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Figure 7. Theoretical curves and experimental data of nonwetting phase relative permeability as a function

of saturation for unconsolidated porous materials.
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as a function of saturation for two consolidated sandstones,
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isotropy and to eliminate boundary effects entirely
in the air permeability cell.

It is practically certain that boundary condi-
tions did affect the measurement of Kw in the

column permeameters used for unconsolidated media.
This is evident because the value of KW was often

higher than the maximum values of an measured in

the air permeameter even when the porosity of the
medium was the same. If the reverse had been true,
the result could have been attributed to gas slippage.
But the higher value of K, canonly be attributed

to a lesser resistance along the boundary in the rigid
column as compared to the cell with the pressurized
sleeve,

An unrealistically high value of K, should

not affect the measured values of n but would affect
the absolute values of Krw .

In the case of the consolidated sandstones, it
was possible to check equations (13), (14), (15), and
(16) on exactly the same medium because in this case
there was no chance of a change in Pc,iy = £(8) for

the two experiments. The results are shown in figure
8. The measurements, in the case of the Hygiene
Sandstone, are in nearly perfect agreement with the
theory for both the nonwetting and wetting relative
permeability curves.

For Berea Sandstone, however, the values of

K are much smaller than predicted. They are,

™mw
in fact, zero at values of S corresponding to cap-
illary pressures much larger than the predicted
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bubbling pressure, This is undoubtedly a result of
anisotropy since finer-textured layers block the flow
of air,

Evidently, the Krw

sensitive to this kind of anisotropy because the Krw

curves are much less

curve is in reasonably close agreement with the
predicted curve.

It will be noted from figure 2 that materials
with secondary porosity have smaller values of X
(and thus smaller values of 7 ) than materials with-
out secondary porosity. This can be seen most dis-
tinctly by the contrast in the slope of the curve for
volcanic sand and that for glass beads shown in figure
2. The practical significance of this phenomenon is
discussed in the section to follow.

The authors have made measurements of Krw

as a function of P_/y for one sample of fragmented

clay(see Table #2--Fragmented Lamberg Clay, Appemr
dix III) which has a value of n of 3.6, indicating a
value of A of 0.53. They have also computed values
of n from capillary pressure versus saturation
curves which were only slightly greater than 2,0, the
theoretical lower limit, * The lowest predicted

values of n were obtained on samples of very fine-
grained consolidated rocks containing much clay but
having some larger pores because of cracks and vugu-
lar spaces,

* Unpublished private report: ''Evaluation of Cap-
illary-Pressure Field Data'' by A. T. Corey.
Petroleum Research Corp., Denver, Colorado.



SIMILITUDE REQUIREMENTS

Miller and Miller [ 13] have described the re-
quirements for similitude of isotropic porous systems
containing two immiscible fluid phases (air and water)
in which the air pressure is considered to be constant
but both air and water are continuous phases. In this
case, flow of only the liquid phase is considered.

The same assumptions made by Miller and
Miller are accepted in the following analysis. This
analysis is in many respects the same as theirs but
it is restricted to the drainage cycle in order to avoid
the complication of hysteresis., In addition, the
theoretical functional relationships among P o S

Ry
rw .
expressions for the criteria of similitude.

e »
and K rag are used to simplify the resulting

An equation describing the flow and macro-
scopic distribution of the liquid is derived by combin-
ing Darcy's law with the equation of continuity appli-
cable to flow in porous media. The continuity equa-
tion is

; 85,
div q= -¢, 5 (18)

where ¢, is the "effective porosity'. The effective

porosity is similar if not identical to the "drainable
porosity" commonly employed by drainage engineers
and is used here in order to be consistent with the use
of the effective saturation Se . The effective por-

osity, ¢_ , is relatedto ¢ by the relation:
e
b= (1-5) ¢ (19)

The result of combining Darcy's law with equation (18)
is

YKe P aSe
i R e = —_— 20
div 7 v[Y Z] d’e 5 (20)

which is essentially the equation first derived by L.,
A. Richards [17].

Equation (20) is next written in a dimension-
less form by scaling the variables appearing in the
equation, The variables can be scaled by choosing
standard units of permeability, length, pressure and
time which are known to be significant characteristics
of the system, The standard units are designated as

Ko s Lo s Po , and ty respectively, The stan-

dard unit K is simply the fully saturated (maxi-
mum) permeability K of the medium under consid-

eration. Using the standard units as scaling factors,
equation (20) becomes

t K vy as
(o) P Z
Loué, D“’-[Kr"- e *F;‘] ) (21)

where the dots after the divergence and gradient
operator symbols indicate that the operations are per-
formed with respect to scaled coordinate lengths,

Equation (21) can be simplified by choosing

appropriate system parameters as the standard
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units P’:J z Lo , and to . An obvious choice for

P, is the bubbling pressure P, . If Pb is chosen

as the standard unit of pressure, it is necessary to
use P [y as.the standard unit of length. Similarly,

the appropriate standard unit of time is ¢ G Pbu /Ky? .

