






















CHAPTER IV 

CHARACTERISTICS OF OUTFLOWS 

The exact distribution function of outflow for given 
inflows and lake characteristics was not arrived at in 
this paper. Rather than solve the general differential 
equation 3.5 analytically, the difference equation, eq. 
3.6 , was used to determine the outflows by the data 
generation method. First, a total of la, 000 independ­
ent values of inflow were generated for each run. Then 
the distributions of outflow and their dependence in 
sequence were determined from the 10, 000 outflows 
generated by eq. 3.6. Next, the parameters which 
describe the outflow distribution, such as mean, vari­
ance' standard deviation, skewness, excess, coeffi ­
cient of variation, and the serial correlation coeffi­
cients for the first ten lags, were computed on a CDC 
3600 digital computer. The la, 000 independent num­
bers used for generation of inflows were normally 
distributed with mean zero and variance unity. They 
were transformed to log -normal distributions with 
various Iv values. 

1. Anal sis of e uation for eneratin outflow 
seguences. e equation or out ow sequences e-
pends partly upon the value of n. Therefore, seven 
values of n, 1/3, lIZ, 3/4, I, 3/Z, 2, and 3, were 
analyzed as separate cases. 

For the value n equals unity, which is the 
most simple case, eq. 3.6 becomes linear, or 

in which Yi +1 can easily be solved since Y i , Xi+ l , 

Xi ' and d are all known. 

For n equals Z, eq. 3.6 becomes 

Yi + l
Z 

+ f Y i+1 

+ Xi) " o. 

d d 
VIz + T Yi - T (Xi+1 + 

4.2 

Equation 4. Z is quadratic, and Y i+1 can be immedi ­

ately found in 

Y i +1 !' - + 

++ 4.3 

The poSitive value of the square root was chosen be­
c ause the outflows of the natural lake are not negative 
in the majority of practical cases. 

Z. Generation of independent log-normal inflows. 
When the inflows are log -normally distributed, the 
modular coefficients of inflows are also log - normal. 
Hence, a new variable Zi "lnX

i 
is normally dis -

tributed with mean E [lnX] and the variance 1/. 
The independent standard normal variable , t. , is 
obtained by the trilnsformation: l 

t = (InX. )/1 = (Z . - $,I )/1 . i lZV1ZV 
4.4 

, 

Since Xi is the modular coefficient, its mean is uni­

ty. By using t he relationship between the parameters 
of the log - norm al distribution and corresponding nor ­
mal distribution, eqs. Z. Z, Z.3, Z.6, and Z. 7 give 

and 

+ + var Z 
X " e Z 

4c+varZ Z 
varX"e Z (evar 

-1 ). 

Because X · 1 and var Z" 1/, then = 1/. 
If one substitutes these expressions in eq. 4.4, the 
values of Xi are 

Z, 
e 4.5 

where Zi " Iv ti + with ti representing the inde-

pendent standard normal numbers. Similarly 

I ' 
Var X = e v _ I, 4.6 

or the variance of modular coefficients of inflows can 
be expressed in terms of Iv only. 

The l a , 000 independent numbers nonnally 
distributed with mean zero and variance unity, assum ­
ing the initial outnow is equal to initial inflow, were 
generated on the CDC 3600 computer and were used 
as ti numbers in eq. 4.5 to obtain Xi numbers. 

Sequences of innows were then obtained for five dif­
ierent values of Iv' 0.15, O. 0.40, 0. 60, 0.90. 

Sequences of outflows were obtained by using eqs. 
4.1 and 4. 3 for the two values n = 1 and n'" Z. For 
other values of n, eq. 3.6 was used. Six different 
values of d, 0.3, I, 3, la, 30, a nd 100 were used 
for generating the outflows. The generated outflow 
sequences, each n " la, 000 long, represent various 
combinations of n, I. and d, or 7 x x 6 = Zt O 

v 
different cases. 

3. Determination of outflow characteristics. 
Parameters of the outflow, Y

i
, computed from 

la, 000 values of outflow are: 

( 1 ) The mean 

t N y",- 1:: Y 
N i= t i 

(Z) The variance 

, '. 
y 

(Y. - '17)' , 

4. 7 

4.8 



and 

(3 1 The coefficient of variat ion 
, 

C "Il"----Y.. 
v V 

(4 ) The skewness coefficient 

(5 ) The excess coefficient 

N 
!: (Y . • V)4 

i" 1 1 
- 3 

(6) The serial correlation coefficients 

x 

x [~~~ Y'~k N'-k ti,k yi+k)'J -Y. 

4,9 

4. 10 

4. 11 

4. Il 

with r k the kth_lag serial correlation coefficient and 

k the time lag. 

4. Anal1tical solution for n " 1. Only for n 
equals unity, Ye parameters of the outflow distribu· 
tion are determined analytically from the equation of 
outflow sequences when the inflows are mutually inde ­
pendent and independent of previous outflows . For 
n z I, eq. 4.1 can be written as; 

I - d d 
Yi+l = 1+d Yi + T"""+""a (Xi +1 + Xi) 4.13 

Taking the expected value of both sides, 
I - d 

E(Y i +l ) " TT"if E(Yi ) + 
d ld ld 

1 + d [E(Xi +1 1 + E(X i l] or y-:;:-(["" E(Y) " f+(["" , 

so that E(Y) • 1. Thus , the expected value of the 
modular coefficients of outflows equals unity. This 
result satisfies the assumption that the average out­
flow equals the average inflow. Multiplying eq. 4, 13 
by Xi+ l and taking the expected values, one finds 

that 

I - d 
E(Xi+1 Yi+IJ" T'""+"""Q E[Xi+1 Vi] 

+ 1 ! d [E(Xi+1
1) +E(Xi+tXi)J· 4. 14 

According to the assumptions that Xi + 1 and Y i are 

independent . one concludes that E(Xi+1 Vi) " 

E{Xi+1) E(Y i ) " 1; that Xi+ l and Xi are independ­

ent, so one .concludes that E(Xi+l Xi) ,,1 and 

var X + 1 "E(XZ). Then eq. 4 .14 becomes 

1 - d d 
E(X i +1 YH1 ] "T+d +T+"'"O [var X + l]" 

d = 1 +T+d varX 4 . 15 

and from eq. 4. t 3, the following expression was de ­
rived 

VarYi+l 1~ :@r VarYi+ (I~dr [lvarX+ 

dl I - dj + l cov(Xi+l' Xi)] + I I + d zcov(Yi'Xi+tXi) 

4. 16 

Because cov:( xi+l' Xi}" 0 andcov{Yi , X i +1); O. 

then COy (Xi' Vi) '" E(Xi Vi) - E(Xi ) E(Yi ) -T+""""a:varX. 

