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frequency distributions, r ather than to compar e t he 
density funct ions wit h the frequency density curves. 
The fact is t hat the comparison of distribution l ooks 
better to an eye, than .t he comparison of t heir density 
curves. This can be seen best by comparing the graphs 
of figures in this chapter, in which case t he density 
curves are compared with the graphs of figures in the 
fo l lowing chapt er s where distributions are compared . 

The eye inference is often misl eadi ng and un­
avoidably r epresent s a subjective decision. A compari­
son of two curves , one theoretical and another empirica~ 
may l ook as good t o one person and very bad to another . 
The objective stat istical inference by using the 
parameter s and t ests of hypotheses is the only proper 
way of comparing t heoretical and empirica l curves. 
Because readers are often accustomed to drawing their 
own conclusions , the graphical presentation is given 
in this paper, rather than the tables of chi- square or 
any other statistic, as the results of statist ical in­
ference test s . As mentioned in Chapter I I I , this is 
not an exhaus tive study of a lar ge number of stati ons , 
with a stat istical anal ysis performed of how t he var i­
ous theoretical distribution functions of precipitation 
stochastic process fit the empirical dist ributions . It 
is rather a devel opment of methodology, with t he four 
examples used to ill ustrate its potential usefulness . 
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Figures 6 . 1 and 6 . 2 refer to Durango, Fig . ·6. 3 
and 6.4 t o For t Collins, and Figs. 6.5 and 6 .6 to Austin 
daily precipitation series for each of the two defini­
t ions of storms, r espectively . As the number of years 
of data is 71 for Durango, 69 for Fort Coll ins, and 
70 for Austin , t hose are also the sampl e sizes of the 
empirical frequency density cur ves (soli d lines) of 
Figs. 6 .1 - 6 .6. Differ ences between t he theoretical 
probabil i t y densit ies and t he empirical frequency den­
sities are smaller for Durango and Fort Collins t han 
for Aust in. Figure 6.7 refers to Ames hourly precipi­
tation series . The sample size is 18 years only. This 
smal l sampl e explains why differences between the 
theoretical probabil ity densities and the empirical 
frequency densities are much greater for t his station 
t han for t he other three . The use of hourly dat a in 
the case of the Ames Station may further explain why 
these differences are so large. 

In summary, t he gamma distribution of eq. (2 . 52), 
wi t h n

2
(o,x) of eq . (6 .1) assumed to be proportional 

to X for a given A2 and a given position in time, 

seems to well fit t he empirical distributions of the 
storm precipitation amounts. 



Chapter VII 

PROBABI LITY DISTRIBUTIONS OF TIME OCCURRENCE OF STO~G 

7.1 Definition of time occurrence of storms. If 
a storm is defined as a rainy day or a rainy hour, the 
lapse time from the beginning of an interval to that 
rainy day or rainy hour is its time occurrence. If a 
storm is defined as uninterrupted sequence of rainy 
days or rainy hours, then the l apse time from the begin­
ning of an interval to the last rainy day or last rainy 
hour of that sequence is its time occurrence. If t 

0 

stands for the time when the observation begins, then 
'v denotes the end of v-th storm. The difference 

'v - t
0 

is called the lapse time of the v-th storm. 
For t 0 = o, <v is the lapse time. 

The probability density function of 'v is given 

by eq. (2.48). The following integral represents the 
average number of lapsed times in (t

0
,t] 

(7 .1) 

and it is A
1
(t-t

0
) only if Al is a constant with time. 

7.2 Computation of theoretical probability dis­
tributions of lapse time, T • Assuming that t is v 0 
defined by dates of the year, in the examples of this 
study, four values of t

0 
are taken as four seasons: 

January 1 (Season-1) , April 1 (Season-2), July 1 
{Season-3) and October 1 (Season-4). Then for any 
value 'v t, the various terms of eq. 2. 48 are deter-

mined from A
1
- time functions, as computed for four 

examples and presented in Chapter IV. The computed Al 

values 'are used rather than their values from the 
fitted periodic components. This latter case should 
be used whenever some sampling variations in Al should 
be avoided. . 