Scaled variables of pressure, length, and time are
obtained by dividing the unscaled variables by their
respective standard units.,

Substituting the standard units into equation (21)
gives :

as
e
5 . (22)

Div. [Kr w(P. + Z.)] =
where the dots designate scaled variables or opera-
tors with respect to scaled variables.

Equation { 22) will yield identical particular
solutions in terms of scaled variables provided that:

. 1. Geometric similitude exists.

2, The boundary and initial conditions interms
of scaled variables are identical.

3. The functional relationships among K,
S, » and P c'f P, are identical for both
systems.

The macroscopic boundary conditions can be identical
only if corresponding lengths which are characteristic
of the macroscopic size of the system are identical
multiples of the length P, /y . If two systems are
geometrically similar in% macroscopic sense, it is
necessary to choose only one characteristic length "L'"
and the size requirement is satisfied if the ratio

Py [y L is identical for any two systems under con-

sideration.

From the theory and experimental verification
presented in the preceding sections, it is evident that
the last requirement is satisfied if the pore-size dis-
tribution indexes A are identical. It will be noted
that A is a function of the microscopic geometry of
the porous media. Use of A as a criterion of simil-
itude eliminates the need for explicit consideration of
other microscopic geometric variables such as were
suggested by Miller and Miller [13]. Furthermore,
Py is a function not only of the size of the pores but

also of the interfacial forces, contact angle, shape,
etc. Use of Pb!y as a unit of length eliminates the

necessity of explicit consideration of the similitude
with respect to these variables.

The foregoing analysis indicates that a
valid model involving flow of liquid in a partially
saturated porous medium requires the following:

1. The medium must have the same pore-size
distribution index, A .

2. The macroscopic boundaries of the model
must have a shape and orientation similar

to the prototype.



3. The size of the model must be such that
v L,"P]J is the same as for the prototype.

4, The initial conditions in terms of scaled time,
ie., tK \fbe K ¢, must be the same for

model as for the prototype.

If the prototype involves steady state flow only,
the last of these requirements can be eliminated. If
the saturation in any part of a system increases as
well as decreases with time, it is possible that addi-
tional requirements may enter., It is possible, also,
that if the system contains a discontinuous gas phase,
the requirements listed may not be sufficient for
similitude, especially if a region of increasing liquid
saturation exists,

There is a possibility, however, that even
when hysteresis is a factor, A may be sufficient to
describe the pertinent microscopic geometric proper-
ties. This possibility is discussed in the section
dealing with hysteresis.

One difficult aspect of creating a valid model
is finding a porous medium having the appropriate
value of A and at the same time having a sufficient-
ly small value of Py {y such that the model can be

of a practical size, It is easy to find coarse sands or
gravels having a small value of Pb;‘y but as indi-

cated earlier and as discussed by Rahman [15], these
will have a narrow range of pore sizes (large 2\ )
regardless of the range of grain sizes used. Unfor-
tunately, most prototype media of engineering

interest have smaller values of A ., One possibility
of overcoming this difficulty would be the use of

stable aggregates such as crushed sandstone or nat-
urally occurring volcanic soil.

As can be seen from the values of A tabu-
lated in Appendix III (Table 2), these materials have
pore-size distribution indexes in the same range as
soil with structure., They can have, moreover, values
of Pb as small as desired.

It should be noted that equation (20) could have
been written in terms of S and ¢ , rather than
Se and ¢e . If the variables are expressed in
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‘between relative permeability and S

terms of S and ¢ , however, the parameter Sr

becomes an explicit rather than an implicit factor in
similitude, The curves of Kr and me as a

function of S as wellas ¢ for the model would
have to be identical to those for the prototype. Use
of the variables 5, and ¢ = reduce the difficulty

of meeting the similitude requirements. It is easier
to find media having similar functional relationships
than between
relative permeability and S because Sr is elim~-
inated as a factor affecting the shape of the curves.
Expressing the liquid content of the media as a per-
centage of dry weight or a percentage of bulk volume
makes the requirements even more difficult to satisfy
than the use of S .

A model designed in accordance with the
theory presented here must be restricted in its appli-
cation to systems that do not reach saturations less
than S because the theory is applicable only to

saturations greater than S g

If the problem under investigation is not
explicitly concerned with the conditions in the partial-
ly saturated zone, the pertinent characteristics of the
behavior of the system may not be extremely sensitive
to A . This might be true, for example, if the par-
tially saturated zone is very narrow compared to the
fully saturated zone. In the latter case, it might be
possible to ignore A in choosing a medium for a
model, but it would still be necessary to consider
Py /yL.

When conditions in the partially saturated zone
are of explicit concern, it is not possible to ignore A.
In the latter case, glass beads or clean sands are not
suitable materials for modeling systems involving
flow in soils with structure. This is clear from the
results shown in the preceding section.

For a further discussion of the practical signi-
cance of the parameters Pb,-‘ y and A , specifical-

ly in the field of drainage engineering, the reader is
referred to a paper by the authors [ 2] dealing with
this subject.



SIGNIFICANCE OF HYSTERESIS

The preceding discussion has dealt almost en-
tirely with systems in which it is assumed that the
saturation of the medium either remains constant or
decreases with time, Systems involving an increasing
liquid saturation are of equal engineering importance,
Unfortunately, the functional relationships among

Pc » S5, Krw , and Krnw are usually not the

same on a cycle of increasing S as on a cycle of
decreasing S . The reason for this has been dis-
cussed by Miller and Miller [ 13].