By uaing these relationships, eq. 4.16 gives 

varY_ d varx - T"+Cf 4. 17 

or 
1 ' d ( v varY"T+d e I) . 4. 18 

T o find the skewness and excess coefficients 

of outflow, the expected values for XZ, Xl, x4, yZ, 

Y' , y4 , Xyz. X2y, XJy, and XY' must be determined. 
By using the moment generating function, then 

t (lnX)t+;!,I/t Z 

E{X}"e 
;!, I Z t{t - l) 

e v 4 . 19 

E{Xz). E(Xl ). and E(X
4
) 

from eq. 4 . 19 as 
can be obtained immediately 

1 ' 
E(XZ)" e v ; 

3! ' 
E(Xl)" e v 

6! ' 
E(X4

)" e v 

In a similar way, the following expected values were 
determined: 

T 1 31 z 
E(XZY)"I;d(ev+de v) 

1 ' 3! ' z 1 - d 3de v + ( d. v 
E(XY ) ,. (T+""a) Z + (1 + a). T""+"(J' e 

".,(vl\ _ 1 [ ( ) ( ') ( ~-(l+d)Z (3+aZ) 31-d l+d +3d3 - d+ 

and 

1 ' 
+ ldZ) e v + dl (4 

1 ' 
+de v 

1 + d 

Further, the expression for the skewness coefficient 

" 

- 3 E (yZ) + l] . 4. 20 



By using the above expected values for yl 
and yl, the ratio of the skewness coefficient of out ­
flows , VI" v1(Q) , and the skewness coefficient of 

inflo ws, vt(P), becomes 

4. ZI 

with VI (P) given as a function ot l'J .. C v by eq. Z.4 , 

I ' v \I with l'J" (e - 1) Therefore, the ratio of eq. 4 . Z1 
is independent of Iv ' and is expressed only in terms 

of d. 

Similarly, for the coefficient of excess , the 
following expected values were needed: 

6I ' (rhl' e v 
3I ' v + 

3d1 Zl Z 
+ e v + 

(i + ap 
I ' 3d (I - d) (6 - d + d Z

) e v + 
(1+d)'(3+d~ 

\ 
T+Q' 

+ ( I __ ~ 1/ 
{T+"CIJ' e 

3I ' .. ria e v d 
+T+Qe 

ZI ' +3dZ ( 1 -d+Zd'e v 
( 1 + d)l (1 + d l) 

6I' v 

+ 

and 

3I ' 
e v + 

+ 6d ( I - d) (3 - Zd + Sdl - Zdl + d4
) elvl 

(I + d)'(3+ dl) (I + d~ 

The expression for t he excess coefficient is 

- J . 4. l.Z 

The ratio of excess coefficients of outflows , 
yz(Q). and i nflo ws , VZ(P), versus the par amete r d, 

for n " I, is obtained by the solution of eq. 4. Z2: and 

8 

this ratio is: 

d{Z-d+dl) 

( I +d)( t +d~ 
4. 2:3 

The correlogram of outflow tor n" I may be 
obtained by using the same method. Equation 4. 13 
may be written in terms of Y i - k and XI' Xi_I ' 

X i _Z'··· , X i - k as 

(\ - d)k (\ - d)k-\ Yi" I+'C' Yi -k + TTa 

+ [\ - d)k-Z d (1 T+a r:;:cr 1 - d) + TTd X i - k+ 1 + .... . 

4. 2: 4 

Multiplying eq. 4. 2:4 by Y
i

- k and taking expectations, 

eq . 4. 2: 4 becomes 

(
.!......:.....£k-I d d 

+ 1 + d l TTCI (t + T+d varX) + 

1 
+ T+Q 

• !11 +- ~) k-I ,,;d'-,n (t + ajl 

d 
lTd 

varX+ I 

The serial correlation coefficient Pk is then 

P .. E(Yi Yi - k) - E(Yi ) E(Yi - k) 

k [var(Y
1
) var(Yi_k){'z 

var X 

which expression gives finaUy 

P •
(1 _ d)k- t 

,1.'--".'-,;- , for k ? t 
k (1 + d)k 

4. 2:5 

4. 2:6 

with Pk " t, for k ,,0. SpecHically for k " I, the 

first serial correlation coefficient becomes 

For k = Z, it becomes 

1 - d 
PZ " (T+o)1 . 

4 . 2: 7 

4. Z8 



The result given by eq. 4. 26 shows that the 
s erial correlation coeCCicients for n t t depend on the 
value oC d and k only ; they are independent of the 
valu e Iv' When d is greater than 1, eq. 4.26 shows 

that the serial correlation coefficients become nega· 
tive whenever the value of k is even, because d is 

Equations 4. 17, 4.21 , 4 . 23 and 4. 26 were 
used to compute the ratios of variance, s kewness 
coeffi cients, excess coeCCicient of outflow a nd inflow, 
respectively , as we ll as the serial correlation coeffi­
cients of outflows for n · 1. The r esults are riven 
in T able Z, all as functions of d. 

alwa~~po;;S~'~'~i~V:'~'lr----------r---------r---------lr-----=:::t=:;::::;~ I.-Q 
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Fig. 2 Re lationship of ratios of variance of lake outflows and lake inflows t o the dimensionless par ameter d, 

for various values of the paramete r n. 

5. Variance of outflows for various values of n. 
Values or the ratlo of vanances of outflow and Intlow 
obtained by the data generation method are close to a 
constant value for given values of parameters d and 
n. Accordingly, these results show that the values of 
this ratio are independent of the value of Iv' 

The values of this ratio shown in Fig. 2 were 
the average values over the various values of Iv for 

given parameters d and n. These average value s of 
ratio were then used to find the distance of a horizon­
t al transposition of curves of eq. 4 . t 7 in order to fit 
well the points obtained forthevalues of n different 
from unity. 

F igure 2 shows the relationship of the r atio 
of variances of outflow and inflow, var Q/var P, tothe 
dimensionless parameter d, for seven values of the 
parameter n. The averages of 2 t O points, given a s 
points in F ig. 2, represent the results ofthedata gen ­
eration m ethod. Likewise, the lines r epresent either 
the exact relationship, which is the c a se only for n - t, 
o r the fi tted curves, which is the case for all other 
six values of n. In a ddition, eq. 4. 17 gave for n .. I : 
var Q /var p .. dl( l + d). It was found that horizontal 
transpositions of the cu r ve of eq. 4. 17 fit well the 
points obtaine d for the six values of n different from 
unity. Howe ve r , the position of each line for a given 
n was obtained by the least s quare method of f itting 
the line of eq. 4. \7 t o the point s. For var QI var P .. 
0. 5 and for n .. I, the value of d is u nity. This s ame 
valu e of O. 5 dete rmines the special value of d. de ­
noted here by dm , with dm then obtained for e ach six 

n values different from unity. 