The term A1(t) in eq. (2.48) is the computed 1 
value at the time t. The term in eq. (2 . 48), given 
bye~. (7.1), is the integral from the beginning of 
the above dates and various values of t. This pro­
cedure is used for v = 1, 2, 3 and 15 for the first 
definition and for v • 1, 2, 3 and 10 for the second 
definition of storms. 

The theoretical probability distribution functions 
(as integrals of eq. (2 .48)) are given for the four 
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examples of precipitation data (Dur ango, Fort Collins, 
Austin and Ames) as light solid lines in Figs. 7. 1 
through 7.7 as explained in the captions of these 
figures. 

7.3 Computation of empirical frequency distri­
butions of lapse time, 'v· Frequency distributions of 

lapse time 'v , given in all figures as heavy solid 

lines, are determined for the fol lowing cases: 

(1) For rainy days, each considered as a 
storm, for v • 1, 2, 3 and 15, and for the above four 
time positions t

0
, designated as Season-1, Season-2, 

Season-3, and Season-6 in all figures , and for the 
three examples of Durango, Fort Collins, and Austin 
daily precipitation series . 

(2) For storms , defined as uninterrupted se­
quences of rainy days or rainy hours, whichever is 
relevant, for v • 1, 2, 3 and 10, and for the same 
above four positions of t

0
, and for the four examples 

of Durango , Fort Collins, Austin, and Ames precipitation 
series. 

For the first definition of storms, Figs. 7.1 , 7 .3, 
and 7.5 each give these 16 empirical f requency distri­
butions of 'v (the four values of v = 1, 2, 3 and 15, 

and each of them for the four seasons). For the second 
definition of storms, Figs . 7.2, 7.4, 7.6, and 7.7 each 
give these 16 empirical frequency distributions of 'v 
(the four values of v • 1, 2, 3 and 10, and each of them 
for the four seasons). 

7.4 Comparison of theoretical probability distri­
butions and empirical frequency distributions of lapse 
time, 'v· This comparison in Figs. 7.1 through 7. 7 

shows a good closeness of theoretical and empirical 
curves, though this is not studied by tests of appropriate 
statistics of goodnesss of fit . The exception is Fig.· 
7.7, for the hourly precipitation data at Ames, because 
the sample is small , only 18 years. 

In conclusion, eq. (2 .48) gives a good distri bution 
of 'v• provided A1 is well estimated as a function of 

time. The values of Al from the periodic component 

should be used instead of the computed values of A1. 
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FIG. 7.1 COIG'AAISOII OF THE THEORETICAL PROBABILITY OISTRI6UTIOII (liGHT SOliD LINES) AltO Tl1E EIIPIRICAI. FREQUENCY OISTRIBIITIONS (I!EAYY SOLID liNES) OF THE 
STORK LAPS< TIH£, ' , FOR THE FIRST RAINY DAY (RAINFAll, 1-ST RAIN, FIRST COI.UM~). FOR THE FIRST 00 RAINY DAYS (RAINFALL, Z-HO RAIN, SECOND 

COLUKN) , FOR THE FIRST THREE RAINY DAYS (RAINFALL, 3-RD RAIN, THI RO COLUM/1) , AND FOR THE FIRST Fl FTEEN RAINY DAYS (RAINFALL , 15-Tl1 RAIN, FOURTH 
COLUMII) , AND EACH OF THEM FOR THE FOUR SEASONS (OR TIME POSITJONS): JANUARY 1 (SEASON-I, FIRST ROW) , APRIL 1 (SEASOM- 2, SECOND ROW), JULY 1 
{SEASON-3, THI RD ROW) , A.NO OCTOBER 1 (SEA.SON-4 , FOURTH ROW) OF DURANGO DAILY PRECIPITATION SERIES , WITH STORKS OEFINEO AS EACH RAINY DAY. 
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FIG. 7 .2 COMPARISON Of THE THEORETICAL PROBABIL ITY OISTRI BUTIOII (LIGHT SOLID LINES) AND THE EliPiRICAL FREQUENCY OISTR!BUT!OHS {HEAVY SOLID LINES) Of THE 
STOIIM LAPSE TIME, ' u• FOR THE FIRST STOIIM (RAINFALL, 1-ST STOIIM, FIRST COLUMN), FOR THE f iRST TWO STORiiS (RAINFALL, 2-ND STORM, SECOND COLUM/1), 