A question that needs to be answered is whe-
ther the criteria of similitude suggested in the pre-
ceding section are sufficient when hysteresis may be
involved, In order to gain some insight into this pro-
blem, the authors made an investigation of Krw as

a function of P'c on the imbibition as well as the

drainage cycle. One of the coauthor's students,
Larry G. King, has made many measurements of Kr

as a function of Pc on the imbibition cycle for his

doctorate thesis [ 10] which is concerned with imbibi-
tion. An example of his data is presented in figure 9,

W

A detailed description of how these data were
obtained is given in the thesis by King. Briefly, a
soil column similar to those used by the authors was
initially packed with dry soil, Relative liquid perme-
abilities as a function of capillary pressure first were
obtained on the imbibition cycle until the saturation
apparently reached a maximum. The measurements
were then obtained as the column was drained. After-
wards, the column was vacuum-saturated and meas-
urements were made as the column was drained from
the completely saturated state. In other experiments,
King first vacuum saturated the column and after
making measurements on the drainage cycle resatu-
rated the column by imbibition.

There are several noteworthy observations
that can be made from King's data, i.e.,

KI‘W

1. The slope of the curves of as a func-
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tionof P o are practically the same for both
the drainage and imbibition cycle.

When a medium is resaturated or drained
from a state which is neither completely dry
nor fully saturated with liquid, the curves do
not follow an intermediate path between the
drainage or imbibition curves. Instead (after
a short transition) the curves jump from one to
the other of the two possible paths.

The values of K ew

tend fo approach a maximum of about 0. 45 -
0. 50 of that obtained when the medium is
vacuum saturated. At this state, the nonwet-
ting phase is air, and it is apparently able to
diffuse away with time. The authors have ob-
served a slow increase in Kew with time at

Pc , the rate of increase

being more rapid for fine material than for
sands. In time, the media become full satu-
rated with liquid by imbibition.

on the imbibition cycle

a constant value of

At values of Pc > Pb , the permeabilities

on the drainage cycle are a minimum of one
order of magnitude greater than on the imbibi-
tion cycle,

From the foregoing observations it would

seem that a possibility does exist that the criteria

of similitude presented in the preceding section will
sometimes be adequate for systems involving hyster-
esis, At least, this may be true for systems not in-
volving a discontinuous gaseous phase. The possi-
biiity will be greatly enhanced if it can be shown that
a definite relationship exists among X , Pb , and

the ratio of the permeability on the drainage cycle to
that on the imbibition cycle at particular values of
P i B Such a relationship, however, remains to be

demonstrated.
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Figure 9. Wetting phase relative permeability as a function of capillary pressure
on the imbibition and drainage cycles.
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APPENDIX 1

The Theoretical Basis for the Burdine Equations

The theory presented below is a variation of
theory published in petroleum engineering literature
[3, 5, 19, 20]*, It is realized that most irrigation
and drainage engineers do not have easy access to
this literature. This synopsis is included here, there-
fore, for the convenience of the readers.

The assumption is made that fluid compressi-
bility and inertia are not significant factors affecting
the flow so that the equation of Navier-Stokes reduces
to a statement that the gradient of piezometric pres-
sure P* is balanced by the viscous drag, For a
Newtonian viscous fluid, this relationship is given by

(1)

where V is the total velocity vector. Equation (1) can
be solved for particular boundary conditions, e. g.,
1-dimensional flow through straight tubes, flow be-
tween infinite flat parallel plates, and film flow over
an infinite flat plate. The solution of equation (1) for
each of these particular boundary conditions will be
presented to show how the solutions vary with the
shape of the boundary,

L o T

Flow through a small diameter tube is con-
sidered first. For this geometry it is more conven-
ient to express the quantity vV in cylindrical coordi-

dinates, i.e.,
v
1)

where r is measured from the centerline of the tube
toward the boundary. If the flow is steady, there is
no variation in Valong the tube in the direction x. The
last term on the right of equation (2) is, therefore,

EP*W[l_a

r 2r

z%ro. Because of symmetry, the term involving
% is also zero so that finally
1 djy._ du
¥ = —_—— fracdee]
£P “[r ar ¥ dr] (3)

where u is the componeﬁt of velocity along the tube.
Because the flow is laminar, there is no component of
V perpendicular to x .