The logarithms of n and d
m 

(with an arbl­

trarily added value of 2), or(Z+lnn) versus (2 + 
In d

m
) , are plotted In Fig. 3 in log- log paper (for t he 

double-log re lationship ). A least squar e straight line 
fit to points in Fig. 3 gives the r elations hip oC d

m
, 

and n. Th is relationship should be considered only 
as an experimental curve which approximates closely 

, 

• 0 

• .0 2 + ln n 

0 

0 

0 

o , 
, 

0. Q.3 0.4 

./ 
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0.& oe LO , .. 
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2 + In d", 

Fig. 3 Relationship of the parameters n and dm 
with d

m 
the value of the parameter d for 

the ratio of variance of outflow and inflow 
being O. 5. 

the true relationship. The fi tted curve is 

Z+ lnd
m 

" 2(t + i Inn)1. 18. 4. Z9 

The constant 2 is introduced in order to avoid the 
negati ve values in taking the logarithms. T he sele c­
tion of this constant does not c hange the results, but 
cha nges the coefficie nt before In n (the coefficient is 
~be!ore In n, fo r the constant 2 ). For n ~ O. 10, 
the constant 2 is sufficient to avoid the negative 
values . For n < 0,10, a larger constant s hould be 
used. With th is value of dm , then 

varQ • ________ -cd"-______ -.~ 
"Va""r"15" 2( "1 ) t. 78 

d + O. 135e t + n nn 

Kith the variance of X (which is equal to P/Po) 

given by e q. 4 .6. 

4.30 



" o 

d 

0.0 1 

0 ,03 

0,05 

0,07 

0, 10 

0 .30 

0.5 0 

O. 7 0 

1. 00 

3. 00 

5.00 

7 .00 

10,00 

30. 00 

50,00 

70,00 

100,00 

I SO. 00 

zoo. 00 

Table Z Ratios of variance , skewness a nd excess coefficient o f oulrIow and inflow, and serial cor r elation coeff icie nlS (P I to P i a) o f 

outflow, for n'" 1 and various values o f d, computed from analyti c al expressions, eqs . 4.1 7 , 4. ZI , 4 . Z3, and 4. Z6 . 

Vac~ 
='11'l 

0,0 10 

0.OZ9 

0,0-48 

0. 0 65 

0,091 

O. Z31 

0, 333 

O. -41 Z 

0,500 

0 , 750 

0.8 33 

0.875 

0 , 909 

0.968 

0.980 

O. 986 

0.990 

0,993 

O. 995 

y ,(Q) 

Y;ll'T 

O. 133 

O. Zl6 

O. Z87 

0.335 

0. 39Z 

0.589 

0,666 

0.698 

O. 707 

O. 7 ZZ 

0.783 

0.8Z8 

0,8 70 

O. 95Z 

O. 970 

0,979 

O. 98-4 

0. 990 

0.993 

YZ(Q) 

'tz(p ) 

O,OZO 

0.057 

0,093 

O. 1 Z6 

0, In 

0.379 

0, 46 7 

0.495 

0,500 

0.600 

O. 705 

O. 770 

O, 8Z8 

0.937 

0. 96 1 

O. 9n 

0, 980 

0.987 

0,990 

" 
0 ,990 

0.971 

O. 95 l 

O. 935 

0,909 

0.769 

0.66.1 

0.588 

0.500 

0.Z50 

0, 167 

O. 1 l5 

0,091 

O. 03Z 

O. OZO 

0.0 14 

O. 0 10 

O. 007 

0 . 005 

'z 

0.970 

0.91 4 

O,86Z 

0 . 81Z 

O. 744 

0 . -41-4 

O. lZZ 

O. 104 

O. 000 

-0. I Z5 

-0. III 

-0 . 09-4 

-0 . 074 

- 0 . 030 

-0 . 019 

- 0. 0 14 

-0. 010 

-0. 007 

-0. 005 

" 
0.951 

0.861 

0.780 

O. 706 

0.609 

O. lZ3 

O. 074 

0.018 

0.000 

O. 063 

0. 074 

0. 071 

0,06 1 

O. OZ8 

0.018 

0. 014 

0.0 10 

0.007 

0. 0 05 

" 
O. 93Z 

0.811 

O. 706 

0 .6 1-4 

0. 498 

O. IZO 

O,OZ5 

0.003 

0.000 

-0 . 031 

- 0 . 04 9 

-0. 053 

- 0,050 

- 0.Ol6 

-0.0 18 

-0.0 13 

- 0 . 010 

-0. 007 

-0,005 

" 
0.914 

0.763 

0. 639 

O. 533 

0, 4 08 

0.065 

0,008 

0.00 1 

O. 000 

0.016 

O. 033 

O. 040 

O. 0-41 

0 .Ol5 

O. 017 

O. 013 

O. 009 

O. 007 

O. 005 

" 
0 .895 

0.7 19 

0, 578 

O. -46-4 

0, 333 

O. 035 

0,003 

0.000 

0.000 

-0 .008 

-0 . all 

-0. 030 

-0. 033 

-0. OZ3 

-0, 016 

-a, 01 Z 

- 0 . 009 

-0. 007 

-0 . 005 

" 
0 . 878 

0.677 

0, 513 

O. -403 

O. 273 

O. 0 19 

0.001 

O. 000 

0.000 

0.004 

O. 015 

0, OZZ 

0.OZ7 

O. OlZ 

0.016 

O. 01 l 

0.009 

0,007 

0.005 

' 8 

0,860 

0 .6 37 

0 , 4 73 

0,350 

O.ZZ) 

0.010 

O. 0 00 

O. 000 

O. 000 

-0. OOZ 

-0. 010 

-0. 017 

-0. OZZ 

-0, OZO 

-0. 01 5 

-0. all 

-0 . 009 

-a, 006 

-0. 00 5 

'. 
0 . 843 

O. 600 

O,4Z8 

0.304 

o. 18 .3 

0.005 

0,000 

0.000 

O. 000 

0 , 00 1 

0.007 

O. 013 

0.0 18 

0 . 0 19 

0.0 1-4 

O.OIZ 

0.009 

0, 006 

0, 00 5 

"0 

0.8Z7 

0.565 

0 ,387 

0 , l65 

O. 149 

0, 003 

0,000 

0.00 0 

0,000 

-0.00 1 

-o.O()4 

-a , 009 

- 0 .015 

-0,0 18 

-0.0 1-4 

-0. a ll 

-0.008 

-0. 006 

-0.005 



Table 3 Var iance of outflow for var ious values of n, d, and Iv 

d d 

0 . 3 10 

1.0 m 

3. 0 100 

For given values of nand d, eq. 4 . 30 gives 
the ratio of variance of outflow and inflow. As ex­
pected, the variance of outflow was always smaller 
than the variance of the corresponding inflow. If 
another constant, for instance a, is used instead of 
2 in eq. 4. 30, this expression be comes 

4. 31 var Q • d 
Va'i="'JS (1 1 ) I. 78 d+ea1+a:nn -a 

with a selected in such a way that no logarithms will 
have negative numbers. The computed values of vari­
ance of outflow, from generated sequences, are pre­
sented in Table 3, as functions of n, d and Iv' 

6. Skewness coefficient of outflow ror various 
values of n. Figure 4 gives the pomts WhlCh are06-
tained for ratio of the skewness coefficient of outflow 
to the skewness coefficient of inflow. They were com­
puted by the data generation method, a total of 210 

" 
" 

7,(01 I 
T,(~I 

" 
: 

.. ", 
•• ,_,,1 .. ~ .. , 

~ 
.. ~ 

" 
0 

'0<> ' 0 ., .. , " 

\v 0.l5 0.25 0. 4 0. ' 0.' 

