



































(3) The coefficient of variation

C =np=—L 4.9

(4) The skewness coefficient

N
= Y. - ¥)?¥/Ns_? 4.10
Yy i=1( ;- Y)/Ns,
(5) The excess coefficient
N
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and
(6) The serial correlation coefficients
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with Ty the kth-lag serial correlation coefficient and

k the time lag.

4. Analytical solution for n = 1. Only for n
equals unity, the parameters of the outflow distribu-
tion are determined analytically from the equation of
outflow sequences when the inflows are mutually inde-
pendent and independent of previous outflows. For
n =1, eq. 4.1 can be written as:
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Taking the expected value of both sides,
sak=id
" E(Yiﬂ) Ty d E{Yi) + - -
T+a [EX )+ EX)) or 7/ BY) =g,

so that E(Y) = 1. Thus, the expected value of the
modular coefficients of outflows equals unity. This
result satisfies the assumption that the average out-
flow equals the average inflow. Multiplying eq. 4.13

by Xi+1 and taking the expected values, one finds
that
_1-d
Efxiﬂ i+1] “1+d EX i+1 Y]

d 2
+ied [E(XH_1 )+E(X1+1Xin' 4,14
According to the assumptions that X +i and Yi are
independent, one concludes that E(X1 +1 Y) =
E(X. +1] E[Y ) =1; that X, i+l and X; are independ-
ent, 0 one ccmcludes that E(X.

i+ Xi} =1 and
var X + 1 = E(X?). Then eq. 4. 14 becomes

-d
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var X , 4,15

d
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and from eq. 4. 13, the following expression was de-
rived
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4,16

Becausecov.(XiH, Xi) 0 andcov{Y X1+1)d (o 9
then cov (Xi, Yi} = E(X1 Y1 E.‘(Xl) E{Yl) =13gvarX.
By using these relationships, eq. 4. 16 gives

var Y 4. 17
or
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To find the skewness and excess coefficients
of outflow, the expected values for X2, X3, Xd‘, ¥4

Y3, ¥, XY?, X?Y, XY, and XY® must be determined.
By using the moment generating function, then

t
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E(X?), E(X?, and E(X?)
from eq. 4.19 as

can be obtained immediately
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In a similar way, the following expected values were
determined:
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Further, the expression for the skewness coefficient
is
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By using the above expecied values for y?
and Y?, the ratio of the skewness coefficient of out-
flows, \ i Yi(Q)‘ and the skewness coefficient of

inflows, vy,(P), becomes
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4. 21

with \,fl(P) given as a function of n = C_ by eq. 2.4,
2
1
with n = (e vo- 1)/3. Therefore, the ratio of eq. 4.21
is independent of Iv, and is expressed only in terms

of d.

Similarly, for the coefficient of excess, the
following expected values were needed:

d

z z
3 BIV dz {13 + 3d2) 3Iv
T+d €

(1+ @)3(3+ &

+

BE(XY?) =

2L 3q(1-a)(6-d+dd) v
+ '—)—e +

(1+ a3 (3+ d?

3d?

mrae ©

312 Bl %
S v d
EXYM=trad ¢ *T+d° and

2
SIV

3 s 2
4 _d’(2-d+ d) W

E(Y) ;
(1+ dd (1 + a3

, 4% (4 - 3d+ 7d? - & + dY)
(1+ d*(3+ d® (1 + d?

2
3IV

2L

2 1 2
PO e - .0 o e SN

(1+ d)?(1+ d)

2
L, 6d(1-d (3-2d+ 8d - 2d°+ a v
(1+ a3+ d) (L+ d)

The expression for the excess coefficient is

4, 22
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The ratio of excess coefficients of outflows,
yz{Q), and inflows, YZ(P), versus the parameter d,

for n = 1, is obtained by the solution of eq. 4. 22 and

this ratio is:

¥,(Q) - d2-d+d) SR
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The correlogram of outflow for n = { maybe
obtained by using the same method, Equation 4.13
may be written in terms of Yi-k and Xi, Xi-—i'

Xi-z, ST Xi-k as
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Multiplying eq. 4. 24 by Yi-k and taking expectations,
eq. 4. 24 becomes
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The serial correlation coefficient Pk is then

E(Y,Y; ) - B(Y) B(Y,.)

1
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which expression gives finally
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fork>1, 4, 26
with Py = 1, for k = 0. Specifically for k = 1, the
first serial correlation coefficient becomes
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For k = 2, it becomes
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The result given by eq. 4. 26 shows that the
serial correlation coefficients for n = 1 depend on the
value of d and k only; they are independent of the
value Iv. When d is greater than 1, eq. 4. 26 shows

that the serial correlation coefficients become nega-
tive whenever the value of k is even, because d is
always positive.

Equations 4. 17, 4. 21, 4,23 and 4. 26 were
used to compute the ratios of variance, skewness
coefficients, excess coefficient of outflow and inflow,
respectively, as well as the serial correlation coeffi-
cients of outflows for n = 1. The results are given
in Table 2, all as functions of d.
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Fig. 2 Relationship of ratios of variance of lake outflows and lake inflows to the dimensionless parameter d,

for various values of the parameter n.

