


















































































in which Mo and Mo ' a re the val ues of M and M' corresp onding t o  a 

ce rtain val ue of r/b denoted by.( r/b6• 

S in ce m and Ao a re contained in the para me t e rs Mo and lvio1, and are 

f unctions of u*2;vs2, i t  i s  evident that b oth Y and Z a re f un ctions 

of the foll owing parameters .  

F urthe rmo re ,  i t  i s  to be not ed tha t  the exponent o f  W ob/j? is con­

s iderably s malle r than that of Wo2/Vs 2; the refore ,  b/d5 sh ould be 

int rod uced instead of W�b/j? when the bed is regarded as a r ough 

boundary.  Th us ,  for a rough b ound ary, the eff e ct of Wob/� on the 

de vel opmen t of the s co ur h ole will be ins ignif i can t .  

F ro m  E q  107 , i t  i s  evident that the s l ope of the s t raight 

l ine obtained by the pl ot ting of Zs I(A.j agains t l og ( � 
vA; 

( see F ig .  17) represents the val ues of Y and of ls/ � a t  the 

point whe re('d� \Jofl:/whi ch a re equal t o  that of Y l og �. I n  the VA: 67-
pl ots of Fig.  l7 ,  the co mp uted val ues of[A; and Wo , we re used. 

. � 'l. F ig .  1 8, g iving the rel at ionship be t ween Y and �YV�o �­
(�-')jds 

sh ows that the effect of the para mete r _b_ is very s mal l �!th ough 
YAj 

there is cons iderabl e s catt e ring of dat a ,  espe cially f or the case 

when b =  1 6  in. The s olid l ine in F i g .  18 represent s  the f oll owing 

equation: 

y (Ito ) 
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F ig .  1 9 ,  wh i ch gives the relationships be ��een Z and -� , 
r A : ..E. .} 

shows that Z increases td th increasing {if except fo r the case of 
I 

Ser ies 8. This t rend i s  valid , however,  only for the reg ion whe re 

b i s  l ess than a certain value ; that is , af ter � rea ches 
VA; A j  

a certain value , Z will decrease wi th increase of � • F i g . 20 

w l.  A j  
shows the effect of 

a- 0 )  d on the magnitude of � ,  in whi ch (}5 - I  5 s 
-1. /o� _b._ is added to log Z to eli minat e the effect o f  b 

Vf vf\j ..J 
The solid l ine in F ig.  20 represents the following equation : 

• 

( 111) 

The data plo t ted on F i g .  20 are for the sedi ment size 6 . 25 mm for 

S e ries 7 and 8 and for the sediment s ize 4. 1 1  mm for Series 9, 10 , 

1 1 , 12 , and 1 3 .  The eff ect o f  sediment size canno t b e  checked l 
satisfactorily by F igs. 18 and 19 , since these f igures rep resent 

onl y the ef f e ct of the velocity of th e j e t  Wo. The resul t of the 

analysis of Rouse ' s  data fo r the two-di mens ional case in the p re-

vious paper 

Wo ._ 
( ! )  suggests that � should be taken rathe r than 

IAJ� '-
• The inf l uence of sediment si ze can be establ ished 

only by f u rth er exper i ment s  us in g  a wider range of sedi ment size .  

Incl ined j e t  � Non-S ubme rged Outlet 

In the analysi s  of the experiment al study by S mi th ( 1 2) , 

the cha ra cteristi c depth of s cour was again taken as the distance 

f ro m  the ori ginal bed to the point of inters ect ion of the s ide 

slopes of the s coured basin. (See F ig .  21 ) .  
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The equation for the depth of sc otrr for the case of the in-

clined jet issuing from a non-submerged outlet is expressed by Eq 91, 

ot 
/o 

d s ; ..,  e 

Substituting J A.J· for d ,  Eq 91 nw.y be written when 1_' ? '? I , as  

::. (. 1 [ /oj / ds �)  f /0j Z 1} 
� .S ; .,  <9 . (1:4: S in 8 h 

J J 

with 

and 

2 '  

(112 ) 

(113) 

in which Po and Po ' are the values of P and P 1  c orresponding to  a 

certain value of r/b denoted by (r/b ) 0 • Furthermore , it is ob­

vious that both Y '  and z t  are functions of 

· e  J 

Fig. 22 shows , in dimensionless terms , the variation of 

depth of s cour \dth time , and bn sed on Eq 112 . This fieure 

shows that there are apparently three reeimes of the scour devel­

opment : ( a )  maximum jet deflection, (b )  minimum jet deflection, 

which are identified by Rouse (2) , and ( c )  n final c ondition of 

scour. 



r-

S ignificant l y ,  the regimes shif t from maximum jet deflec-

tion ( curves wi th f latter slopes ) to minimum j e t  defl ec tion at 

approximately the same time as determined by Rouse ( 1) f or the two-

dimensional case. 