1/3 0 . 022 0.063 0 . 173 0.412 0. 862 
1/2 0.022 0.062 0. 170 0.404 0.868 
3/4 0.021 0.061 0. 160 0 . 380 0.708 

1 0.020 0 . 056 0 . 156 0 . 353 1.020 
3/2 0.019 0 . 053 0 . 141 0.322 0.571 

2 0.016 0 . 044 0. 121 0 . 273 0.714 
3 0.010 0.028 0.074 0. 164 0.272 

1/3 0.022 0.063 0 . 175 0 . 417 0.996 
1/2 0.023 0 . 063 0.170 0 . 413 0.932 
3/4 0.020 0.062 0.767 0.396 0.802 

1 0.022 0 . 061 0.164 0.417 1.155 
3/2 0.021 0.059 0.159 0.370 0.649 

2 0.020 0 . 056 0.151 0.398 1.109 
3 0.016 0.046 0.121 0.260 0.420 

1/3 0.022 0.064 0.171 0 . 422 0 . 983 
1/2 0.022 0 . 064 0.171 0.434 0 . 960 
3/4 0.022 0.064 0.164 0.417 0 . 899 

1 0 . 022 0 . 063 0. 171 0 . 434 1.316 
3/2 0 . 022 0.063 0. 162 0.401 0.702 

2 0 . 022 0.061 0 . 168 0 . 436 1.536 
3 0.020 0 .058 0 . 153 0.365 0.519 

cases, as fu n ctions of the paramete r d Cor various 
values oC n. All 2 10 cases are plotted in Fig. 4. F or 
n ~ I , the analytical approach yielded the solution of 
eq. 4. 21. 

Figure 4 shows a relatively good agreement 
for n: t between the curve of eq. 4.21, and the 
points lor n ~ t obtained from 10,000 generated out­
flows. The simple horizontal transposition of the 
curve of eq. 4 .21 was used to fit curves for six values 
of n, different from unity. The Cit is not especially 
good, because the third statistical moment was used 
to compute these ratios. Even for n" 10,000 the 
third moment Is not very accurate. More accurate 
estimates of '1 1(P) and YI(Q), arrived at by gener-

ating a mu ch larger number of inflows and outflows 
than the 10 , 000 used in this study, would likely show 
that the transposition of the analytical curve for n· 1 
would fit mu ch better the points for n different from 
unity, than is the case In this study with only lO, 000 
numbers. 

• ! 

, 
; 0 "" • .. , • .. , .. , • ft • ) /t 

0 .. , 
" • w. , '" • '" 

, .. 00' ... 1000 300.0 10000 

Fig. 4 Relationship of ratios of skewness coefficient of lake outflows and lake inflows to the dimensionless 
parameter d, for various values of the paramet er n. 
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AnalYSis of the relationship of 'Tt{Q) and the 

coerricient of variation of Q shows that the distribu­
tions of outflows do not satisfy eq. l.4. This means 
that the distributions of outflows are not log-normally 
distributed when the innows are log-normally distri­
buted. The converse is also true. For example , Table 
4 shows a comparison of computed values of '1\(Q) 

from generated outflow sequences with 'f1(Q) which 

is obtained by eq. l..4, assuming the outflow is log-
Yt (Q) 

normally distributed. The ratio :"T'T?"IT is eithe r 
'1'~' 

greater or smaller than unit y. showing that the out ­
flo ws usually are not log -normally distributed when 
the inflows a r e. 

In c ase d"' I, eq. 4 .2:1 gives Yl(Q)1Y 1{P)" 

I /rz. The same procedure as used above for the 
varia nce ratio, or the least square fit, was used for 
the ratio of skewness coefficients to obtain the empir­
ical relationship. The valu es of these ratios of skew­
ness coefficient of outflow and inflow obtained by the 
data generation method have large sam pling nuctua­
tions Cor different values of Iv and fo r va rious values 

of nand d. However, eq . 4 . ZI shows that the ratio 
should be inde pendent of Iv ' 

All ZtO values of the ratio a r e shown in Fig. 
4. The simple hor izontal transposition oflhe curve 
of eq . 4 . ZI was used as the procedure to fit the points 
obtained for the values of n dillercnt f rom unity. 

< 

0 10 . 

8. 0 

6. 0 

4 . 

Th e horizontal transpOSition and least squa r e 
fit to pOints in Fig. 4 gave the values of d

m
, which 

are plotted in Fig. 5. A least square st r aight line fit 
to points in Fig. 5 gave the following r e lationship be­
tween dm and n : 

3+ Ind
m

• 3( \ + ~lnn)3.8IZ. 4. 32 

The constant a· 3 is used for eq. 4 . 3Z to 
avoid the negative numbers in taking the logarithms. 
The ratio of skewness coefficients of outflow and in ­
flow is 

4 _ d 

0;;; 4. 33 

In addition, the computed values of skewness 
coefficients of outflow, from generated sequen ces, 
are presented in Table 5, as fu nctions of n, d, and 

'v· 
7. Exces s coefficient of outflow for various 

values of n. T he ratio of excess coefficient ot outiIow 
and u.Jiow to the parameter d, for n ~ I , is given 
byeq. 4 . Z3. Because the fo urth moments of i nflow 
and outflow u sed in computing this ratio, even for the 
sample size of 10,000, were not of such accuracy as 
to allow a derivation of a sufficiently ac cu rate empi r ­
ical equation , the values of "Vz{Q)/'{z{P) are s ubject 

to very large sampling fluctuation. 

V ...-

------" + 
'" 2 . 0 I--~ ----

I. 0 
0 .1 02 OA 0 .6 0 .8 t.O 2.0 4 .0 6 .0 8 .0 10.0 

3'" In dm 
F ig . 5 Relationship of the parameters nand dm with dm the value of the parameter d for the ratio of 

s kewness coeffi cient of outflow and inflow being 1 J.I'[ 

The 210 points do not show that the ratio "VZ(Q)/"VZ{P) 

was independent oC Iv' though the large sampling var i­

ation of the ratio m ay mask the real r elations hip whic h 
may be independent of Iv' as it was Shown to be the 

case for the r atios of var iances and skewness coeffi­
c ient, and asit will be s hown to be for the serialcorre­
lalion coefficients of outflows . 

