






 161 

 

 

 

 

 
 Fi

gu
re

 5
.2

7:
 

Zo
na

l w
in

d 
(m

 s-1
) 

at
 ti

m
e 

t =
 3 

ho
ur

s 
fo

r 
th

e 
11

 J
an

ua
ry

 1
97

2 
B

ou
ld

er
 w

in
ds

to
rm

 s
im

ul
at

io
ns

 u
si

ng
 th

e 
σ 

co
or

di
na

te
 

w
ith

 (
a)

 5
00

 l
ev

el
s 

an
d 

(b
) 

12
5 

le
ve

ls
 i

n 
th

e 
lo

w
es

t 
25

 km
, a

nd
 t

he
 h

yb
rid

 c
oo

rd
in

at
e 

w
ith

 1
25

 l
ev

el
s 

in
 th

e 
lo

w
es

t 
25

 km
 fo

r (
c)

 θ
m

in
 =

 20
 K

 a
nd

 (d
) θ

m
in

 =
 27

0 K
.  

Th
e 

co
nt

ou
r i

nt
er

va
l i

s 8
 m

 s -1
. 

 



 162 

~ 25 km downstream of the mountain top, the wind speed is ~ 80  m s-1 compared to the 

initial wind speed of ∼40 m s-1. 

The main feature of interest is the intense surface wind on the leeward slope of 

the mountain, which represents the downslope windstorm.  There is a localized wind 

maximum located 10-15 km downstream of the mountain top in all four model 

simulations.  This localized intensity is generally observed in downslope windstorm 

events.  Boulder, Colorado often finds itself situated underneath the wind maxima, as was 

the case on January 11, 1972.  The intensity of the maximum surface winds is larger in 

the hybrid-coordinate runs (~ 62 m s-1) than in the σ-coordinate runs (~ 56 m s-1).  In the 

MM5 model (Figure 5.28) these winds were ~ 72 m s-1.  The differences among the 

models may partly be attributed to the transient nature of the winds.  For reference, peak 

 
 

Figure 5.28: Zonal wind (m s-1) at time t = 3 hours for the Penn State-NCAR Mesoscale 
Model (MM5).  Same contour interval as Figure 5.27.  From Doyle et al 
(2000). 
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gusts of 45-55 m s-1 were recorded at the surface (Lilly and Zipser, 1972).  The free-slip 

lower boundary condition may be the reason for the overestimation of the winds by the 

models. 

The surface pressure drag, given by 
  

D = ! p
S
"z

S
"x( )dx

x

!# , is diagnosed and 

plotted as a time series in Figure 5.29.  Throughout most of the simulation the drag has a 

negative value which means that the mountain applies a net force on the atmosphere in 

opposition to the westerly motion.  The drag peaks at about t = 3 hours and then decreases 

and becomes slightly negative after about 4.5 hours.  This latter “dying-out” phase is due 

to the periodic lateral boundaries and that we therefore do not supply energy by way of an 

 
 

Figure 5.29: Time series of the surface pressure drag for the 11 January 1972 Boulder 
windstorm simulations using the σ coordinate with 500 levels (black 
curve) and 125 levels (red curve) in the lowest 25 km, and the hybrid 
coordinate with 125 levels in the lowest 25 km for θmin = 20 K (green 
curve) and θmin = 270 K (blue curve). 
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inflow upstream boundary as in Peltier and Clark (1979) and Durran and Klemp (1983).  

However, our surface pressure drag compares well, in order of magnitude terms, with 

their models. 

Figure 5.29 shows that there is good agreement in the surface pressure drag 

among the four model simulations during the wave development period t ≅ 0-2 hours.  

During the time period following this, the Hybrid125_20K simulation closely follows the 

“true solution” of the Sigma500 run.  However, the agreement is not as good with the 

Hybrid125_270K simulation.  Note that the Sigma125 results deviate the most from the 

“true solution”. 

A notable quasi-periodic pulsing of the surface pressure drag, with a period of 

about 15 minutes, can be seen in Figure 5.29.  These fluctuations were analyzed by 

Scinocca and Peltier (1989), who attributed them to the transience of the time dependent 

fields associated with wave breaking.  Figure 5.30 shows a time series plot of the winds 

in the lowest model layer of the Hybrid125_20K simulation at a location 13 km 

downstream of the mountain top.  The pulsing begins at about t = 1.5 hours when wave 

breaking is established.  The amplitude of the pulsing is large during the period from 

2-4 hours when wave breaking is most active. 