By the f oregoing procedure , val ues of Y' and Z' in Bq 112 

are obt ained f rom F ig .  22 for each regime . Howeve r, the range of 
..,._ VVo in the expe rimental data is so limi ted that its eff ect c.% - I ) Cj J.,-

On Y '  and Z '  cannot be dete rmined. Among the parameters inf luencing 

Y '  and Z ', the most eff e ct ive is the angle of impingement of the 

jet e as can be seen in F igs . 23 and 24. The re is I however t a 

cons ide rable scatt e r  of the data on these f igures wh ich is  d ue to 

othe r undef ined f a ctors as well as expe rimen tal e rrors . 

I t  is evident that the re exists opposite trends in Y' 

and Z ' for $ between maximum and minimum jet defle ctions . More• 

ove r, it  seems apparent that the re gime of maximum jet  defl ection 

disappears a t e = 61 °. When c9 ". 61 ° , the re exists only the regimes 

of minimum j e t  deflection. On these figures have been plotted the 

val ues of Y ' and Z '  f or e = 90 ° estimated f rom Ooddiah ' s data.  

It  can been seen that Doddia h ' s data belongs to the regime of 

maximum jet defle ction. 

The spread of three points at S in e D 1 . 0  in F ig .  23 is 

caused by different values of ( ;·, )�J, as a third variable. The 

th ree dot ted l ines in F ig. 23 show the variation of �� with �� �. , of whi ch the various ranges of variation are indica ted by 
J 

heavy l ines be tween the same symbols of the l ine of sin e = 1 .0 
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The value of p,  which is c ontained ih the parameter Y '  

of Eq 113, seems t o  be a function of � on the basis of experi-

mental results by Homma ( 9 ) .  Evidence of this i s  shown by the 

values  of j3 in Eq 75a wherejB � 0. 02h for � � 60° and Re � 25,000 

and j3 = 0.137 for fJ = 90° and Re / 30,000 (See Fir.;. 20)  • This 

fact is an explanation for the increase in the value of y r  with a 

decrease in the value of E1 for maximum jet deflection. However, 

the variation of Y '  for minimum jet deflection, which shows the 

opposite trend to  that in the case of maximum jet deflection, cannot 

be explained by the variation of j3 with 9 • The reason for this 

will depend upon the eventual explanation of the difference between 

the fluid mechanics of maximum and minimum jet deflection phenomena.  

Also ,  there is  need for detailed studies of the effect of � on the 

value of )3 and the characteristics of the exponent m in sco� phen-

omena. 

The relationship of the final depth of sc our for the cas e 

of the inclined jet issuing from a non-submerged outlet is expressed 

by Eq 93 , Since it is expected that } i s  a function of E1 and the 

influence of Wo b is small , � �  oP_ + b depends on Wo , _b_ and v d -. ' i1  e u..,. <- d s lld�  
8 for a given r/b . Replacing d by {f:; and c onsidering 

� J 
v�c l � ..P +- b  . 

( sz:  1 )  d as approximately c onstant, at the po1nt 
:./ - � s .;-;:: 5/n e "l 

of the maximum depth of scour is a function ol c:1":' w'o d , b . 
(? - I )� � (It So,  (;) 

and � • Furthermore , the parameter {;( b _ _  � might be omitted, A.; .s , ...., 
because �0 for the case of a submerged outlet does not include 

this parameter as may be seen in Eq . 96 . Thus , rs 1:P + b is a 

ff. �/'n$  J 
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f u nctio n  o nly of the parameters and e . 
F ig .  25 shows a plot of the dat a for the f i nal dep th of 

s cour obtained f rom F i g .  22. I t  is evide nt f rom this f igur e that 

there are two poi nts of dis crepancy : 

1. F or a certai n value of f) , the smal ler of the vel o ci t� 
of · the jet , the greate r the depth of s co ur .  

2 .  For a give n vel o city o f  j e t , the smaller the angle 
of jet , the smaller the depth of  s co u r. 

F u rthe rmo re , the val ue of p de creases as the depth of s cour i ncreases 

with a decrease i n  the a ngle of jet . 