Figure 6 gives the computed points of the ratio 

12 

"Vz(Q)/"Vz(P), as well as the theoretical curve for n" 1 

given by eq. 4 . Z3 . In case this ratio is equal to O. 50 , 
the value d m • 1, as it was Cor the variance ratio. 

Similarly as above , a least square straight line Cit to 
points in Fig. 7 gives the relationship of dm and n: 

Z + lnd
m 

" Z( I + i Inn) 3. 060 

As a result , eq. 4. Z5 becomes 

4. 34 



Table 5 Skewness coefficients of outf l ow for various value. of n, d , and I 
v 

d 

0.' 

1.0 

' .0 

1/, 
l/2 
,/4 

l 
,/2 , , 
l/' 
l/2 
3/4 

l 
3/2 

2 , 
l/3 
l/2 
3/4 

l 
,/2 

2 , 

0 . 15 

0 . 371 
0 . 352 
0 .289 
0 . 213 
0.097 
0 . 018 

- 0 . 054 
0.375 
0 . 343 
0 . 314 
0.294 
0 .216 
0 . 118 
0. 018 
0.437 
0 . 423 
0 . 386 
0 . 307 
0 . 272 
0 .169 
0 . 061 

0 . 25 

0.656 
0. 653 
0 . 592 
0. 495 
0. 318 
0. 189 
0 . 088 
0 . 676 
0 . 626 
0 . 584 
0.507 
0.439 
0 . 224 
0.180 
0.678 
0 . 646 
0 . 579 
0 . 521 
0 . 369 
0 . 305 

-0 . 027 

0. 4 

1. 120 
1. 078 
0 . 836 
0 . 719 
0 . 466 
0 . 511 
1. 062 
1.072 
1. 008 
0 . 947 
0 . 904 
0 . 645 
0 . 385 
0 .086 
1. 272 
1. 224 
1. 087 
0 . 855 
0 . 759 
0 . 455 
0 . 123 

d(ld Z - d d + d~) 
m m 

(d + d ) (d Z + d') m m 

0 . 6 

1 . 520 
1.467 
1.417 
1. 248 
0 . 726 
0 . 410 
0 . 037 
1.&78 
1. 550 
1. 362 
1.499 
0 . 939 
0 . &85 
0 . 083 
1.881 
1.691 
1 . 5&2 
1.5()4 
1. 058 
0 . 865 
0 . 079 

with the value of dm given by eq. 4.34. 

0 . 9 

1.&73 
1. 588 
1.487 
1.934 
0 .683 
0 . 8&7 

- 0 . 053 
2. 634 
1.925 
1. 557 
3 . 170 
1.005 
1. 186 

- 0 .147 
2 . 170 
2.374 
1.674 
2. 991 
1.155 
1.505 
0 . 249 

4. 35 

The scatter of points in F ig. 6 is great. 
Whe ther this scatter comes from the sampling errors, 
from the use of analogy with the varianc e ratio for 
eq . 4 . 34 . or from the poSSibili ty that the ratio of eq. 
4 .35 is not truly independent of lv' or from all of 

these three factors working Simultaneously. it is not 
possible to state in this study. 

Finally, the computed excess coefficients 
of outnow, for generated sequences, are presented in 

'.0 
r,(QI .. , 

0.' 7, (PI · . , · . . " 
.' · . , 

" · . ". , · . '" · . ,n 
0.' . , " ) 

" • 
, 
"0 '00 " " 

0 . 15 0 . 25 0. 4 0 . 6 0 . 9 

10 1/3 0. 404 
0 . 393 
0 . 371 
0.372 
0 .260 
0 . 195 
0 . 051 
0 .434 
0 . 4):/ 
0 . 421 
0 . 428 
0.3 71 
0 . 339 
0.093 
0 .412 
0.412 
0.411 
0.409 
0 . 398 
0.362 
0.260 

0.73£. 
0 . 720 
0 . 686 
0 . 635 
0 . 505 
0 . 357 
0 . 139 
0 . 703 
0 . 698 
0 . 687 
0 .685 
0 . H2 
0 . 505 
0 . 184 
0 .788 
0 . 786 
0 . 783 
0 . 75 1 
0 . 757 
0 . 679 
0 . 446 

1.273 
1 . 255 
1. 125 
1. 075 
0 . 781 
0. 586 
0 . 200 
1. 335 
1. 326 
1. 256 
1.111 
1.072 
0 . 768 
0 . 318 
1.177 
1. 174 
1. 211 
1.322 
1.165 
1.154 
0. 632 

1 . 865 
1 . 8M 
1. 788 
1. 641 
1.185 
0 . 878 
0.291 
2 . 088 
2. 058 
1. 809 
2.067 
1.451 
1 .174 
0 . 555 
2 . 075 
2 . 4~ 

2.122 
2.102 
1 . 768 
1.640 
0.928 

2.583 
2.846 
2.009 
2 .878 
1. 339 
1.402 
0.456 
3 .950 
3 . 818 
2.762 
4 . M5 
1.637 
1. 713 
0 .892 
3. 311 
3.11 6 
2 . 815 
5 .226 
2. 02t 
2.341 
0 .909 

l/2 
3/4 

l 
,/2 

2 , 
30 1/3 

l/' 
3/4 

l 
3/2 

2 , 
100 1/3 

, 

• 

" 

l/' 
3/4 

l 

'I' 2 , 

Table 6, as functions of n. d and Iv' 

8. Serial correlation coefficie nts of outflow for 
various values of n. B y uSIng the same procedure for 
the serial correlation coefficients, Pk ' ot outflow, 

as was used for the ratio of variances, the t heoretical 
curve of Pk for outflow for n· 1. shown i n eq. 4 .l6 , 

is transposed a long the d-axls to fit the poi nts (by the 
least s quare method) for n different f rom unity. 
F igu r e 8 gives the relations h.ip of (Z + Inn ) and (Z + 
lndm ) . with d

m 
the value of d for PI · 0.50. T he 

least square f itted straight line of Fig. 8 gives the 
relationship. 

Z+ Ind
m 

~ Z( I + jlnn) I. 84 4 .36 

• ! 

.. , ... 
• ,., 0.' '" 1000 00" 

Fig . 6 Relationship of the ratios of excess of lake outflows and lake inflows to the dim ensionless parameter 
d, for various values of the parameter n. 
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Fig. 7 Relationship of the parameter nand dm with d
m 

the value of the parameter d for the 

ratio of excess of outflow and inflow being O. 5. 