5. Variance of outflows for various values of n.
Values of the ratio of variances of outflow and inflow
obtained by the data generation method are close to a
constant value for given values of parameters d and
n. Accordingly, these results show that the values of
this ratio are independent of the value of Iv'

The values of this ratio shown in Fig. 2 were
the average values over the various values of I for

given parameters d and n. These average values of
ratio were then used to find the distance of a horizon-
tal transposition of curves of eq. 4. 17 in order to fit
well the points obtained for the values of n different
from unity.

Figure 2 shows the relationship of the ratio
of variances of outflow and inflow, var Q/var P, tothe
dimensionless parameter d, for seven values of the
parameter n. The averages of 210 points, given as
points in Fig. 2, represent the results of the data gen-
eration method. Likewise, the lines represent either
the exact relationship, which is the case only for n=1,
or the fitted curves, which is the case for all other
six values of n. In addition, eq. 4.17 gave forn = 1:
var Qf/var P = d/(1 + d). It was found that horizontal
transpositions of the curve of eq. 4. 17 fit well the
points obtained for the six values of n different from
unity. However, the position of each line for a given
n was obtained by the least square method of fitting
the line of eq. 4. 17 to the points. For var Q/var P =
0.5 and for n = 1, the value of d is unity. This same
value of 0.5 determines the special value of d, de-
noted here by dm‘ with dm then obtained for each six

n values different from unity.

The logarithms of n and d_ (with an arbi-

trarily added value of 2), or (2+ Inn) versus (2+
1n dm}, are plotted in Fig. 3 in log-log paper (for the

double-log relationship). A least square straightline
fit to points in Fig. 3 gives the relationship of dm’

and n. This relationship should be considered only
as an experimental curve which approximates closely
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Fig. 3 Relationship of the parameters n and dm
with drn the value of the parameter d for

the ratio of variance of outflow and inflow
being 0. 5.

The fitted curve is
1.78

the true relationship.

2+1Ind_ = 2(1+ 3 1an)" 75 4. 29
The constant 2 is introduced in order to avoid the
negative values in taking the logarithms. The selec-
tion of this constant does not change the results, but
changes the coefficient before Inn (the coefficient is
1. before Inn, for the constant 2). For n> 0.10,

the constant 2 is sufficient to avoid the negative
values. For n< 0.10, a larger constant should be
used. With this value of dm, then

var Q _ d 4. 30

var P
d+0.135 eZ(1+ 14 Inn)

.78 '

_with the variance of X (which is equal to P!Po)
given by eq. 4.6.
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Table 2 Ratios of variance, skewness and excess coefficient of outflow and inflow, and serial correlation coefficients {p1 to Pio) of

outflow, for n=1

and various values of d,

computed from analytical expressions, eqs. 4.17, 4. 21, 4. 23, and 4. 26.

Vi v,(Q) Y,(Q)

d TE37%§% ¥,(P]) v,(P) Py P2 P3 Pyg Ps Pg P7 Pg Pg Pio
0.01 0.010 0.133 0.020 0.990 0.970 . 951 0.932 . 914 0.895 .878 0.860 . 843 0.827
0.03 0.029 0.226 0.057 0.971 0.914 . 861 0.811 .763 0.719 677 0.637 . 600 0. 565
0.05 0. 048 0.287 0.093 0.952 0.862 . 780 0. 706 639 0.578 . 523 0.473 . 428 0. 387
0.07 0. 065 0.335 0.126 0.935 0.812 . 706 0.614 533 0.464 .403 0. 350 . 304 0. 265
0.10 0.091 0.392 0.172 0.909 0. 744 . 609 0.498 . 408 0. 333 295 0.223 . 183 0.149
0. 30 0.231 0.589 0,379 0.769 0,414 .223 0.120 . 065 0.035 .019 0.010 . 005 0.003
0. 50 0. 333 0.666 0.467 0.667 0.222 .074 0.025 . 008 0.003 . 001 0. 000 . 000 0. 000
0.70 0.412 0.698 0.495 0.588 0.104 . 018 0.003 . 001 0.000 . 000 0.000 . 000 0. 000
1.00 0.500 0.707 0.500 0.500 0.000 , 000 0.000 . 000 0.000 . 000 0. 000 . 000 0. 000
3.00 0.750 0.722 0. 600 0,250  -0.125 .063  -0.031 .016  -0.008 .004  -0,002 .00t -0.00t
5. 00 0.833 0.783 0.705 0.167  -0. 111 .074  -0.049 .033  -0.022 015  -0.010 .007  -0.004
7.00 0.875 0.828 0.770 0.125  -0,094 .071  -0.053 .040  -0,030 .022  -0.017 .013  -0.009
10, 00 0. 909 0.870 0.828 0.091  -0.074 .061  -0.050 ,041  -0.033 .027  -0.022 .018  -0.015
30. 00 0. 968 0.952 0. 937 0.032  -0.030 .028  -0.026 .025  -0,023 .022  -0.020 .019  -0,018
50. 00 0. 980 0.970 0. 961 0,020  -0,019 .018  -0.018 .0i7  -0.016 .016  -0.015 .014  -0.014
70. 00 0. 986 0.979 0.972 0.014  -0.014 .014  -0.013 .013  -0.012 L0112 -0.012 .012  -0,011