f OR TK<: FIRST THREE STOIIMS (RAI NFALL , 3-RO STORM , Tii!RO COLUMN) , ANO THE FIRST TEH STOIIMS (RAH~FALL. 10-TH STOR:i , FOURTH COLU~ ) .AHO EACH OF 
THEM FOR THE FOUR SEASONS (OR ilME POSHIONS): JANUARY 1 (SEASON-! , FIRST RO'~) . APRIL 1 {SEASON-2 , SECOND ROW). JULY 1 (SEASON- 3 , THI RD ROW), 
AND OCTOBER l (SEASDN- 4, FOURTH ROW) OF DURANGO DAILY PRECIPITATIOII SERIES, WITH STORMS OH!:IEO AS UNINTERRUPTED SEQUENCES OF RAINY DAYS. 
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(SEASDN-3, THIRD RO'~) . AND OCTOBER 1 (SEASON-4 , FOl'RTH ROW) OF AUSTIN DAILY PRECIPITATION SERIES, WITH STORMS DEFINED AS EACH RAINY DAY. 
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F!G. 7.6 COMPARISON Of THE THEORETICAL PROBABILITY DISTRIBIJTION (LIGHT SOLiD LINES) AND THE EMPIRICAL FREQUENCY DISTRI BUTIONS (HEAVY SOLID LINES) OF THE 
STORM LAPSE TIME, r

0
, FOR THE FIRST STORM (RAINFALL, 1-ST STORM, FIRST COLUMN), FOR THE FIRST TW() STORMS (RAINFALL, 2-ND STORM, SECOND COLUKII), 

FOR THE FIRST THREE STORMS (RAINFALL, 3- RO STORM, THIRD COL\R'IN ), AND THE FIRST TEN STORMS (RAINFALL, 10-TH STORM, FOURTH COLUM.~) . AND EACH OF 
TfiEM FOR THE FOUR SEASONS (OR TIME POSITIONS): JANUARY 1 (SEASON-1 , FIRST ROW). APRI L 1 (SEAS!m-2, SECOND ROW), JULY 1 (SEASON- 3 , THIRD ROW), 
ANO OCTOBER 1 (SEASON-4, FOURTH ROW) OF AUSTIN DAlLY PRECIPITATION SERIES, WITH STORMS DEFINED AS UNINTERRUPTED SEQUENCES Of RAINY DAYS. 
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FIG. 7.7 COMPARISON OF THE THEORCTICAL PROBABILITY OISTRIBUiiOH (LIGHT SOLID LINES) AND THE 04PIRICAL FREQUENCY DISTRIBUTIONS (HEAVY SOLID LINES) Or THE 
STORM LAPSE TIME,, , FOR THE FIRST STORM (RAINFALL , 1-ST STORM , FIRST COlUt\N) , FOR THE fiRST TWO STORI-IS (RAINFALl , 2-ND STORM, SECOND COI.Ut\N) , 

FOR THE r!RST THREEvSTORMS (RAINFALL, 3· RD STOR.'I , THIRD COLUMN), AllO THE FIRST TEN STORMS (RAINFALL, 10-TH STORM , FOURTH COLUMN), AND EACH OF 
THEM FOR THE FOUR SEASONS (OR T!HE POSITIONS) : JANUARY 1 (SEASOH-1 , FIRST ROW), APRil 1 (SEASON-2 , SECOI~O ROW), JULY 1 (SEASOII-3, THIRD ROW) , 
NlO OCTOBER 1 ( SEASON-4, FOURTH ROW) CF AllES HOURLY PRECI PITATION SERIES , WITH STORMS OUI N£0 AS UIHNTERRUPTEO SEQUENCES OF RAINY HOURS. 
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Chapter VI II 

DISCUSSIONS OF RESULTS AND CONCLUSIONS 

8. 1 Discussion of ,results. This study refers to 
the int ermittent process of precipitation storms, with 
continuous precipitation intensities ~t > o whenever 

it rains or snows, at a given point. Such a series, 
when available, gives maximum information on the pre­
cipitat ion process at a given precipitation gauging 
station. However, the precipitation time series of 
very small time units, say 10 minutes or less, are 
rarely available, and the instantaneous intensity as a 
function of time during storms is even more rarely 
available. 