Since there is no flow perpendicular to the
boundary, vP* likewise has no component perpendic-
ular to the boundary, This implies that the equipo-
tential lines are planes perpendicular to the axis of
the tube. The gradient of P* , therefore, does not
depend on r and can be treated as a constant. The
variables, u and r , are separable and after
integrating once, the relationship

du

rf s
=—vP -rE+ G

P

is obtained. In order for equation (4) to be valid at the
centerline where r = 0, the value of C is zero since
du

(4)

T cannot be infinitely large. Therefore,
L oopx = U
om PR (5)

* References are given at the end of the body of the
publication,
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After separating the variables, integrating and using
the condition that %‘1% is finite (which implies the

velocity of the fluid approaches the velocity of the
boundary at the boundary) then

- YP*

U-W

{rtz. - rz)

(6)

where r, is the radius of the tube.

t

Integrating the discharge over the entire cross-
sectional area of a tube of radius r; and dividing by

the cross-sectional area gives the equation of

Poiseuille for the mean velocity, i.e.,
rtz
= - %
u i P (7)

Solving equation (1) for 1-dimensional flow in
a flow in a film over a flat plate gives

dZ

T=-L op= (8)
where d is the thickness of the film. Similarly,

s b?

o e TR (9)

for 1-dimensional flow between parallel flat plates
where b is the spacing of the plates.

It will be noted that equations (7), (8), and (9)
are of a similar form in that u is proportional to
v P*, and to the square of a length dimension charac-
terizing the size of the flow section. The volume flux
is inversely proportional to viscosity and a numerical
constant.

By induction, then, an analagous equation
applying to straight tubes of uniform cross section of
any shape is

- R
ku

where R is a length characterizing the size of the
tube, and k is a numerical constant depending on
the shape of the cross section and the dimension cho-
sen to characterize the size.

u = v P* (10)

In applying equation (10) to tubes of irregular
shape, the question arises as to what length dimension
should be used to characterize the size of the tubes.
One possibility is the hydraulic radius, R . Itis
defined as the cross-sectional area divided by the
wetted perimeter,

If equations (7), (8), and (9) are rewritten in
terms of R , only the numerical constant is changed.
Poiseuille's equation becomes

2

u= - %_; VP (11)
and equations (8) and (9) become

i, R?

L 7 vP* (12)



s s

The variation in the constant k is evidently, greatly
reduced.

It is reasonable to suppose that (from a hydro-
dynamic viewpoint) flow in a thin film is about as
different from flow in a circular tube as it is possible
to obtain. One might conclude, therefore, that the
shape factor for irregular cross sections (e.g. the
pore space in a porous solid) should be somewhere
between 2 and 3, This conclusion would not be valid,
however, if the cross section has an extreme "'eccen-
tricity". Consider, for example, a cross -section as
shown in Figure 1. Note that the perimeter of the

Figure 1. An Example of a Tube Cross-Section
with Extreme Eccentricity.

long extension of the cross section is great but the area
is small and the contribution to flow of this part of the
area is, relatively, even smaller.

The difficulty is that the distribution of velocity
in one part of the cross section is like that in a rela-
tively large tube whereas in the extension, it is like
that between closely spaced plates, The large part of
the eccentric cross section, therefore, would act asa
tube with k = 2 whereas the extension would act as a
tube with k = 3, The larger part, however, has a
much larger hydraulic radius than the extension. Note
that in equation (10), R is squared and k is to the
first power. One cannot, therefore, use R for the
entire cross section and an average of k to obtain
a valid estimate of T .

It is much more reasonable to regard the
eccentric cross section shown in figure 1 as two sep-
arate cross sections. The error resulting from
applying an average k of about 2,5 for each cross-
section will not be great, but it is necessary to use
separate values of R . An alternative method (which
will give exactly the same result) is to consider the
entire cross section as a whole, using an average k
and a mean value of R? , designated as RZ .

The tubes considered in developing equation
(10) were straight. There is no difficulty in extending
the analysis to other than straight tubes provided that
the actual length of the tubes can be measured and the
direction that any fluid element is moving at any par-
ticular location is known., There is an error in such
an analysis if the normal acceleration resulting from
flow around bends is disregarded. This error is
small, however, if the tangential velocity is very
small,

If it is desired to determine 1 as a function of
the potential difference between the ends of a tortuous
tube and the direct distance between the two ends, the
tortuosity will have two effects, The first effect is
with respect to W . If the direction between the two
ends of the tube is defined as the x direction, then T
varies from point to point because the direction of the
axis of the tube varies, i.e., the component of velocity
in the x direction varies even though the magnitude of
the velocity remains constant. If v| is the magni-
tude of the average tangential velocity, the mean value
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of the x component is given by

u- Mf—e (13)

where L is the direct distance between the ends of
the tube and L, is the length of the tortuous tube.
The quantity ?' in equation (13) is analagous to u
in equation (10).

The second effect of the tortuosity of the tube
is with respect to vP *. If it is desired to express
the driving force as vTP* » it must be noted that

77 22 (k] w9

where IVP*I is the absolute value of the mean gra-
dient of P*. An equation relating T to

*
ﬂ; in a tortuous tube (analagous to equation 10)

ig therefore, given by

R? vpP* ( i 5)

- _ RrR? vp*
= “(‘_rkuLeL‘jz L

L
where the quantity (-.-L‘?.r has been called tortuosity
and designated by the symbol T .

It is evident that for porous solids of a given
porosity the greate:_zthe eccentricity of the pore space,
the larger will be R® . This is equivalent to saying

that R? will be greater for porous solids, having
secondary porosity as well as primary porosity,

other things being equal. This can be visualized most
easily by considering a porous solid containing an
abundance of clay. If somehow all of the solid matter
could be concentrated into one solid portion of the
cross section and the remaining section was free to
conduct fluids, the value of K would obviously be
much greater than if the clay particles were evenly
distributed over the cross section.

