(7) Rate of water discharge 

(8) Amount of bank erosion 

Fig. 16 illustrates the effect of the distance of travel 

on the lag of the concentration peak with respect to the flow peak • 

The lag is believed to occur because suspended sediment travels at 

the same velocity as the mean water velocity which is known to be 

less than that of a flood wave. Fig. 17 illustrates the variation 

of concentration with discharge. 
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Bed Material Discharge 

The ·variations of discharge for the bed material load is 

related much closer to the quantity and turbulence of water discharge 

than to the factors noted above for fine sediments. 

'the quantity of bed material discharge, especially for 

fine sands, may vary considerably with seasons due to the effect 

of temperature on the viscosity of the ,11ater and the fall velocity 

of the particles. The follm·1ing table from Colby (1956) shows 

the theoretical i.ncrease for a drop in water temperature from 

80° to 40° F to be: 

Particle size 
mm 

0.016-0.062 
.062-0.125 
.12s-o.2so 
.2so-o.soo 
• 500-1. 000 

Increase in sediment 
discharge, percent 

S7 
199 
2S4 
105 

17 

'the discharge of bed material sediments exhibits seasonal 

·variations on typical .western streams due to the changing texture of 

the bed material. Summer run-off feeds in tributary waters with 

high sediment concentrations part of which may be deposited in the 

bed. The spring snowmelt run-off, practically free of sediment, 

picks up its load from the finer fraction of the bed. Thus, the 

bed beconies relatively coarse toward the end of the snot'lI!lel t period. 

In summary, procedures for measuring sediment discharge must 

average or define variations of sediment concentration that occur in 

the section and that occur with time. The search for effective and 

efficient procedures must be a continuing objective. 
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Problem Set 

1. An alluvial channel has a slope of energy gradient equal to 

0.002, and a hydraulic radius R of 3.25 ft when carrying 

S2S cfs. Compute the average tractive force exerted on the 

wetted perimeter of the channel by the flowing water. 

2. A trapezoidal channel has side slopes of 1:1 and a bottom 

width of 100 ft. If the depth of water in the channel is 

s.o ft, compute the hydraulic radius. Note that for wide 

channels R and D are nearly equal. 

3. Compute and plot the theoretical velocity distribution for 

a channel (assume a rough boundary) if the median diameter 

of the bed material is 1.0 mm, the depth of flow is 5 ft and 

the slope of energy gradient is 0.001 • 

4. The concentration of suspended sediment Ca= 500 ppm at a 

distance a = o. 5 ft above t he bed of an alluvial stream 

which has a depth of 3.0 ft. The slope of energy gradient 

is 0.001, and the fall velocity w of sediment is 0.2 ft/sec. 

Compute the suspended sediment distribution in the remainder 

of the vertical • 