The original design of precipitation observation, 
the development of inst rumentation, and the hydro­
meteorological services for precipitation observation 
have been oriented to produce discrete time series with 
precipitation amounts referred to calendar time units. 
The precipitation data is available, in general, either 
as data referring to the hour or multiples of an hour, 
to days or multiples of a day, to months or multiples 
of a month, or to the year. Any approximation of a 
continuous time series by a discrete series means a 
loss of information. This loss increase s with an in­
crease of the time interval over which the precipitation 
is integrated or averaged . Therefore, the data cur­
rently available on precipitation always has a lesser 
or greater loss of information whon compared with the 
continuous intensity series of intermittent process of 
storms . 

The stochastic process of precipitation is treated 
without any basic assumption about the character of 
this process from the probabilistic point of view. How­
ever, two phenomenological basic hypotheses, based on 
experience, are made. First, the process is intermit­
tent, with con·tinuous values ( t > o whenever it rains 

or snows . Second, the process is periodic , with the 
year as the basic period. 

The mathematical and mathematical physical descrip­
tion of the stochastic process of precipitation can be 
treated by two approaches. The first approach is when 
the multivariate distribution of the process is found 
and is mathematically expressed. Then it is descri bed. 
This approach poses several problems. However, it is 
not a difficult task to accomplish, if t he process is 
made discrete with sufficiently long time intervals of 
discrete values. The second approach is to select 
various characteristics of the process as its descrip­
tors. These characteristics being functions of the 
basic process and also random variables describe the 
process . The problem at hand determines which charac­
teristics should be selected for this description. Six 
such characteristics being the random variables of the 
process have been discussed in the previous text. 

Distributions of selected character ist ics treated 
as random variables can be developed mat hematically 
under a minimum of basic phenomological assumptions. 
The probability distributions of six characteristics 

studied are functions of two basic parameters which are 
deterministic in character: x1, as the density of storms 

in time , and x2, as t he yield character isti c of storms . 

They are constants if a process is stationary. In the 
pr ocess investigated in this study they are determinis­
tic and periodic in the four examples. 

It should be stressed that many other character­
istics of the basic stochastic process of storms can 
be found to be probabilistic in nature with their dis­
t r ibutions dependent on x1 and x2 parameters, and func-

tions of time. 

8.2 Conclusions . The following conclusions are 
drawn from this study: 

1. The parameters of Al and x2 are deterministic 

periodic functions of time, and they follow general 
periodic patterns of t he basic parameters , such as the 
interval means and the interval standard deviations. 
The density of precipitation, defined as the mean pre­
cipitation of an interval divided by the interval 
length, is the ratio x1;x2. 

2. The use of x1 and x2 gives a better descrip­

tion of the character of preci pitation (with x1 the 

number of storms in a time unit, and A2 the inverse of 

the average yield per storm at a given time of the 
year) than the means and standard deviations of indi­
vidual intervals. 

3. The use of hourly and daily data for the defi­
nition of storms either over-estimates or under-esti­
mates the number of storms per time interval. This 
indirectly affects the estimates of time duration of 
storms. 

4. The number of storms in a time interval is 
Poisson distributed, if storms are properly defined. 

5. The empirical distributions of the total pre­
cipitation for a given number of storms closely follows 
the theoretical distribution function derived in this 
paper . 

6 . The observed l apse time, for the given refer­
ence time of the year, of the first, second, or any 
other storm counted from that reference time, closely 
follo\6 functions developed in this analysis. 
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7. The us e of precipi tation series in the form 
of hourly or daily values, or values of similar units, 
represents a loss of information about storms. The 
use of a much smaller time unit with discrete precipi­
tation values or the use of continuous intensities 
during the storms may be important in the case of esti­
mates relating to such problems as floods from small 
watersheds. 
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APPENDIX A 

Proof of 2.21: 

By the defini tion (see 2.9) 

t 't 
EJ. 