Table 6 Excess coeffi cients of outfl ow ~or various values of n, d, and Iv' 

d ~v 0. 15 0.25 0. 4 0. ' 0.' d 

0.3 1/3 0.147 0.622 2. 299 3.609 3.401 10 
1/2 0.123 0. 663 1.981 3.317 2. 949 
3/4 0.067 0. 604 1.048 3.204 2.937 

1 0. 008 0. 517 1.090 2. 280 6. 992 
3/2 -0.08 5 0. 216 0.429 1. 021 0. 564 
2 -0.178 0.041 2. 607 0.208 3.150 
3 - 0.262 - 0.145 6.205 - 0. 131 0. 044 

1/3 0.214 0.810 1.974 4.355 19.200 30 
1/2 0.17 0. 688 1 .803 3. 838 7.477 
3/4 0. 125 0.559 1. 598 2. 815 3.090 

1 0. 103 0 .44 5 1.570 3. 874 24.536 
3/2 0. 067 0.340 0.729 1.270 1.155 

2 0.082 0.094 0.370 0. 842 3. 259 
3 0.29 7 0. 895 0 . 360 0.068 0. 000 

3 , /3 0.31 8 0.71 5 2. 925 6. 57 6 . 9l:;l 100 
112 0. 312 0. 700 
3/4 0. 270 0. 621 

1 0. 102 0. 514 
3/2 0. 133 0.218 

2 - 0.049 0.167 
3 0.085 0.030 

0 • 
• .0 2 +ln n 
, • 
, 0 

V 
.0 

o • 
O~3 0.4 06 08 1.0 

2 . 781 4.751 11 . 742 
2. 308 4.1 55 3.472 
1.435 4 . 766 19.054 
1.053 1.853 1.322 
0.287 1.271 3. 951 
0.099 -0.103 0.407 

V 

../ 
V 

' .0 ~.O 60 8.0 100 

2 + lndrn 

Fig. 8 Relat ions hipoftheparameter nand dm withdm 
the values of the parameter d for the first 
serial correlation coefficient of outflow being 

0.5. 
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n3: 0.15 0,25 0.4 0.' 0.' 

1/3 D,226 0.826 2.841 5.444 10.910 
1/2 0. 223 D, 79 1 2.799 4.998 1.538 
3/4 0.215 D,736 2.205 5.654 5.615 

1 0.215 0 . 775 0 . 157 4 .612 14.034 
3/2 0.166 0 . 549 1. 276 2.281 2. 066 

2 0.031 0 . 345 0. 999 1. 518 3. 467 
3 0.019 0. 124 Q.071 -0. 113 -0.279 

1/3 0 . 350 0. 637 ',134 8.190 35.843 
1/2 0. 349 0.629 3.107 7.973 3 .548 
3/4 0.339 0.618 2.957 5 .298 14.326 

1 0.292. 0.756 1.939 7.725 38.568 
3/2 0 . 267 0.517 2. 258 3 . 203 J.222 

2 0. 207 O.4aJ 1 . 031 3.194 8.671 
3 0. 032 0 . 034 0.299 0.195 - 0. 070 

1/3 0 . 2.5:) 1.137 2. 171 7. 957 20.456 
112 D.252 1. 136 2. 166 1.52) 1.752 
3/4 0.257 1.135 2. 566 9.361 1. 276 

1 0.228 0.923 3.389 7.969 66 . 721 
3/2 0. 268 1.099 2.445 4 .9 27 5 . 705 

2 0.185 0 .764 2.714 5.307 19.960 
3 0.147 0 .460 0. 750 1 . 063 0.414 

with the same explanations for the use of the constant 
Z a s were given above for the ratio of variance s . It 
must be note d that the constant 1. 84 is close to I. 78 
which is found for the ratio of variances. 

With eq. 4.36, eq. 4. Z6 for Pk becomes 

4 . 37 

with d
m 

given by eq. 4.36. 

Because the variance and serial correlation 
coefficients are both derived from the second statist ­
ical moments, the relationship of nand dm given 

in eqs. 4.29 and 4 . 36 can be combined together and 
considered as a unique r elationship. A least square 
straight line fitted for both the variance and the serial 
correlation coefficients as shown in Fig. 9 gives the 
relationship of dm and n : 



Z+ In'\" = Z( I + 11nn)I.81 4.38 

T herefore, eq. 4. 38 is recommended for u se instead 
of eq. 4. Z9 a nd 4. 36. 

For the special cases, PI (the first ten se rial 

correlation coefficient), the obtained points by the 
generatlon of 10,000 outflows a r e given in Fig. 10, the 
uppermost graph. The line for n· I gives PI " 

1 /( 1 + d), and this line is transposed horizontally to 
fi t the observed poi nts for six n values different from 
unity. The f it in F ig. 10 is very good . F or n " 1 
a nd k · Z, eq. 4. 38 gives PZ' and the second graph 

in F ig. 10givesthe fit . Similarly, F ig. 10 also gives 
the fita (or P3 through PS' and Fig. 11 for P6 through 
PI O· 

The values of serial correlation coefficients 
obtai ned by the data generation m ethod are very c lose 
to a cons tant value for !liven parameters d and n. 
According to these results , this valu e is independent 
of Iv ' as shown by eq. 4 . 26. Moreover, the values 

of serial correlation coefficie nts shown in F igs. 10 
and 11 were the average values over t he variOUS val­
ues o f Iv' For eq. 4. Z6, the distances have been 

horizontally transpo sed for various values of k in 
Figs . 10 and I\. This was done according to the re ­
lationShip between dm and n given by eq. 4. 38. All 

fits are good. 

In Table 7, the computed values of first se r i ­
al correlation coeffi Cient of outflo w, for generated 
sequences, are presented as functions of n, d, and 
Iv· The computed average serial correlation coeffi-

cients of outflow, from generated sequences, for all 
values of Iv are presented in T able 8 , as lunction 

oC nand d. 

Tab le First serial correlation coefficient 

d o~ 0. 15 0. 25 0,4 0,6 0, 9 d 

0. 3 1/3 0.41 5 0. 428 0. 395 0. 383 0 . 361 10 
1/' 0. 541 0 . 553 0. 524 0 . 513 0.492 
3/4 0. 616 0. 681 0. 610 0 . 681 0. 666 

I 0. 767 0. 771 0. 763 0.780 0. 765 
3/, 0. 816 0. 881 0. 879 0.887 0. 881 , 0. 930 0.932 0.933 0.9 35 0. 937 
3 0. 975 0. 974 0.919 0. 974 0. 972 

1/3 0.179 0.169 0. 187 0. 174 0. 171 30 
1/2 0. 266 0. 255 0.274 0.261 0.273 
3/4 0.390 0. 380 0 . 385 0.382 0. 389 

I 0.504 0. 501 0. 512 0.499 0. 508 
3/, 0.686 0. 684 0.693 0. 102 0. 697 
2 0. 806 0, 804 0 . 810 0. 821 0. 833 
3 0.925 0.928 0.925 0 . 925 0.905 

3 1/3 0.072 0. 08 0 . 089 0.050 0. 055 100 
1/' 0.112 0. 119 0.129 0 . 086 0. 094 
3/4 0.119 0,185 0 .179 0. 177 0.195 
I 0.260 0.242 0. 255 0. 251 0.250 

3/2 0.414 0.4 18 0.420 0 .423 0 ,447 
2 0 . 575 0.568 0 . 581 0. 604 0. 660 
3 0. 803 0. 800 0 . 806 0 . 798 0. 717 
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For any value of n and Iv ' listed in T able 9 

are the maximum negative values of serial correla­
tion coefficient s for even lags k, and the second 
m axi mum values for uneven lag K for va r ious value s 
of d and for n " 1. For n equal to the values other 
than unity, the corresponding value of d ldm should 

be used instead of d only, with d
m 

obtained from 

eq . 4. 38 . 