5.3.5 Tracer advection 

The most striking difference between the hybrid and σ coordinate model runs is in 

the vertical advection of a passive tracer.  Here we see a distinct advantage with the 

isentropic coordinate.  In order to isolate the effects of vertical advection as much as 
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possible, the passive tracer is initialized along horizontal bands bounded by selected 

isentropes as shown in Figure 5.31a.1  The tracer is assigned the arbitrary value of unity 

inside the bands and zero outside.  This can also be viewed in a scatter plot of tracer 

concentration versus potential temperature for all model points as shown in Figure 5.31b.  

In the continuous system of equations for adiabatic processes, since θ is conserved, the 

 

1 With the terrain-following σ coordinate, there are nonzero vertical and 
horizontal gradients of the tracer along coordinate surfaces.  Therefore, from the 
outset, this coordinate is at a disadvantage over the pure z and θ coordinates.  
However, we tested the model with an alternate z-based vertical coordinate based 
on Schar et al (2002).  With this Eulerian coordinate the effects of the surface 
topography vanish rapidly with height and, in our case, the coordinate is basically 
z at a height of 10 km and above.  The tracer fields (not shown here) using this 
alternate vertical coordinate were almost indistinguishable from those of the 
Eulerian σ coordinate.  Therefore, the argument that the quasi-Lagrangian θ 
coordinate has an inherent advantage over the σ coordinate is valid. 

 
 

Figure 5.30: Time series of the zonal component of the surface wind at a grid point 
located 13 km downstream of the mountain top.  Results for the 
Hybrid125_20K simulation are shown. 
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correlation between θ and the passive tracer remains unchanged in time assuming no 

diffusion of either property.  This means that the scatter plot of tracer concentration 

versus θ should remain unchanged, and there should be no other value of tracer 

concentration besides the initial values of 0 and 1. 

Profiles of the tracer concentration after 70 minutes of simulation time are shown in 

Figure 5.32.  In contrast to the initial condition shown in Figure 5.31a, there are now 

other tracer concentration values besides 0 and 1, and some of the tracer has “leaked” 

outside of the original isentropic bounds indicated by the bold black curves.  This has 

occurred because of numerical dispersion associated with the vertical advection terms of 

the tracer tendency equation.  The dispersion error is most evident where the coordinate 

is σ, i.e., in Figures 5.32a and 5.32b and the lowest band in the hybrid coordinate plots of 

Figures 5.32c and 5.32d.  At t = 70 minutes, wave overturning has not yet occurred and  

 

 
 

Figure 5.31: (a) Contour plot of the initial passive tracer concentration (colors) and the 
isentropes bounding the tracer bands (black curves).  (b) Scatter plot at 
t = 0 of the tracer concentration versus potential temperature. 
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there has been minimal coordinate smoothing in the hybrid vertical coordinate runs.  

Therefore, the vertical velocity in the θ -coordinate regions of the hybrid coordinate has 

been virtually zero up until this time.  The effect of this can be seen in Figures 5.32c and 

5.32d in the upper three tracer bands as compared to those of Figures 5.32a and 5.32b. 

These effects mentioned above are more noticeable in the scatter plots of Figure 

5.33.  The difference between the top tracer band among the four simulations is the most 

striking.  With the hybrid vertical coordinate (Figures 5.33c and 5.33d), the scatter points 

lie along the theoretical profile indicated by the red lines.  In the 125-level σ coordinate 

simulation (Figure 5.33b), the profile of the upper band differs significantly from 

theoretical profile due to the dispersion error.  The 125-level hybrid coordinate model 

even has a definite advantage over the high-resolution 500-level σ coordinate simulation 

(Figure 5.33a), where some dispersion error is evident at the discontinuities in the 

original profile.  It should be noted that this is a rather severe test case as we are 

demanding a lot of the numerical advection schemes.  When advecting a property that has 

a sharp discontinuity, it is difficult to avoid some dispersion error.  There are alternative 

schemes to the one we use, which is based on the upstream-weighted scheme of Takacs 

(1985), that minimize such error.  However, our purpose here is to demonstrate the 

inherent advantage of the quasi-Lagrangian θ coordinate through its diminution of the 

vertical velocity. 
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Returning to Figure 5.32, there is a noticeable difference between the appearance 

of the lowest band in the two hybrid coordinate simulations.  In Figure 5.32d the vertical 

coordinate is more θ -like near the surface than in the simulation of Figure 5.32c.  As a 

consequence, there is less dispersion error downstream of the hydraulic jump in the 

former case. 