100. 00 0. 990 0. 984 0. 980 0.010  -0.010 .00 -0.010 .009  -0.009 .009  -0.009 .009  -0.008
150, 00 0.993 0. 990 0. 987 0.007  -0.007 ,007  -0.007 .007  -0.007 ,007  -0,006 .006  -0.006
200. 00 0. 995 0.993 0. 990 0.005  -0.005 .005  -0,005 .005  -0.005 .005  -0.005 .005  -0.005




Table 3

Variance of outflow for various values of n, d, and Iv

\o
d n 0.15

L,
n 0.15

0.25 0.4 0.6 0.9 d 0.25 0.4 0.6 0.9

0.3 1/3  0.014 0.038 0.105 0.249 0.460 10 1/3 0.022 0.063 0.173 0.412 0.862
1/2  0.010 0.030 0.082 0.195 0.359 1/2 0.022 0.062 0.170 0.404 0.868

3/4 0.008 0.021 0.057 0.136 0.231 3/4 0.021 0.061 0.160 0.380 0.708

 § 0.005 0.015 0.039 0.099 0.243 1 0.020 0.056 0.156 0.353 1.020

3/2 0.003 0.008 0.021 0.051 0.087 3/2 0.019 0.053 0.141 0.322 0.571

2 0.002 0.005 0.012 0.029 0.074 2 0.016 0.044 0.121 0.273 0.714

3 0.001 0.002 0.005 0.010 0.020 3 0.010 0.028 0.074 0.164 0.272

1.0 1/3  0.019 0.053 0.135 0.342 0.59 30 1/3 0.022 0.063 0.175 0.417 0.996
1/2  0.017 0.047 0.120 0.308 0.509 1/2 0.023 0.063 0.170 0.413 0.932

3/4 0.014 0.039 0.108 0.242 0.409 3/4 0.020 0.062 0.767 0.396 0.802

1 0.015 0.032 0.084 0.210 0.587 1 0.022 0.061 0.164 0.417 1.155

3/2  0.007 0.020 0.055 0.122 0.206 3/2 0.021 0.059 0.159 0.370 0.649

2 0.005 0.013 0.033 0.080 0.196 2 0.020 0.056 0.151 0.398 1.109

3 0.002 0.005 0.013 0.031 0.058 3 0.016 0.046 0.121 0.260 0.420

3.0 1/3  0.021 0.059 0.163 0.398 0.692 100 1/3 0.022 0.064 0.171 0.422 0.983
1/2 0.020 0.056 0.160 0.373 0.668 1/2 0.022 0.064 0.171 0.434 0.960

3/4 0.019 0.052 0.144 0.327 0.559 3/4 0.022 0.064 0.164 0.417 0.899

1 0.017 0.048 0.126 0.322 0.950 L 0.022 0.063 0.171 0.434 1.316

3/2  0.013 0.037 0.101 0.226 0.391 3/2 0.022 0.063 0.162 0.401 0.702

2 0.010 0.027 0.070 0.167 0.424 2 0.022 0.061 0.168 0.436 1.536

3 0.005 0.013 0.034 0.076 0.143 3 0.020 0.058 0.153 0.365 0.579

For given values of n and d, eq. 4.30 gives| cases, as functions of the parameter d for various

the ratio of variance of outflow and inflow. As ex-
pected, the variance of outflow was always smaller
than the variance of the corresponding inflow. If
another constant, for instance a, is used instead of
2 in eq. 4. 30, this expression becomes

d

a(1 +% lnn]l‘ £

var Q _
var P

T ; 3
d+ e a2

with a selected in such a way that no logarithms will
have negative numbers. The computed values of vari-
ance of outflow, from generated sequences, are pre-
sented in Table 3, as functions of n, d and Iv'

6. Skewness coefficient of outflow for various
values of n. Figure 4 gives the points which are ob-
tained for ratio of the skewness coefficient of outflow
to the skewness coefficient of inflow. They were com-
puted by the data generation method, a total of 210

values of n. All 210 cases are plotted in Fig. 4. For
n = 1, the analytical approach yielded the solution of
eq. 4. 21.

Figure 4 shows a relatively good agreement
for n =1 between the curve of eq. 4. 21, and the
points for n = 1 obtained from 10, 000 generated out-
flows. The simple horizontal transposition of the
curve of eq. 4. 21 was used to fit curves for six values
of n, different from unity. The fit is not especially
good, because the third statistical moment was used
to compute these ratios. Even for n = 10,000 the
third moment is not very accurate. More accurate
estimates of YI{P) and YI(Q}, arrived at by gener-

ating a much larger number of inflows and outflows
than the 10, 000 used in this study, would likely show
that the transposition of the analytical curve for n = 1
would fit much better the points for n different from
unity, than is the case in this study with only 10, 000
numbers,

(o}
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Relationship of ratios of skewness coefficient of lake outflows and lake inflows to the dimensionless

parameter d, for various values of the parameter n,
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Analysis of the relationship of Yi(Q} and the

coefficient of variation of @ shows that the distribu-
tions of outflows do not satisfy eq. 2.4. This means

that the distributions of outflows are not log-normally
distributed when the inflows dre log-normally distri-
buted. The converseisalso true. For example, Table
4 shows a comparison of computed values of yl(Q}

from generated outflow sequences with y‘j(Q) which

is obtained by eq. 2.4, assuming the outflow is log-

v,(Q)
normally distributed. The ratio is either
y d1 Y—r@)'i

greater or smaller than unity, showing that the out-
flows usually are not log-normally distributed when
the inflows are.