Futhermore, the value of R? for the non-
wetting phase, on the other hand will increase as the
8aturation increases. The relationship between

R? for the wetting phase and S can be deduced
from a curve of S as a function of P, ;e.g as

shown in figure 1 of the text,

The principle is based on the assumption that
a connected cross section of an irregular-shaped tube
can be regarded as composed of a large number of
sub-sections each having a discrete R ., The values
of R? of each sub-section are summed and the mean

value of R? is obtained. The entire pore space filled
with the wetting phase is then regarded as a single
tube of irregular shape (but uniform cross-sectional
area) having an average shape factor k and rmean
value of hydraulic radius R? .

Another key assumption of this theory is that
to a close approximation,

P dA = od(wp) cos 6 (16)

where P A is the capillary pressure at a particular



saturation S , dA is the area of the portion of the
cross section of the pore space that would desaturate
if S undergoes a change dS at the capillary pressure

P_ ., d(wp) is the corresponding change in perimeter

of the desaturated area at the soil-wetting phase inter-
face, and 8 is the angle of contact of the wetting phase
at the solid interface, It is further assumed that 6
and ¢ remain constant over the range of saturations
considered. -

The hydraulic radius of the area dA is, there-
fore, given by

o cos B
P

C

__dA

R = Swp)

(17)

The mean value of R? for the wetting phase at the
saturation S (designated as sz} is given by

2 _ olcos®® ? ds
Ry "= J, 72 (18)

c

similarly, for the non-wetting phase,
1

=% _ o’cos’ ds
R 2yl SIS o — 19
nw 1-S f By (19)

S

Although the integral in equation (18) is over
the interval of S from 0 to S , for practical pur-
poses it could often just as well be taken over the in-

terval from Sr to S. The value of the integral

from 0 to §S. is very small because Pc is very

large over this region.

According to Carman [ 4], the tortuosity of
fully saturated porous solids which are isotropic and
granular in nature is about 2. Other kinds of porous
media may have other values of tortuosity. If, for
example, the medium is composed of clay particles
oriented perpendicular to the direction of flow, T
will be much larger than 2, If the clay is oriented
parallel to the flow, T will be smaller than 2,

The variation of tortuosity with S was studied
experimentally by Burdine [ 3] and later analytically
by Wyllie and Gardner [19], Burdine obtained an
empirical expression for T (S) in the form

TLO-[ _[s =B,

TS Jw i 1-Srj

where the subscript w indicates that the relationship
applies to the wetting phase. In other words, the

(20)

quantity LL varies linearly from zero at S = Sr to
¢

1.0 at S =1,0, This finding was verified by
Corey [BE and was later derived by Wyllie and
Gardner | 19] using a mathematical model of porous
solids somewhat different from the model employed
here.

The corresponding relationship found by
Burdine for the nonwetting phase is

T S-s
| |tsTE @)
S |nw c r

where S, is called the "critical saturation'. At
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S> Sc , the nonwetting phase is discontinuous.
Corey [ 5] found for isotropic media that replacing Se

by 1.0 did not materially change the calculated per-

meabilities for saturations less than

"The volume flux, gq , in a porous medium of
having a porosity ¢ is related to the velocity U in
the pores by q= ¥ ¢ S. Thus equation (15) becomes

SR? _up*

7 T "L (22)

Noting the similarity between equation (22) and Darcy's
Law, it would seem that

K. = # ﬁ? i (23)
ew  x T, (8)

in which it is assumed that ¢ and k are independ-

ent of S . Assuming that sz (S) and Tw{S) are

as given by equations (18) and (20) respectively, the
equation for the relative permeability of the wetting
phase is given by

S
5 ds
|'S - B BT
K__ = o= e (24)
nw Li -8 ; ds !
c
0
similarly, for the nonwetting phase,
1
w ) ol
& ol s S-8, s P,
rnw i 1 ds (25)
c r F
o c

Equations (24) and (25) are known as Burdine's equa-
tions for relative permeability.
2

Il

In Burdine's equations, the parameters o
cos®0, k , and ¢ cancel, If is possible therefore,
that the theory with respect to relative permeability
is more precise than with respect to permeability,
per se.

It is certainly true that Burdine's theory is of
more practical use in determining the dependence of
relative permeability on saturationthan it is for deter
mining permeabilities. The permeabilities of porous
media when occupied fully by only one fluid are easily
measured directly. The direct measurement of rela-
tive permeability curves is a much more difficult and
time-consuming process.