 

Figure 5.33: Scatter plots at time t = 1hr10min of the passive tracer concentration versus 
potential temperature using the σ coordinate with (a) 500 levels and (b) 
125 levels in the lowest 25 km, and the hybrid coordinate with 125 levels 
in the lowest 25 km for (c) θmin = 20 K and (d) θmin = 270 K. 
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Figures 5.34 and 5.35 are scatter plots at simulation times 2 and 3 hours 

respectively.  At these times, the hybrid coordinate experiences some dispersion error 

which is due to the vertical velocities induced by the coordinate smoothing.  Despite this, 

the hybrid coordinate exhibits less error than the Sigma125 simulations.  It is comparable 

to, if not better than, the high resolution Sigma500 runs, but achieves this with fewer 

model levels.  This is an attractive feature of the hybrid coordinate. 

 
 

Figure 5.34: Same as Figure 5.33 except at time t = 2 hours. 
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5.3.6 Integral property evaluation 

In Chapter 3 we developed a vertical finite difference scheme which preserves 

various integral constraints found in the continuous system of equations.  These include 

conservation of mass, conservation of total energy, and conservation of the vertically 

integrated momentum circulation.  We verified that the model conserves mass.  

Conservation of potential temperature under adiabatic conditions is not satisfied, 

 
 

Figure 5.35: Same as Figure 5.33 except at time t = 3 hours. 
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however.  The scheme was shown to satisfy these constraints only for case of z 

coordinates and when centered-difference advection schemes are used in the mass, 

potential temperature and geopotential tendency equations.  In our model we do not meet 

these requirements because we neither use the z coordinate nor employ 

upstream-weighted advection schemes.  In this subsection we empirically evaluate the 

degree to which these constraints are violated by examining time series of  the 

mass-weighted mean total energy and potential temperature, as well as of the total zonal 

momentum. 

The integral constraints on total energy and potential temperature were formulated 

assuming adiabatic, frictionless processes.  Therefore, we performed model runs of the 11 

January 1972 Boulder windstorm without the subgrid scale turbulence parameterization 

in order to evaluate the integral properties of the model.  These include a σ coordinate 

run and a hybrid coordinate run, each with 125 levels in the lowest 25 km.  The 

mass-weighted mean value of a given property A is calculated as 

  

A
*
= mA m = (mA)

i,k
(!")

k
#$ %&

i,k

' m
i,k

(!")
k

#$ %&
i,k

' , where the overbars are volume-

weighted averages over the domain. Figure 5.36 shows the time series of the energy 

budget.  The changes from the initial condition of the mass-weighted mean internal 

energy 
  
c

v
T

*

, geopotential energy 
 
! *  , kinetic energy 

  
1 2u

2
*

 and their sum, the total 

energy, are plotted.  If total energy were conserved then the change in total energy would 

be zero.  Instead, there is a gradual increase in total energy with both the σ and the hybrid 

coordinates. 
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Figure 5.37 shows the time series of the mass-weighted mean potential 

temperature  !
* .  In both runs the potential temperature is relatively constant until 

approximately t = 1.5 hours, when it starts to increase (at a higher rate in hybrid coordinate 

run).  The increase starts at about the time wave breaking becomes active and sharp 

spatial gradients in the potential temperature develop.  The explanation may therefore be 

attributed to the large error in the potential temperature advection terms resulting from 

these sharp gradients. 

Finally, we examine the total zonal momentum budget given by 

  

(mu)
i,k

(!")
k
#x$% &'

i,k

( .  If the constraint on the vertically integrated momentum circulation 

were satisfied, then the time integral of the surface pressure drag would equal the total 

zonal momentum.  The total zonal momentum and the zonal momentum inferred from the 

surface pressure drag are plotted in Figure 5.38.  Figure 5.38a shows that there is close 

agreement between these two time series for the Sigma125 simulation.  However, in both 

 
 

Figure 5.36: Time series of the mass-weighted mean energy budget for (a) the σ 
coordinate, and (b) the hybrid coordinate with θmin = 20 K.  The vertical 
resolution in each run was 125 levels in the lowest 25 km. 
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the Hybrid125_20K and Hybrid125_270K runs, there is a slight deviation between the 

two curves.  This may be due to the fact that the σ coordinate approximates the 

z coordinate away from the mountain, and, therefore, the momentum circulation integral 

constraint is satisfied in these regions.  The same is not true with the hybrid coordinate 

which is isentropic in most of the domain. 