Incase d=1, eq. 4.21 gives v,(Q)/y,(P)=

1;‘\/?. The same procedure as used above for the
variance ratio, or the least square fit, was used for
the ratio of skewness coefficients to obtain the empir-
ical relationship. The values of these ratios of skew-
ness coefficient of outflow and inflow obtained by the
data generation method have large sampling fluctua-
tions for different values of Iv and for various values

of n and d. However, eq. 4. 21 shows that the ratio
should be independent of IV.

All 210 values of the ratio are shown in Fig.
4. The simple horizontal transposition of the curve
of eq. 4. 21 was used as the procedure to fit the points
obtained for the values of n different from unity.

10.0

The horizontal transposition and least square
fit to points in Fig. 4 gave the values of dm’ which

are plotted in Fig. 5. A least square straight line fit
to points in Fig. 5 gave the following relationship be-
tween dm and n:

3.812

_ 1
3+ lndm- 3(1+§1nn) 4, 32

The constant a = 3 is used for eq. 4. 32 to
avoid the negative numbers in taking the logarithms.
The ratio of skewness coefficients of outflow and in-
flow is

d d )2
4-_ % 4
v,(Q) T [dm ) 4,

Yi(P] - [3 +[Egu)2] f dm+ d
m d

In addition, the computed values of skewness
coefficients of outflow, from generated sequences,
are presented in Table 5, as functions of n, d, and
I

v

7. Excess coefficient of outflow for various
values of n. The ratio of excess coefficient of outflow
and inilow to the parameter d, for n=1, 1is given
by eq. 4.23. Because the fourth moments of inflow
and outflow used in computing this ratio, even for the
sample size of 10, 000, were not of such accuracy as
to allow a derivation of a sufficiently accurate empir-
ical equation, the values of YZ(Q”"'Z(P) are subject

to very large sampling fluctuation.

8.0

6.0

4.0

2.0 ]

3+Inn
\

1.0

0l 02 04 06 08

1.0 2.0 4.0 6.0 8.0 10.0

3+ In dm
Fig. 5 Relationship of the parameters n and dm with d_ the value of the parameter d for the ratio of

skewness coefficient of outflow and inflow being 1 NZ

The 210 points do not show thatthe ratio v,(Q)/y,(P)
was independent of I_, though the large sampling vari-

ation of the ratio may mask the real relationship which
may be independent of I , as it was shown to be the

case for the ratios of variances and skewness coeffi-
cient, and as it will be showntobe for the serial corre-
lation coefficients of outflows.

Figure 6 gives the computed points of the ratio

12

yz{Q)h Z{P)‘ as well as the theoreticalcurvefor n =1

given by eq. 4.23. In case this ratio is equal to 0. 50,
the value dm = 1, as it was forthe variance ratio,

Similarly as above, a least square straight line fit to
points in Fig. 7 gives the relationship of d | and n:

3. 060

= 1
2+ lndm-2(1+-2-1nn) 4, 34

As a result, eq. 4. 25 becomes



Table 5 Skewness coefficients of outflow For various values of n, d, and Iv
I 1
d o \V 0.15 0.25 0.4 0.6 0.9 d n\ VY 0.15 0.25 0.4 0.6 0.9
0.3 1/3  0.371 0,656 1,120 1,520 1.673 10 1/3 0.404 0,736 1,273 1,865 2.583
1/2 0,352 0.653 1.078 1.467 1.588 1/2 0.393 0.720 1.255 1.809 2,846
3/4 0,289 0.592 0,836 1.417 1.487 3/4 0.371 0.686 1,125 1.788 2.009
1 0.213 0.495 0.719 1.248 1,934 1 0.372 0.635 1.075 1.641 2.878
3/2 0.097 0.318 0.466 0.726 0.683 3/2 0.260 0.505 0,781 1.185 1.339
2 0,018 0.189 0.511 0,410 0.867 2 0.195 0.357 0.586 0,878 1,402
3 =0,054 0.088 1.062 0.037 -0,053 3 0.051 0.139 0.200 0.291 0,456
1.0 1/3 0.375 0.676 1,072 1.678 2,634 30 1/3 0.434 0.703 1.335 2,088 3.950
1/2  0.343 0.626 1.008 1.550  1.925 1/2 0.430 0.698 1,326 2.058 3.818
3/4  0.314 0,58 0,947 1.362 1,557 3/4 0.421 0.687 1.256 1.809 2,762
1 0.294 0.507 0.904 1.499 3.170 1 0.428 0.685 1.111 2,067 4,095
3/2 0.216 0.439 0,645 0.939 1,005 3/2 0.371 0.612 1.072 1.451 1.637
2 0.118 0,224 0.385 0,685 1,186 2 0.339 0.505 0.768 1.174 1.713
3 0,018 0,180 0,08 0.083 =~0.147 3 0.093 0.184 0.318 0.555 0.892
3.0 1/3  0.437 0,678 1,272 1,881 2,170 100 1/3 0.412 0.788 1.177 2.075 3.311
1/2 0.423 0.646 1,224 1,691 2,374 1/2 0.412 0.786 1.174 2.450 3.116
3/4 0,386 0,579 1.087 1.562 1,674 3/4 0.411 0.783 1.211 2.122 2,815
1 0,307 0.521 0.855 1.504 2.991 1 0,409 0.751 1.322 2,102 5.226
3/2 0,272 0,369 0,759 1,058 1.155 3/2 0.398 0.757 1.165 1.768 2.02¢
2 0.169 0.305 0.455 0.865 1.505 2 0.362 0.679 1.154 1.640 2,341
3 0,061 -0,027 0.123 0,079 0.249 3 0.260 0.446 0.632 0.928 0.909
2(Q) cl(chm2 Sl d?) Table 6, as functions of n, d and I_.
= 4, 35
YZ(P) 8. Serial correlation coefficients of outflow for