Burdine's equations, however, are applicable
only for fairly isotropic media as one would suspect
from the manner of their derivation. Anisotropy
causes marked departures from the isotropic case as
has been described by Corey and Rathjens [7]. The
effect of anisotropy depends upon the orientation of
the discontinuities in texture. Bedding planes per-
pendicular to flow tend to decrease the maximum sat-
uration S, at which the nonwetting phase will flow,

and bedding planes parallel to flow tend to increase
Sc . Such planes also cause inflection in both K.

and K curves.
nw



APPENDIX II

Method of Determining Residual Saturation

To determine the pore-size distribution index,
A, it is necessary to plot log Se versus log Pc

which necessitates determining the residual saturation
Sr . Since the saturation, S , is related to SE by

the relation

for S < § <1.0 (1)

it is necessary to have measured values of S asa
function of P_ /y to determine S, -

An approximate value of Sr is obtained by
selecting a value of S at which the curve of P./v

versus S appears to approach a vertical asymtote as
shown in figure 1, With this estimate of Sr , tenta-

tive values of log Se are computed and plotted as a
function of log Pc/y . Usually, the plot will not be

a straight line, but an intermediate portion of the
computed values will fall on a straight line as shown
in figure 2,
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A second estimate of Sr is then obtained
such that a value of Sg » in the high capillary pres-

sure range which does not lie on the straight line,
will fall on the straight line as shown in figure 2. The
second estimate of Sr is usually adequate, and all

of the points will lie sufficiently close to a straight
line when the points are recomputed using the new
value of Sr . If this is not the case, the process is

repeated until a value of Sr is obtained that results
in a straight line for most values of Pc/y >P/y .

At large values of Pc/y where the curve be-
Se
sensitive to the value of Sr chosen, i.e., a small

comes asymtotic to some value of S , is very
change in S, makes the change in § e look big on
a log-log plot. Therefore, values of Se at this end

of the curve that do not lie exactly on the straight line
should not be given much consideration in selecting a
value of Sr :
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APPENDIX III

TABLE 1{

Data from Air Permeability Cell
for Unconsolidated Samples

Fragmented Mixture
(granulated elay + fragmented

Voleanic Sand Fine Sand (G, E. #13) sandstone + - volcanic sand)
¢ = 0,351 th« = 16.0 cm. ¢ = 0,377 Pb;“y = 44,0 cm. ¢ = 0,443 P /y=17.2 cm.
g 2 = - 2 & . P o '
an 18,0 i Sr 0. .15? an 2.5 p Sr 0.167 an i1, 3 u Sr 0.. 276
A=2.29 ¢, = 0.296 A=3.7 ¢ = 0.314 A= 2.89 ¢, = 0.321
Plv 8 Kenw Konw &l § Kenw Knw Felv 8 Kenw K nw
(em. ) (u?) (em.) (u?) (cm.) (1),
6.9 1,00 12,8 0, 990 10. 9 0,991
8.6 1.00 27.8 0, 980 13,0 0.978
10.5 1,00 30.8 0.962 14,1 0. 969
12.0 0. 980 31,8 0, 850 0.00234 0.000935] 15.0 0.962
13.5 0, 986 34,8 0, 926 0. 00700 0.00280 16.0 0,951
14,5 0. 980 36.8 0. 901 0.0115 0. 00460 17.0 0,924 0.021 0.00182
15.5 0,974 39.8 0,855 0.0298 0.0119 18.4 0.871 0.173 0,0150
16.0 0. 948 0.0112 0. 00062 42,8 0.788 0. 0808 0,032 23,6 0.562 3. 14 0,278
17.0 0,895 0.0720 | 0.0040 45.8 | 0.716 0. 150 0. 060 30.5 0. 415 6.56 0. 581
17,2 0.875 0.123 0, 0068 48,8 0,627 0. 258 0. 104 37.7 0, 348 8. 90 0. 788
21.0 0.638 2,10 0.117 52.8 0.503 0. 486 0.1954 53,7 0. 303 10,4 0,920
24.8 0.479 5. 20 0, 289 57.7 0. 383 0. 886 0. 354
36.9 0. 277 12,1 0.672 64,8 0,314 1. 38 0. 556
67.7 0.188 17.0 0. 944 ThT 0.273 1,74 0. 696
136.6 0.158 17.8 0, 990 74,4 0. 262 1,84 0.735
92,1 0,217 2. 20 0. 880
150.1 0,174 2,47 0. 989
Glass Beads Touchet Silt Loam Fragmented Fox Hill
("3M" #130-5005) (G. E. # 3) 1) Sandstone
é = 0.370 Py/v = 29,0 cm. ¢ = 0,485 Py /v =175.0 cm. $ =0.47 Pyly=10.3
& 2 = = 2 = = 30, 2 = 0. 30
an 6.30 u Sr 0. 085 an 0.60 Sr 0. 270 an 0.0 u Sr
A=T7.3 $,=0.338 A=1.82 é, = 0.349 A=1,02 $o = 0.329
P K
Pi:‘ll‘:rf 8 enw Krnw PC b 8 Kenw Krnw Ch‘ B enw K'r‘l:lw
(em.) (43 (cm.) (u?® (cm.) (3
3.8 1,00 7.8 1.00 3.0 i.00
5.9 0, 995 12,8 1.00 5.9 i.00
11.8 0. 989 17.8 i.00 7.6 0,972
17.8 0. 985 22,8 1.00 8.7 0, 956 0,0144 0. 000480
23.8 0, 980 32.8 0,998 10.0 0. 860 0. 600 0.0200
26,9 0.971 42,8 0. 995 12,4 0.776 3,20 0, 107
28.8 0,938 0.022 0.00352 52.8 0.992 15,3 0.663 4, B8 0.163
29,3 0.912 0, 060 0. 00950 62,8 0, 984 17.8 0. 554 9. 20 0, 365
30.4 0. 764 0, 209 0,0332 67.8 0,978 21.5 0. 465 15,7 0.523
31,0 0.681 0. 352 0. 056 72.5 0.967 25.6 0.416 20,0 0.667
32.1 0.579 0. 630 0. 100 77.8 0. 946 0.0€360| 0,00060 28,9 0. 397 22.0 0,734
32,7 0. 465 1. 140 0,181 82,3 0.892 0. 0069 0,001i15 | 33.8 0. 375 23,4 0,780
33.9 0. 337 2.03 0,322 87.7 0.821 0.0157 0.0262 46,6 0. 339 25,4 0. 846
35.7 0. 268 2,79 0,443 97.8 0.719 0. 0506 0, 0844 58.0 0,331 27.0 0. 900
30,0 0.190 4,09 0,649 107.6 0. 641 0.105 0.175
43,8 0,130 5. 24 0.831 123.0 0,562 0. 185 0, 308
53,5 0.098 6,15 0. 976 142, 6 0,482 0. 264 0. 440
150. 4 0,087 6, 26 0. 995 177.0 0.424 0, 359 0. 600
207, 2 0,383 0.418 0. 695
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TABLE 2