· • 
• 

.. 
, 

, 
, 

, 

, 

, 
• 
• 

/' 
/' 

V VOfia nc l . 
" 0 

V 
~ 

0 4 0 .5 0 .8 10 20 4 0 60 8 ,0 100 

2 • In ..... 

F ig. 9 A least square line fi tted to the r elationship 
of the parameter nand dm for both vari-

ance and first serial correlation coeffi cient. 

of ou tflow for var lous value! of 0, d, and 1" 

o~ 0. 15 0.25 0. 4 0. 6 0. 9 

1/3 0.008 0.000 0. 006 0 . 010 0.004 
1/2 0. 022 0 . 015 0. 018 0 . 026 0. 011 
3/4 0. 047 0 .041 0.050 0.049 0.050 

I 0.096 0. 106 0.078 0.108 0.078 
3/, 0. 166 0. 159 0.164 0. 165 0. 186 , 0.287 0. 296 0. 262 0. 28 5 0 .284 
3 0. 543 0.529 0. 535 0.553 0.559 

1/3 0. 002 0. 007 0. 002 0 . 012 0,0<\4 
1/' 0.006 0 . 012 0. 006 0 .014 0. 002 
3/4 0.015 0 . 020 0.014 0. 024 0. 013 

I 0 . 039 0 . 052 0.033 0. 056 0.026 
3/, 0 . 060 0 . 063 0.056 0. 066 0 . 069 
2 0.1 23 0 . 132 0.1 02 0.OS7 0 . 016 
3 0.210 0. 263 0.241 0.286 0.347 

1/3 0. 016 0.005 - 0. 007 - 0, 002 - 0. 002 
1/2 0. 018 0 . 007 - 0. 005 - 0. 000 -0 . 001 
3/4 0.020 0. 009 0.021 0.009 - 0. 000 

I -0 . 002 0 . 006 0 . 011 - 0. 003 0.017 
3/2 0.0)4 0. 023 0.0)4 0. 016 0. 009 

2 0. 025 0 . 0)4 0. 032 0.008 - 0. 135 
3 0 . 118 0.093 0. 082 0.105 0.181 
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Fig. 11 Relationships of the s ixth through tenth serial correlation coefficient of lake outflows to the 
dimensionless parameter d, for various values of the parameter n 
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Table 8 Average serial correlation coefficients of outflow lor various values of n and d. 

.v '1 " '3 '4 '5 " " " " '10 

1/3 0, 398 - 0. 077 0 , 008 - 0.004 0 , 011 0.007 -0.002 - 0, 002 0.004 0. 004 
112 0.533 0. 037 - 0. 000 0.002 0. 012 0. 008 -0 , 000 -0 . 003 0 . 000 0.001 
3/4 0.676 0 , 237 0.080 0. 032 0.021 0.012 0 . 003 -0 , 002 - 0.006 - 0,009 

1 0.769 0.414 0.223 0.122 0 . 066 0.037 0 . 019 0 . 008 0 .002 - 0.000 
3/' 0.883 0.668 0. 505 0. 382 0 . 289 0.215 0 . 155 0.109 0.073 0. 045 , 0.933 0 ,809 0. 701 0.606 0, 524 0. 453 0. 390 0, 336 0 , 289 0.248 
3 0 . 975 0. 926 0, 879 0 . 835 0. 793 0. 752 0 . 713 0.675 0 . 639 0.606 

1/3 0. 177 - 0. 098 0,077 -0.038 0 . 025 0.021 0 . 011 - 0.009 0 . 027 -0. 006 
1/' 0.266 - 0.1 08 0. 066 -0. 023 0. 011 - 0.007 0 , 003 - 0. 005 - 0. 002 -0 . 003 
3/4 0. 385 - 0, 081 O, OJ7 0.006 0. 001 0. 001 -0 . 001 - 0.004 - 0. 006 - 0. 003 

1 0.505 0 , 008 0.005 0. 002 0 . 001 0.001 0 . 000 - 0. 001 -0. 004 - 0.006 
312 0.692 0 , 271 0. 114 0. 050 0 . 019 0. 007 0.000 - 0. 005 - 0 , 008 -0.004 , 0.815 0 . 515 0. 325 0. 204 0. 128 0.080 0 . 049 0, 029 0.008 0.002 

3 0.926 0. 789 0 , 673 0.573 0 . 486 0. 411 0. 347 0.292 0 . 246 0.208 
1/3 0. 069 - 0, 023 0. 051 -0 . 036 O. OX! -0.030 0. 026 -0.019 0 . 016 - 0.016 
112 0.108 - 0. 074 0, 072 -0 .414 0. 035 - 0. 032 0. 029 - 0. 013 0 . 012 - O.OU 
3/4 0.183 - 0.106 0. 084 -0. 034 0, 051 - 0. 021 0 . 019 -0.013 0 . 004 -0.004 

1 0. 251 - 0. 128 0. 058 -0. 029 0. 022 - 0.002 0. 005 -0.000 - 0 . 003 - 0. 006 
3/, 0.424 - 0. 055 0. 012 0. 005 - 0. 011 - 0.007 - 0. 000 -0.004 - 0 . 003 0. 000 , 0.582 0, 097 0 , 012 0 . 002 0.007 0.009 0.006 0. 004 0 . 008 0.007 

3 0. 797 0.490 0. 307 0. 191 0. 116 0.070 0. 040 0.020 0.006 -0.002 
1/3 0. 006 - 0. 025 0.018 -0. 015 0. 017 -0 , 016 0.021 -0.009 0 . 018 -0.018 
112 0.020 - 0. 035 0. 028 - 0. 025 0 . 027 -0.026 0.024 -0.018 O. 025 -0.021 
3/4 0.048 - 0. 046 0, 038 - 0.039 0. 0)7 -0.031 0. 027 - 0. 020 0 . 039 - 0. 027 
1 0. 093 - 0. 072 0.057 - 0. 047 0.036 - 0 . 032 0 . 031 -0. 023 0 . 017 -0 . 017 

3/, 0. 168 - 0, 087 0.075 -0 . 047 0.0)9 -0. 018 0. 016 -0. 003 O. OlO -O.Oll , 0. 283 - 0.094 0. 046 -0. 020 0.005 -0.009 0. 005 - 0. 002 - 0. 002 - 0.003 
3 0. 544 0. 100 0. 034 0 . 012 0. 011 0. 008 0. 007 0. 010 0 . 010 0.005 