F4 F
(d + dm) (dm + 4%)
with the value of dm given by eq. 4. 34,

The scatter of points in Fig. 6 is great.
Whether this scatter comes from the sampling errors,
from the use of analogy with the variance ratio for
eq. 4. 34, or from the possibility that the ratio of eq.
4,35 is not truly independent of Iv‘ or from all of

these three factors working simultaneously, it is not
possible to state in this study.

Finally, the computed excess coefficients
of outflow, for generated sequences, are presented in

various values of n. By using the same procedure for
the serial correlation coefficients, p,, of outflow,

as was used for the ratio of variances, the theoretical
curve of Pk for outflow for n = 1, shown in eq. 4.26,

is transposed along the d-axis to fit the points (by the
least square method) for n different from unity.
Figure 8 gives the relationship of (2 + 1nn) and (2 +
lndm}, with dm the value of d for p, = 0.50. The

least square fitted straight line of Fig. 8 gives the
relationship,

L. 84 36

= 1
2+ 1nclm = 2(1 + zlnn

Fig. 6 Relationship of the ratios of excess of lake outflows and lake inflows to the dimensionless parameter

d, for various values of the parameter n.
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Fig. 7 Relationship of the parameter n and d_ with dm the value of the parameter d for the
ratio of excess of outflow and inflow being 0. 5.

Table 6 Excess coefficients of outflow for various values of n, d, and I,

I i
d N\r 0.15 0.25 0.4 0.6 0.9 d n\ 0.15 0.25 0.4 0.6 0.9

0.3 1/3  0.147 0.622 2,299 3,609 3,401 10 ir3 0.226 0.826 2.841 5.444 10,910
1/2  0.123 0.663 1,981 3.317 2.949 1/2 0,223 0.791 2,799 4,998 1.538

3/4  0.067 0,606 1.048 3,204 2,937 3/4 0.215 0.736 2.205 5.654 5.615

1 0.008 0.517 1.080 2.280 6.992 1 0.215 0.775 0.157 4,612 14,034

3/2 -0.085 0,216 0.429 1.021 0.564 3/2 0.166 0.549 1.276 2.281 2.066

2  -0.178 0.041 2.607 0.208 3.150 2 0.031 0.345 0.999 1.518 3.467

3  -0.262 -0.145 6,205 =0,131 0,044 3 0.019 0.124 0.071 -0.113  -0.279

1 1/3  0.214 0,810 1.974 4,355 19.200 30 1/3 0.350 0.637 5,134 8.190 35.843
/2 0,17 0.688 1.803 3.838 7.477 1/2 0.349 0.629 3.107 7.973 3.548

3/4 0.125 0,559 1.598 2.815 3.090 3/4 0.339 0.618 2.957 5.298 14,326

1 0.103 0.445 1,570 3,874 24,536 1 0.292 0.756 1.939 7.725 38.568

3/2 0.067 0.340 0.729 1.270 1.155 3/2 0.267 0.517 2.258 3.203 3.222

2 0.082 0,094 0.370 0.842  3.259 2 0.207 0.420 1.031 3.194 8.671

3 0.297 0,895 0,360 0.068 0,000 3 0.032 0.034 0.299 0.195 -0.070

3 1/3  0.318 0.715 2.925 6.57 6.930 100 1/3 0.250 1.137 2.171 7.957  20.456
1/2  0.312 0.700 2.781 4,751 11.742 1/2 0.252 1.136 2.166 1.520 1.752