Data from Liquid Permeameter Columns

for Unconsolidated Samples

Volcanic Sand

Fine Sand (G. E. #13)

Touchet 5ilt Loam

(G. E. #3)
¢ = 0,365 P, /v =16.8 cm. ¢ = 0. 360 P /vy =41.0 cm. ¢ = 0.469 Py /v = 64.0 cm.
K, =11.0u* n=9.0 K, =2.85p% n=14.6 K, =0.500u> n=5.6
PCIT Kew KI‘W = PCH'r Kew KI‘W 8 PC 'IT Kew KI‘}W 3
(em.)| (u?) (em.) 1% (em.) | (3
6.3 | 11.0 1,00 17.3 | 2.85 1.00 6.10 | 0,500 1,00
8.8 | 11.0 1.00 22,0 2.85 1.00 6.20 | 0.497 1,00
11.9 | 10.75 0. 980 25,2 | 2,85 1.00 32.2 | 0.470 0. 940
13.3 | 9.75 0.885 32.9 | 2.85 1.00 60.0 | 0,364 0.728
18.0 | 5.56 0.506 36.9 | 2.62 0.92 72.1 | 0.298 0.595
22.2 | 1.26 0.114 41,6 2,03 0.743 83,9 | 0,138 0. 276
29.7 | 0.064 0. 0058 44,7 1,075 0.3 92.9 | 0.069 0.138
40.0 | 0,00545| 0.00050 50,8 | 0,128 0. 045 103,7 | 0,0325 0. 065
54.8 | 0.0434 | 0.0152 |0, 334 124,4 | 0,014 0.028
149. 4 0.0050 0.010

Glass Beads
("3M" #130-5505)

Fragmented Mixture
(granulated clay + fragmented
sandstone + volcanic sand)

Fragmented Fox Hill (2)
Sandstone

¢ =.383 P /v = 29 em. ¢ = .441 Py /v =18.5 cm. ¢ = 0.503 P, /v = 20.5 cm.
Kw=10.5nz n =20 Kw=15.0,uz n=10.9 Kw=1s.1ui n=973

PC!T Kew Krw 8 PE"MIrr KEW Krw 3 PC;T KW’ K}:‘w 5
(em.) | (u®) (cm.) (9 (em.) (7%

10.7 | 10.4 1.00 7.6 15.0 1. 00 7.85 | 16.1 1.0

16.4 | 10.4 1. 00 10.2 14,9 0.993 11.3 16.1 1.0

24,8 | 10.6 1,00 12,3 14,75 0,983 13.8 15,55 0, 967

28.1 9,94 0. 945 16.6 14,2 0. 946 15. 4 13,1 0.815

29.0 8,08 0.770 18,7 11.8 0. 786 17.7 {1.7 0.728

30.0 4,80 0.457 22.4 1,56 0,104 22,2 7,74 0,48

30.5 2.67 0. 254 24,3 0.721 | 0.048 27.2 1.68 0.104

31.2 1,485 0. 141 24,2 0.672 | 0.045 31,0 037 0.021

32.8 0,523 0. 0498 27.5 0.189 | 0,0125 3.5 0.057 | 0.0036

32.9 0.363 0.0346 34,2 0.0191 | 0.00127 | 0. 376 43,1 0.0187| 0.0012 | 0. 358
37.1 0.0925 0. 0088

37,2 0.057 0. 0054

38.6 0,042 0. 0040

42.6 0.0170 0.0016

43.0 0.0104" 0.0010 | 0.117

Fragmented Lamberg Clay

Sand (G. E. #2)

Sand (USSL #3445)