1/3 0.005 - 0. 009 0. 008 - 0. 011 0. 01) - 0.003 0. 005 - 0.003 O. OlS - 0.006 
112 0. 008 - 0. 010 0. 011 -0 . 016 0. 016 -0.005 0.008 - 0. 007 0 . 018 -0.007 
3/4 -0.017 - 0. 026 0.023 -0 . 020 0. 018 -0. 006 0. 016 -0.010 0 . 024 - 0.016 

1 0.041 -0 . 010 0. 0)1 - 0. 024 0.024 -0 . 025 0.022 0.025 0.029 -O.Oll 
. J/2 0, 063 -0.046 0. 052 - 0, 0)4 0. 039 - 0 , 015 0. 029 - 0. 019 0. 032 - 0.017 , 0. 119 - 0. 080 0.066 - 0. 044 0.040 - 0. 024 0. 024 - 0. 028 0. 020 - 0.006 

3 0, 265 -0.084 0.053 - 0. 022 0 , 010 0.007 0. 004 - 0, 001 0. 003 0 . 002 
1/3 - 0, 002 - 0. 003 0.004 -0.000 0 , 005 - 0. 004 - 0. 003 - 0, 001 0. 003 0 . 001 
112 0 , 012 0. 011 0.002 -0.01 0 0.005 - 0.001 -0 , 003 - 0, 015 O. ClOl -0 . 004 
3/4 0. 012 - 0. 017 0 . 008 - 0. 010 0 . 005 -0.008 0 . 002 - 0.016 0.003 - 0 . 006 

1 0 , 006 -0 . 008 0. (119 - 0.007 0. 015 - 0.009 0.005 -0.010 0 , 017 0 . 007 
3/, 0. 02) - 0, 013 0. 016 -0. 019 0.015 - 0 , 018 O.Oll -0 . 021 0.012 - 0.009 , 0. 030 - 0.027 0. 039 - 0. 030 0. 027 - 0. 021 0.013 -0.020 0 , 025 - 0.027 
3 0 , 099 - 0.0)3 O.ose - 0. 029 0. 028 -0 . 016 0. 014 -0.019 0.010 - 0.007 

T able 9 Values o f mi nimum Pk for even k and second maxim um of Pk for uneven k. with the 

corresponding value of parameter d, for n " I 

k d 'k 

, 3 -0. 1250 

3 5 0 .0740 

4 7 -0.05l9 

5 9 0. 0410 

6 11 -0.0335 

7 13 0,0283 , 15 - 0.0247 

9 17 O, 0 2t7 

10 19 -0.0 194 
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CHAPTER V 

DISCUSSIONS AND CONCLUSIONS 

1. Discussions of results . Results obtained by 

the analytical solution for n " 1 and by the data 

gene ration method on a digital computer for n dif­

ferent from unity show that the variance, the skew­

ness, and the excess coeffi cie nts of the outflow from 

natural lakes are less than those of the inflow for any 

value of nand d. These parameters of outflow 

distribution increase and converge to those of the in ­

now distribution as the parameter d inc r eases to 

infinity. Large values of n give small values of 

ratios of variance, skewness, and excess coefficients 

of outflow a nd inflow, and have a rapid rate of con ­

ve rgence to zero with an increase of n. It can be 

said that the effects of a natural lake, with small 

value of d and a large value of n, on the outflow 

distribution are such that the outflow is closer to the 

normal distribution than the inflow, if the inflow is 

log-normally distributed. Hypothetically, it can be 

stated that ouflow from a natural lake has a smaller 

range of fluctuations than the inflow because of the 

storage effect. Therefore. the values of the vari ­

ance, the skewness, and excess coeHicients of the 

outflow distribution tend to be s maller than those of 

the inflow distribution. 

The method used in this study to obtain the 

stochastic properties of lake outflow, for given lake 

inflow and lake storage and outlet conditions, was a 

c.ombination of analytical and data generation methods. 

For n· I, all parameters were obtained by the ana­

lytical approach, becuase in that case the storage 

differential equation in finite difference form could 

be solved in closed form for the stochastic variables 

involved. For n differe nt from unity, even for 

Integer numbers of n, the parameters could not be 

obtained by the analytical approach, because solu­

tions in closed form were not obtained. By analogy 

with other differential equations, for which the closed 

form solutions are not available, and the numerical 

finite differences equations are used for the approxi­

mate solutions, the Similar approach was used in 

this study. The basic differential equation in this 

study was an ordinary differential equation of sto ­

chastic variables. The approximate solutions were 

obtained by transforming this equation into a finite 

differences equation, and by u8ini the data genera­

tion method (Monte Carlo Method) to obtain sequences 

of stochastic variables. The combination of these two 

approaches produced the solutions in the approximate 

form for values of n different from unity. T o cllef::k 

the general correctness of analytical solutions, and 

tile degree o f deviation of approxim ate solutions from 

20 

exact solutions as obtained by the data generation 

method, the solutions for parameters in case n· 

were obtained also by the data generation m e thod. 

The agreement between the exact and the approximate 

procedure for parameters in case n " 1 was very 

good. 

Z. Conclusions. The following conclusions 

were advanced: 

(1) By knowing the approximate power func­

tton relationsllips of lake sto rage and lake outflow 

rating curve to the water depths above the level of 

zero outflow, the relationship of outflow to inflow 

characteristics and vice versa can be established. 

For the limited case of n . t, it was established ana ­

lytically; or for all cases, by the data generation 

method (Monte Carlo Method). This allows for Simple 

determination of outflow characteristics for given 

Inflow characteristics, or vice ve rsa. 

(Z) The assumption of Independent log­

normally distributed inflows is not necessary for 

establishing the inflow - outilow relations, though it 

was used in this paper to illustrate the method. 

(3) Once the three parameters (n, d, Iv) of 

the inflow and o f the lake characteristics are known, 

the relationships given in this paper permit a straight 

forward determination of outflow characteristics. 

These can be described by the variance. the coetfi­

cient of skewness, and eventually by the coefficient 

of excess as well as by the serial correlation 

coefficients. 

(4) Though the parameters of outflow are 

derived theoretically only for n · I, it may be ex· 

pected that they cou ld be derived for the other values 

of n. or lor any value of n. 

(5) For accurate values of the skewness a nd 

excess coefficient8 of outflow, the sample size of 

10,000 generated outflows see ms to be i nadequate , 

mainly because of serial correlation, but larger 

samples may be inexpenSively generated to improve 

their ac curacy. 

(6) Simple statistical tests may be performed 

to test whether the o riginal generated numbers are 

normally distr ibuted and Independent. These tests 

were not carried out in this study though they were 

used in othe r s imilar inveStigations. 
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