3/4 0,270  0.627 2,308 4.155 3.472 3/4 0.257 1.135 2.566 9,361 1.276

1 0.102 0.514 1.435 4.766 19.054 1 0.228 0.923 3.389 7.969  66.721

3/2 0.133 0,218 1.053 1.853 1.322 3f2 0.268 1.099 2.445 4,927 5.705

2  -0.049 0.167 0.287 1.271 3,951 2 0.185 0.764 2.714 5.307 19.960

3 0.085 0.030 0.099 -0.103 0,407 3 0.147 0.460 0.750 1.063 0.414

with the same explanations for the use of the constant

50 2 as were given above for the ratio of variances. It
40 must be noted that the constant 1. 84 is close to 1. 78
Ol 2+inn = which is found for the ratio of variances.
P
39 With eq. 4. 36, eq. 4. 26 for Py becomes
20
‘1 _ . d ) k-1
P Py S 4. 37
A7 1+
L~ d
1.0 — m
P

on with dm given by eq. 4. 36.
as(la 04 06 08 10 20 40 60 80 100 Because the variance and serial correlation

2+ind coefficients are both derived from the second statist-
" ical moments, the relationship of n and dm given

in eqs. 4. 29 and 4. 36 can be combined together and
considered as a unique relationship. A least square
Fig. 8 Relationship ofthe parameter n and d__ withd straight line fitted for both the variance and the serial
g P p m 'm g t
. correlation coefficients as shown in Fig. 9 gives the
the values of the parameter d for the first lationship of d _ and n:
serial correlation coefficient of outflow being relationship ol d , and n:
0
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2+ Ind_ = 2(1 + +1an)"-8! 4.38

Therefore, eq. 4. 38 is recommended for use instead
of eq. 4.29 and 4. 36.

For the special cases, Py (the first ten serial

correlation coefficient), the obtained points by the
generation of 10, 000 outflows are given in Fig. 10, the
uppermost graph. The line for n=1 gives py =

1/(1 + d), andthis line is transposed horizontally to
fit the observed points for six n values different from
unity. The fit in Fig. 10 is very good. For n =1
and k = 2, eq. 4. 38 gives P and the second graph

in Fig. 10 givesthe fit. Similarly, Fig. 10 also gives
the fits for p 3 through Pss and Fig. 11 for Pg through
Pio°

The values of serial correlation coefficients
obtained by the data generation method are very close
to a constant value for given parameters d and n.
According to these results, this value is independent
of Iv, as shown by eq. 4. 26. Moreover, the values

of serial correlation coefficients shown in Figs. 10
and 11 were the average values over the various val-
ues of I . For eq. 4. 26, the distances have been

horizontally transposed for various values of k in
Figs. 10 and 11. This was done according to the re-
lationship between dm and n given by eq. 4. 38. All

fits are good.

In Table 7, the computed values of first seri-
al correlation coefficient of outflow, for generated
sequences, are presented as functions of n, d, and
Iv' The computed average serial correlation coeffi-

cients of outflow, from generated sequences, for all
values of Iv are presented in Table 8, as function

of n and d.

Forany valueof nand I , listed in Table 9

are the maximum negative values of serial correla-
tion coefficients for even lags k, and the second
maximum values for uneven lag k for various values
of d and for n=1. For n equal to the values other
than unity, the corresponding value of d,r‘dm should

be used instead of d only, with dm obtained from
eq. 4. 38.

4.0 //
2.0
= | Variance »
[ | I -]
T | |
+ 1
&y / /
o8
086
02 04 06 08 10 2.0 40 60 80 100
2 +In dm
Fig. 9 A least square line fitted to the relationship

of the parameter n and dm for both vari-

ance and first serial correlation coefficient.

Table 7 First serial correlation coefficient of outflow for various values of n, d, and I,
1 E
a N 0.15 0.25 0.4 0.6 0.9 d n\ 0.15  0.25 0.4 0.6 0.9

0.3 1/3  0.415 0.428 0.395 0.383 0.367 10 1/3 0.008 0.000 0.006 0.010 0.004
1/2  0.541 0.553 0.524 0.513 0,492 1/2 0.022 0.015 0.018 0.026 0.017
3/4 0.676 0.687 0.670 0.681 0.666 3/4 0.047 0.041 0.050 0.049 0.050
1 0.767 0.771 0.763 0.780 0.765 1 0.096 0.106 0.078 0.108 0.078
3/2 0.876 0.881 0.879 0.887 0.881 32 0.166 0.159 0.164 0.165 0.186
2 0.930 0.932 0.933 0,935 0.937 2 0,287 0.296 0.262 0.285 0.284
3 0.975 0.974 0.979 0.974 0.972 3 0.543 0.529 0.535 0.553 0.559
1 1/3  0.179 0,169 0,187 0.174 0,177 30 1/3 0.002 0,007 0.002 0.012 0.004
1/2 0,266 0.255 0,274 0.261 0,273 1/2 0.006 0.012 0.006 0.014 0.002
3/4 0.3% 0.380 0.385 0.382 0.389 34 0.015 0.020 0.014 0.024 0.013
1 0.504 0,501 0.512 0,499 0,508 1 0.039 0.052 0.033 0.056 0.026
3/2 0.686 0,684 0,693 0,702 0.697 3/2 0.060 0.063 0.056 0.066 0.069
2 0.806 0.804 0.810 0,821 0.833 2 0.123 0.132 0.102 0.087 0.016
3 0.925 0,928 0.925 0.925 0.905 3 0.270 0.263 0.241 0.286 0.347
3 1/3 0,072 0.08 0.089 0,050 0,055 100 1/3 0.016 0.005 =-0.007 -0.002 -0.002
1/2 0,112 0.119 0,129 0.086 0.094 1/2 0.018 0,007 =-0.005 -0,000 -0.001
3/4 0.179 0.185 0.179 0.177 0,195 3/4 0.020 0.009 0.021 0.009 -0.000
1 0.260 0.242 0.255 0.251 0,250 1 -0.002 0.006 0.011 -0.003 0.017
3/2  0.416 0.418 0.420 0.423  0.447 3/2 0.034 0.023 0.034 0.016 0.009
2 0.575 0.568 0.581 0.604 0,660 2 0.025 0.034 0.032 0.008 -0.135
3 0.803 0,800 0.806 0,798 0.777 3 0.118 0.093 0.082 0.105 0.181
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Table 8 Average serial correlation coefficients of outflow for various values of n and d.