5.4 Summary and conclusions 

The hybrid (θ - σ) vertical coordinate model was extensively tested with 

two-dimensional mountain wave experiments and the results compared well with those of 

the traditional Eulerian σ coordinate.  Linear experiments produced wave fields that 

 
 

Figure 5.37: Time series of the mass-weighted potential temperature for (a) the σ 
coordinate, and (b) the hybrid coordinate with θmin = 20 K.  The vertical 
resolution in each run was 125 levels in the lowest 25 km. 
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agreed well with analytical solutions.  The vertical flux of horizontal momentum was 

analyzed and compared between the isentropic and σ coordinate frameworks.  In both 

cases the flux profiles were approximately the same.  However, with the isentropic 

coordinate, the main contributor to the flux was the form drag on coordinate (isentropic) 

 
 

 
 

Figure 5.38: Time series of the zonal momentum (black curves) and the zonal 
momentum inferred from the time integration of the surface drag (red 
curves) for (a) the σ coordinate, (b) the hybrid coordinate with θmin = 20 K, 
and (c) the hybrid coordinate with θmin = 270 K.  The vertical resolution in 
each case was 125 levels in the lowest 25 km. 
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surfaces, while with the σ coordinate, the eddy momentum flux was the primary means of 

momentum transport.  This distinction between the two coordinate systems is readily 

evident in the continuous equations.  The experimental analysis provided a validation of 

the numerical construction of the model. 

Nonlinear mountain wave experiments provided an opportunity to test the ability 

of the hybrid coordinate to adapt to isentropic overturning.  Wave breaking was handled 

well by the coordinate in both an idealized isothermal, uniform-flow experiment and a 

simulation of the 11 January 1972 Boulder, Colorado downslope windstorm.  However, 

with the hybrid coordinate, the degree of dynamic instability associated with wave 

overturning is suppressed compared with the σ coordinate simulations.  This is seen by 

comparing the bulk Richardson number fields.  Tests suggest this is due to the decreased 

vertical resolution of the hybrid coordinate in statically unstable regions. 

The hybrid coordinate gives comparable results for surface winds on the leeward 

slope, but does not have an advantage over the σ coordinate in this respect.  Both the 

hybrid and σ coordinate Boulder windstorm simulations produced realistic surface winds 

on the leeward slope of the mountain range.  These were similar to other model results 

(e.g., Doyle et al 2000) and to the surface winds observed during the storm.  Also, both 

models produced similar time series of the surface pressure drag. 

The hybrid vertical coordinate had an advantage over the σ coordinate in 

resolving features of high static stability.  This results from the enhanced vertical 

resolution with the isentropic coordinate.  Highly stable regions on plots of static stability 

from the hybrid coordinate compared well with those of the σ coordinate run with 4 times 
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the number of model levels.  These features were not well resolved with the σ-coordinate 

run using the same number of model levels as with the hybrid coordinate simulation. 

The integral properties of total energy, potential temperature and zonal 

momentum circulation conservation were evaluated.  Simulations without the subgrid 

scale turbulence parameterization were performed.  Time series plots from these runs 

indicated a gradual increase of the mass-weighted mean total energy and potential 

temperature.  It remains to be determined how significantly this will impact performance 

when the dynamical core is incorporated into a weather and climate forecasting model. 

For performance in the free atmosphere, where the hybrid coordinate is primarily 

isentropic, tracer transport tests clearly displayed the advantage of the quasi-Lagrangian θ 

coordinate.  There was substantially less dispersion error associated with vertical 

advection using the hybrid coordinate, even with the high vertical resolution σ coordinate 

simulation at early simulations times before wave breaking occurred. 

We have demonstrated that the hybrid coordinate in the nonhydrostatic 

framework has advantages over the σ coordinate in various situations.  Further work will 

help to establish the extent to which benefits can be realized in practical applications. 