The i nf l ue nce of � on th e f i nal depth of s cour , as wel l  

a s  the i nco nsis tencies i n  Y �  a nd Z '  i n  t h e  case o f  mi nimum j e t  

deflect ion , needs furthe r i nvestigat ion . 
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SUi'llMAR Y AND CONCLUS ION 

A theoretical analysi s  has been a ttempted he rein f o r  the 

me chani cs of s cour fo r th ree-dimens ional j e ts issuing f rom subme rged 

and non-subme rged outle ts . In  developing the theo ry ,  some assumpt ions 

have been int rodu ced and some eff e cts have been negl e cted, s u ch as : 

1 . I t  has been as sumed that the Bernoul l i ' s  theo rem is 
val id i n  the neighbo rhood of the stagnation point. 

2. The value of L in Eq 36 has been assumed cons tant 
in solving the boundary layer equat ion. 

3. I t  has been assumed that the depth of  s cou r i s  small 
compared with the tail wa te r depth in int eg rating 
the continu ity equat ion of mass sediment t ranspo rt . 

4. The late ral diff usion along the bed , af te r impinge­
men t  of the j e t  on the bed , has been neglected. 

s. The bed has been t reated as a hydraul i cally smoo th 
boundary in obtaining the shear dis t ribution f rom 
the bo unda ry l ayer equati on. 

6. The equat ion of sediment t ranspo rt for open channel 
f l ow has been appl ied , that i s ,  i t  has been assumed 
that the rat e  of sediment t ranspo rt depends only 
upon the shear vel o ci ty and the s ize and spe ci f i c  
w.eight o f  sediment . 

This theo re t i cal inve s t igat ion with the expe rimental ve ri-

f i cations f o r  the two cases of ve rt i cal and incl ined j e ts f rom non-

subme rged outlets indi ca tes th e following : 

1.  The rate of s cour by a jet i s suing in o r  into still 
wate r f rom a submerged or non-submerged outlet is 
gove rned by the characterist i cs of j e t  diff usion. 
In the case of a subme rged out l e t ,  the depth of 
s cour varies wi th the powe r law wi th respect t o  
t ime , and i n  the case o f  a non-s ubme rged outl e t ,  
the variation of the s cour depth follows the loga­
rithmi c law wi th respe ct to time. 
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,.. 2. The dimensi onles s  parameters defining the depth of 
s c our with respect t o  time , are 

d s i�'� e and d s ,�, e 
vlo t  

b • 

3 .  The effect of sediment characteristic s  can be expre s sed 
by the parameter 

; 

however , its validity has not been established by experi ­
mental data because of the narrow range of sediment sizes 
used in the experiment s . 

h. The tail water depth i s  introduced by the dimensi onle s s  
parameter 

b 

5. The a ngle of impingement of the jet 8 indicates a sig­
nificant influence on the depth of s c our in the case of 
the non-s ubme rged outlet . 

6. The dimens i onle ss f orm f or the final depth of s c our 
should be of the form 

which is expre ss ed by p ower and l ogarithmic equati ons 
with other parameters f or the cases of s ubmerged and 
non-submerged outlets re spe ctively . 

Applicati ons of the the oreti c al res ults t o  the analyse s  of experi-

mental data lead to the f ollowing c onclusi ons : 

1. In the case of the non-s ubmerged outlet , the variati on of 
the depth of s c our with time follows the l ogarithmic law 
as found empirically before . 
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2 .  The infl uence of b/d on the value of Y in the case of 
a ver ti cal jet and of 

b 

on Y '  in the case of  an incl ined j e t  seems t o  be 
neglig ible. 

3 . There exi st s three regime s of scour in the ca se of 
the three-dimensional j e t :  

a )  maximum j e t  deflect ion 

b) minimum j e t  deflec tion 

c ) the f inal condition 

The f i r st two were i dentif ied by Rouse for the case 
of a two-dimensional j e t .  

4 .  The regime o f  maximum j e t  deflec tion di sappears when 
the angle e of jet  impingemen t on the tail water 
reache s  approximatel y 61 °. When � i s l e ss than 61 ° , 
the regime i s  minimum j e t  def l ec tion onl y.  
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Symbol s  

a 

A 

b 

b '  

B 

d 

g 

h 

k 

L 

m 

LIST OF SYMBOLS 

Def inition 

Coeff icient of proport ional ity beb1een U and r or W and Z. 