)

T3

T

T

E

4 5 6 7 8 9 10
0.3 1/3 0.398 =0.077 0.008 =0.004 0.011 0.007 -0.002 -0.002 0. 004 0.004
1/2 0.533 0.037 -0.000 0.002 0.012 0.008 -0.000 -0,003 0.000 0.001
3/4 0.676 0.237 0.080 0.032 0.021 0,012 0.003 -0,002 -0.006 =-0.009
1 0.769 0.414 0.223 0.122 0.066 0.037 0.019 0.008 0.002 -0,000
3/2 0.883 0.668 0.505 0.382 0.289 0.215 0.155 0.109 0.073 0.045
2 0,933 0.809 0.701 0,606 0.524 0.453 0.390 0.336 0,289 0.248
3 0.975 0.926 0.879 0.835 0.793 0.752 0.713 0.675 0.639 0.606
1 1/3 0.177 -0.098 0.077 -0,038 0.025 0,021 0.011 =0.009 0.027 =0.006
1/2 0.266 -0.108 0.066 -0,023 0.011 -0.007 0.003 -0.005 -0.002 -0,003
3/4 0.385 -0.081 0,037 0.006 0.001 0.001 -0.,001 -0,004 -0,006 =-0.003
1 0.505 0.008 0.005 0.002 0,001 0.001 0,000 =-0,001 -0.004 -0.006
3/2 0,692 0.271 0.114 0.050 0.019 0.007 0.000 -0.005 -0,008 -0.004
2 0,815 0.515 0.325 0,204 0.128 0.080 0.049 0.029 0.008 0.002
3 0,926 0.789 0.673 0.573 0.486 0.411 0.347 0.292 0.246 0.208
3 1/3 0.069 -0.023 0.051 -0,036 0.030 -0.030 0.026 -0.019 0.016 -0.016
1/2 0.108 =0.074 0.072 -0.414 0.035 -0,032 0.029 -0.013 0,012 -0.011
3/4 0,183 -0.106 0.084 -0,034 0.051 -0.021 0.019 -0.013 0.004 -0.004
1 0,251 -0.128 0.058 -0.029 0.022 =-0.002 0.005 -0,000 ~-0,003 -0.006
3/2 0.424 -0.055 0.012 0,005 -0.011 -0.007 -0,000 -0.004 -0.003 0.000
2 0.582 0.097 0.012 0,002 0.007 0.009 0,006 0.004 0.008 0.007
3 0.797 0.490 0.307 0.191 0.116 0.07C 0.040 0.020 0.006 -0,002
10 1/3 0.006 -0.025 0,018 -0.015 0.017 -0.016 0,021 -0.009 0.018 -0.018
1/2 0.020 -0.035 0.028 -0.025 0.027 -0.026 0.024% -0.018 0.025 -0.021
3/4 0.048 -0,046 0.038 -0.039 0.037 -0.031 0.027 -0.020 0.039 -0.027
1 0.093 -0.072 0.057 -0.047 0.036 =0.032 0.031 -0.023 0.017 =0.017
3/2 0.168 -0.087 0.075 -0.047 0.039 -0.018 0.016 -0,003 0.C20 -0.012
2 0.283 -0.094 0.046 -0.020 0.005 -0.,009 0.005 -0.002 -0,002 -0.003
3 0.544 0.100 0.034 0.012 0.011 0.008 0.007 0.010 0.01p 0.005
30 1/3 0.005 -0.009 0.008 -0.011 0.013 -0.003 0.005 -0.003 0.015 -0.006
1/2 0.008 -0,010 0.011 =0.016 0.016 -0.005 0.008 -0.007 0.018 -0.007
3/4 -0,017 -0.026 0.023 -0.020 0.018 -0.006 0,016 -0,010 0.024 -0.016
1 0.041 -0,010 0.031 -0.024 0.024 -0.025 0.022 0.025 0.029 -0.012
3/2 0.063 -0.046 0,052 -0.03% 0.039 -0.015 0.029 -0.019 0.032 =~0.017
2 0.119 -0.080 0.066 -0.044 0,040 -0.024 0.024 -0.028 0.020 -0.006
3 0.265 -0,084 0.053 -0.022 0.010 0,007 0.004 -0,001 0.003 0.002
100 1/3 -0.002 -0.003 0.004 -0.000 0,005 -0.004 -0.003 -0.001 0.003 0.001
1/2 0,012 0.011 0,002 ~0.010 0,005 -0.001 -0.003 -0.015 0.001 =0.004
3/4 0.012 -0.017 0.008 -0.010 0.005 -0.008 0.002 -0.016 0.003 -0.006
1 0.006 -0.008 0.019 -0.007 0.015 -0.009 0.005 -0.010 0.017 0.007
3/2 0.023 -0.013 0.016 -0.019 0.015 -0.018 0.012 -0.021 0.012 -0.009
2 0.03C -0.027 0.039 -0,030 0.027 -0.021 0.013 -0,020 0.025 -0.027
3 0.099 -0.033 0.050 -0.029 0.028 =0.016 0,014 -0,019 0.010 -0,007