= z = = z = K =1.48 u? P, /vy =43 cm.
K, =224 Py /vy = 17.5 cm. K, =3.05p Py /v = 38 cm. i B b
n=36 n=10.0 n=10.1
K K s
Pch« Kew Kiw s Pch' Kew Kr—w . 5 Pcf‘r W o
(em.) | (? (em.) | (19 (em.) | ()
4,50 | 2.20 1.00 4.8 3,05 1. 000 29.2 1.480 1.00
7.02 | 2.11 0. 96 14.6 3.03 0,993 43,6 1. 100 0,743
18,10 | 1,225 0. 544 21,9 2. 39 0,784 52,4 0,218 0, 147
37.4 0.142 0. 0645 28,8 2. 14 0,705 66. 2 0.0188 0.0127
38,5 0,130 0. 0590 37.1 1. 385 0,454 67.6 0.0184 0.0124
69.5 0.0145 0. 007 42,9 0.783 0, 257 73,6 0,0072 0. 0049
46,6 0.430 0. 141
51,1 0. 160 0,0525
60.5 0.0334 | 0.01095
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TABLE 3

Data from Liquid Permeameter for

Consolidated Rock Cores

(Core perpendicular to bedding

Berea Sandstone

Hygiene Sandstone from
Pierre formation

planes) (No visible bedding planes)
¢ = 0.206 be‘y=42.0 cm. ¢ = 0.250 Ph;'r= 54,0 cm,
= 2 = = 2 -
Kw 0.481 p n=11.1 Kw 0.178 pu n=14.1
PC v S Kew Krnw PC iT S KEW Krnw
(cm.) (u?) (cm.) (u?)
11.5 1. 00 0,484 1.00 13,3 1,00 0.178 1. 00
20.5 1.00 0.481 1,00 18.4 1.00 0.178 1. 00
31.9 0. 980 0.469 0.976 27.4 1,00 0.177 1. 00
35.9 0. 985 0.458 0,955 44,9 0,995 0.175 0. 985
43,7 0.926 0,333 0.695 51,3 0,975 0,161 0, 804
48.0 0.778 0.095 0.197 54.1 0. 960 0.135 0.814
50, 2 0. 706 0. 0475 0,0990 56.6 0.920 0. 0950 0.530
62.4 0.476 0.00450 | 0.00930 59.3 0. 865 0. 047 0. 265
88.4 0, 345 62,1 0.817 0.026 0. 144
116, 9 0,313 67.7 0.756 0.0077 0.043
75.1 0.690 0.0020 0,.0110
85,2 0.643
100. 6 0. 604

TABLE 4

Data from Air Permeameter for

Consolidated Rock Cores

(Core cut perpendicular to
visible bedding planes)

Berea Sandstone

Hygiene Sandstone from
Pierre Formation
(No visible bedding planes)

¢ = 0,206 Pb;‘y =43 cm. ¢ = 0.250 Pb,f'y = 54 cm.
= 2 = = 2 =

an = 0,348 u Sr 0. 299 K 0,128 p Sr 0.577

A= 3.69 ¢e=0.144 A=4,17 ¢e=0.106

Pc ¥ 8 Ken;w Krnw Pc Iy S Kenw K‘rnw

(cm.) (1?) (em.) (u?)
dry 0.00 0. 496 1.42 dry 0. 000 0,171
51.0 0. 687 0.00190 | 0.00545 57.0 0. 905 0.00126 0. 00985
51.5 0.663 0.00352 | 0,0101 57.8 0. 890 0.00300 0.0234
52.4 0.643 0.00437 | 0.0126 59,0 0.865 0, 00580 0. 0453
54,0 0.610 0.00825 | 0,0237 62,0 0.813 0.0150 0.117
56.6 0. 556 0.0284 0,0816 64,4 0,785 0.0217 0. 169
57.5 0. 540 0. 0407 0,117 67.5 | 0,757 0.0294 0. 230
59,3 0.513 0. 0648 0.186 70,8 0,723 0. 0450 0. 352
62,5 0,473 0.104 0,299 75.1 0,690 0.0600 0.469
67.5 0,434 0. 148 0.425 85,2 | 0,643 0.0820 0, 640
74.3 0, 392 0,213 0.611 100. 6 0.604 0.104 0.813
85.0 0. 350 0. 287 0.825

117, 0 0, 318 0. 330 0. 948

0, 244 0, 425 1.22

0,175 0,469 1,35
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and liquid permeabilities as & function of saturation
and capillary pressure are predicted from experimentally
determined hydraulic properties. The theory also des-
cribes the requirements for similitude between any two
flow systems in porous media when occupied by two immis-
cible fluid phases when the nonwetting phase is static
and the flow of the wetting phase is described by Darcy's
law. The requirements for similitude are also expressed
in terms of the hydraulic properties of porous media.
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end capillary pressure are predicted from experimentally
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cribes the requirements for similitude between any two
flow systems in porous medie when occupied by two immis-
cible fluid phases when the nonwetting phase is static
and the flow of the wetting phase is described by Darcy's
law. The requirements for similitude are also expressed
in terms of the hydraulic properties of porous media.
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cribes the requirements for similitude between any two
flow systems in porous medis when occupied by two immis-
cible fluid phases when the nonwetting phase is static
and the flow of the wetting phase is described Ly Darcy's
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in terms of the hydraulic properties of porous media.
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