Ratio of momen tum thickness of boundary layer to thickness 
of boundary layer 6 

Cons tant in sediment t ranspo rt equat ion 

F unc tion of time having pos i tive value 

C ross-sec tional area of j e t  at  water s urface 

Tail water dep th o r  heigh t  of outlet from bed 

b/sin CS> 

Ratio of displ ac emen t thickness of boundary layer to thick­
ness of boundary l ayer 

F unc t ion of t ime having pos i tive val ue 

F unction of t ime having pos itive value 

I ntegral cons tants 

D iameter of  j e t  a t  outlet or wat er surf ace 

Mean diame ter of sediment part icle 

A cc el erat ion of gravity 

Thickness of def lec ted jet in c ase of ideal f l uid 

C onstan t , 0.0225 for smooth boundar y and m'  = 1 /7 

Coef f i c ient in boundary layer equat ion 

Exponent in sedimen t transport equat ion 

m '  Exponent i n  powe r-law veloc i t y  distribution 

M F unc t ion def ined by Eq 54 

M0 M corresponding to a certain value of ( r/b) 
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S ymbols 

M '  

M '  0 

n 

N 

N '  

Def ini tion 

Deriva tive of M w i th respec t to ( r/b) 

M '  corre sponding to a certain val ue of ( r/b )  

2m ' /O+m ' )  

F unc t ion def ined by E q  6 5  

Derivative o f  N with respect to ( r/b) 

p P ressure intensity at a point 

p0 Pressure intensi ty at s tagnation point 

P Func ti on def ined by E q  82 

P P corresponding to a certain value of ( r/b) 0 

P '  D erivative of  P with respec t to ( r/b) 

P '  P ' c orresponding to a cer tain val ue of ( r/b )  0 

q
s Mass rate of sediment transpo r t  per unit width 

Q F unc tion def ined by E q  98 

Q "  D erivative of Q w i th respec t to ( r/b) 

r R adial coordinate paral l el to bot tom 

r '  R adial coord inate perpendicular to incl ined jet  

r0 R adius of uniform scour 

R e  R eynolds number 

t Time 

U Horizontal component of velocity a t  a po int 

U0 Hori zontal veloci ty of defl ec ted j e t  at a point N in F ig. 7 

Ub Hori zontal component of velocity al ong r-axis 

U� S hear veloci ty 

U� c  C r itical shear vel ocity 



Symbol 

Wo 

Wm 

Wbm 

W '  

W o '  

Wm ' 

Wb ' 

Wbm 

Wb'mo 

y 

Y '  

Z '  

z 

Z ' 

j3 

Def ini tion 

[ { t' 1 + ' } � d, J � 
Ver t ical component of veloci ty at a point 

Vertical component of j e t  velocity a t  ou tlet or water 
s urf ace 

Maximum vel ocity at cen ter of j e t  

Value of 1r: at Z =- b 

Val ue of Wm a t  Z = b 

V eloc i ty of inclined j e t  at a point 

Velocity of incl ined j e t  at outl e t  or wat er surf ace 

Maximum ve locity of j e t  at center of incl ined j e t  

Value of W '  at � = b 

Val ue of Wm ' cor responding at point along r-axis 

Value of W b'm at c = b and r = o 

F unction def ined by Eq 1 08 

F unc tion def ined by E q  1 1 3  

Ver t ical coordinate perpendic ular to bottom 

Vert ical dis tances from :r.-axis to po ints M an d  N in 
F ig. 7 

Depth of scour 

F inal depth of  scour 

Parallel to inclined j e t  

Func tion def ined b y  Eq 109 

F unc tion def ined by Eq 114 

Constant in equat io� of maximum veloc ity of incl ined jet  

C oef fic ient in exponent in equat ion of  maximum veloci ty 
of incl ined jet 



Symbol 

.13 ' 
Def ini tion 

C oeff ic ien t in equat ion of boundary l ayer thictmess 

Thickness of boundar y laye r 

F unc t ion def ined by Eq 56 

F unct ion def ined by E q  90 

Angl e of j e t  at water surface 

Poros ity of sedime nt 

Kinema tic vi scos ity of water 

F unc tion defined by Eq 67 

F unc tion def ined by Eq 104 

Densi ty of water 

Density of sedimen t 

F unc tion expr essed by B q 21 

'/) at Z = b 

F unc tion represent ing veloc ity dis t r ibution of incl ined 
j e t  

p at Z = b 

Angular Coo rdinate 



DISCUSSION 

E .M. Laursen l Eq 1 is co rrec t . The sections on cond i tions of 

appl ication of the con tinui ty equat ion and ideal f l uid seem to be principally 

for academic in teres t .  The essence of  the s tudy begins wi th the sec tion on 

real flow :  non-submerged outlet.  

The purpose of  the paper i s  commendabl e--to ob tain a t ransport 

relation as a f unction of r and Zs and the in i tial condi tions of \11/o , 

d and z • The at tempt i s  val ian t and the general idea of the requi red 

s teps reasonable.  Individual steps , however , are more or  l ess questionabl e. 