Table 9 Values of minimum Pi for even k and second maximum of Pk for uneven k, with the

corresponding value of parameter d, for n=1

k d Px

2 3 -0. 1250
3 5 0.0740
4 T -0, 0529
5 9 0. 0410
6 11 -0.0335
7 13 0.0283
8 15 -0. 0247
9 17 0.0217
10 19 -0.0194
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CHAPTER V

DISCUSSIONS AND CONCLUSIONS

1. Discussions of results. Results obtained by
the analytical solution for n =1 and by the data
generation method on a digital computer for n dif-
ferent from unity show that the variance, the skew-
ness, and the excess coefficients of the outflow from
natural lakes are less than those of the inflow for any
value of n and d. These parameters of outflow
distribution increase and converge to those of the in-
flow distribution as the parameter d increases to
infinity. Large values of n give small values of
. ratios of variance, skewness, and excess coefficients
of outflow and inflow, and have a rapid rate of con-
vergence to zero with an increase of n. It canbe
said that the effects of a natural lake, with small
value of d and a large value of n, on the outflow
distribution are such that the outflow is closer to the
normal distribution than the inflow, if the inflow is
log-normally distributed. Hypothetically, it can be
stated that ouflow from a natural lake has a smaller
range of fluctuations than the inflow because of the
storage effect. Therefore, the values of the vari-
ance, the skewness, and excess coefficients of the
outflow distribution tend to be smaller than those of
the inflow distribution.

The method used in this study to obtain the
stochastic properties of lake outflow, for given lake
inflow and lake storage and outlet conditions, was a
combination of analytical and data generation methods,
For n =1, all parameters were obtained by the ana-
lytical approach, becuase in that case the storage
differential equation in finite difference form could
be solved in closed form for the stochastic variables
involved. For n different from unity, even for
integer numbers of n, the parameters could not be
obtained by the analytical approach, because solu-
tions in closed form were not obtained. By analogy
with other differential equations, for which the closed
form solutions are not available, and the numerical
finite differences equations are used for the approxi-
mate solutions, the similar approach was used in
this study. The basic differential equation in this
study was an ordinary differential equation of sto-
chastic variables. The approximate solutions were
obtained by transforming this equation into a finite
differences equation, and by using the data genera-
tion method (Monte Carlo Method) to obtain sequences
of stochastic variables. The combination of these two
approaches produced the solutions in the approximate
form for values of n different from unity. To check
the general correctness of analytical solutions, and

the degree of deviation of approximate solutions from
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exact solutions as obtained by the data generation
method, the solutions for parameters in case n = 1
were obtained also by the data generation method.
The agreement between the exact and the approximate
procedure for parameters in case n =1 was very
good.

2. Conclusions. The following conclusions
were advanced:

(1) By knowing the approximate power func-
tion relationships of lake storage and lake outflow
rating curve to the water depths above the level of
zero outflow, the relationship of outflow to inflow
characteristics and vice versa can be established.

For the limited case of n = 1, it was established ana-
lytically; or for all cases, by the data generation
method (Monte Carlo Method). This allows for simple
determination of outflow characteristics for given
inflow characteristics, or vice versa.

(2) The assumption of independent log-
normally distributed inflows is not necessary for
establishing the inflow-outflow relations, though it
was used in this paper to illustrate the method.

(3) Once the three parameters (n, d, 1) of

the inflow and of the lake characteristics are known,
the relationships given in this paper permit a straight
forward determination of outflow characteristics.
These can be described by the variance, the coeffi-
cient of skewness, and eventually by the coefficient
of excess as well as by the serial correlation
coefficients,

(4) Though the parameters of outflow are
derived theoretically only for n = 1, it may be ex-
pected that they could be derived for the other values
of n, or for any value of n.

(5) For accurate values of the skewness and
excess coefficients of outflow, the sample size of
10, 000 generated outflows seems to be inadequate,
mainly because of serial correlation, but larger
samples may be inexpensively generated to improve
their accuracy.

(6) Simple statistical tests may be performed
to test whether the original generated numbers are
normally distributed and independent. These tests
were not carried out in this study though they were
used in other similar investigations.
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