In order of appearance , they a re as fol lows : 

1 A 

1 .  A.s demonstrated by Corr sin in h is disc ussion o.f " Diffusion of 
S ubme rged Jets" by Alber tson ( 10) , a simpl e similarity cri teria 
WJW = f ( rib) whe re b is any t ypical wid th of the jet , and 
the

m
assumption of constant p r essure thro ughout the f ield i s  

s uf f icient to demonstrate l inear spread o f  the jet and that 
\�mA�o d. l /X  mere X is the dis tanc e f rom the f ree surface. 
On thi s bas is , Eqs 21 and 22 seem to be at variance \-Ji th Eq 23. 

2 .  Appl icat ion of Berno ul l i ' s  theorem to obtain the horizont al or 
radial vel oci ty dis tr ibu tion in E q  2 7  is a quest ionable procedure . 
I t  i s  suffici en t  f or obtaining an approximation o f  the velocity 
dis tribution near the stagnat ion point , but as the jet  con tin ues 
to spread by di ffusion and is affected by boundary layer develop­
ment becomes less and l es s  appl i cable .  

3. The determination of shear velocity i s  onl y  approxima te b u t  is 
be t ter than the previo us assump tions that ent e r  in to the r elation­
ship . 

4. Eq 41 is a sedimen t t ransport equation that upon examinat ion seems 
ques tionabl e as to its  val idity. For example , dropping the cri­
t ical term by making m a var iabl e exponent i s  onl y proper if  m 
becomes inf inite \m en the shear becomes criti cal . By disregardin g  
cri tical sh ear andlbr the f act that m becomes infin i te the scour 
seems to pr oceed to inf ini t y  at inf inite time . More impor tant , 

s sociate P rofessor , D epa r tment of C ivi l Engineering , Mi chigan S tate Universi t y ,  
East Lansing , Michigan . 



the infl uence of some critical t erm i s  comple tel y overloolted. 
At low rates of s co ur the shear will be almost the critical 
shear and the l a tt er should not be igno red. 

L. K. Ducks tein , Y.  Iwagak i :' ,  and G .  L. Smi th.· . --The commen ts by 

M r .  Laursen wer e greatl y appr ec iat ed. 

M r .  Laursen , in reference to the discussion by Corrsin , poin ts out 

that E qs 21 and 22 seem to be at variance '�i th Eq 23.  

In his di scuss ion , Cor rsin actual l y  proves that a similari ty hypothesis 

of the t ype of Eq 23 necessar ily l eads to a ver ti cal vel oc i ty di s tribution wher e 

the velo c i ty rela tionship WmA10 is proportional to ( b  - � I d) . 

I t  should be no ted , howeve r ,  tha t Eqs 21 and 22 are experimen tal 

expressions , \'lh ich have been ve r if ied by exper imen tal dat a ,  that def ine a j e t  

issuing f rom an non-s ubme rged outl e t ;  \me r eas , E q  23 i s  an experimen tal expres-

s ion for a j e t  is suing from a submerged outl et . 

Since , in th is anal yt ical st udy of scour ; we are c onsider ing j et flow 

f rom non-subme rged outl ets ; a mo re rigorous approach , as impl ied by M r .  Laursen , 

would be to replace E q .  23 by a general rel ationship of the type 

.l ( ..r:  ' �  _!2_ )  ':i' b d " d  

Al though the f unc t ion � will have to be det ermined by e..'Cper imen t , E q  2 3  may be 

cons idered as an order of magn itude of the funct ion � • 
A basic assump tion in this s tudy was that the Bernoul l i  equation could 

be appl i ed in the n eighborhood of the s tagnation point to determine the velocity 

di s tribution . As a first  approximat ion , it  seems to give a representat ive velo c i ty 

distribution . I t  i s  recogni zed , however , that the appl icat ion of the Bernoul l i  

equa tion , a s  the j e t  cont inues t o  spread b y  diffusion i n  the radial direc tion and 

is affec ted by bo undary layer devel opmen t ,  can be subs tantiated onl y  by exper iment .  
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An impor tant point of this s t udy is that it  is val id onl y  at the 

in i tial stage of the scouring phenomenon . Ther efore , to better unders tand 

the scour phenomena ,  Eq 41 must be appl ied ins tead of E q  42 , . and ( b  - Z) must 

r eplace b • The solu tion of Eq 43 then r equi res numerical in teg rat ion. 

However , the l imi ting val ue of the scour hole dep th can be obtained by mak ing 

qs e qual to zero . Fur thermore , by subs ti tut ing E q  41 into E q  43 an approxi­

ma te val ue o f  the time t when the depth is 99 per e'en t of i ts final val ue 

c an be determined. 