0 
• { TJ. < t < T } j+1 

It i s easy to see that it can be written as follows: 

or 

t 't 
E.o 

J 

t 't 
P(E . 0 

) • P{T. ~ t} - P{T. l < t} 
J J J+ -

Taking the sum from j = 0 to j = v - 1 of the left and 
right side of the last equati on,we have 

v-1 v-1 v-1 
l: 

j =o 

t ,t 
P(E . 0 

) 
J 

l: P{TJ. ~ t } - l: P{TJ.+l ~ t } 
j •o j=l 

Since 

D P{T < t } P{T < t } 
o- v-

and P{T < t } 
v-

assertion follows. 

Proof of 2.22: 

F v(tJ, the 

Suppose that the following conditions are satisfied 

(a) 

(b) 

lim 
t.t-+o 

lim 
6t-+o 

l: 
T=2 

t.t 

I t ,t 
P(Et,t+t.t E o } 

0 

1 v 
t.t .. :~_ 1 (t,v) 

t > t 
- 0 

t > t 
- 0 

v = 1, 2, ... , then (2 .22) follows . 

Let us firs t consider the following relation: 

v-1 
Fv(t+6t) a 1 - t 

j•o 

t ,t+t.t 
P(E. 0 

) 
J 

v-1 j t , t 
1 - l: l: P(E .o (\ Et,t+t.t) 

j•o r =o J-r r 

then on the basis of condition (a) we have 
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v-1 
Fv(t+t.t ) • 1 - t 

j=o 

v-1 t , t 
l: P(E.ol () Et,t+t.t) + o(t.t) 

J- 1 j .. l 

Hence 

dF (t) v-1 t ,t t , t +t.t t 't _v __ t.t 
l: P(E .0 E nE. o > dt 

j •o J 0 J 

v- 2 t , t 
E~,t+t.t) + o(t.t) l: P(E. 0 n 

j ~:o J 

By virtue of the following relation 

It follows 

dFV(t ) v- 1 t ,t 
(Et,t+t.t) c] dt 6t l: P[E .0 

() 

j .. o J 0 

v-2 t 't 
E~,t+t.t) + o(t.t) l: P(E.0 

(\ 

j • o J 

t 1 t A 

• P(E 0 (\ Et,t+ .. t) + o(t.t) 
v-1 1 

which proves the assertion. 

Proof of ( 2 .33) and (2.34) is identical to the 
proof of (2.21) and (2.22), respectively. 

Proof of 2. 43: 

Let n(t
0
,t) stand for thb number of storms in 

(t
0
,t), i.e. 

t ,t 
E o 

then 

P{n(t ,t) • v} 
0 v 

n(t
0
,t+6t) • n(t

0
, t) + n(t , t+t.t) 

Taking the mathematical expectation of the left and 
right side of the relation, we obtain 

E{n(t
0

,t+t.t) • E{n(t
0
,t) } + E{n(t,t+t.t)} 

and the assertion holds. 

In a similar way one can prove (2 . 44). 



APPENDIX B 

Proof of (2 . 48): 

&y virtue of (2.32) we have 

"" t t 1 
E(T) = _!__() f t A1(s) exp{-J A1(s)ds)(/ A

1
(s)ds)v- dt 

v rv t t t 
0 0 0 

After partial of integration , it follows that 

.. t t 

E(Tv) = r (~) f exp{-/ A1(s)ds}(/ A1(s)ds)v-ldt+E(T ) 
t t t v-1 

0 0 0 

Hence 

1 .. t v-1 
E(tv) - E(tv_1) = r(v) { exp{ -j A1(s)ds}(! A1 (s)ds) dt 

. 0 0 

Similarly 

00 t 
E(t )-E(t _ 1)~ ,-t---() f A1(t)exp{-j A1(s)ds} 

v v ~1 v t t 
0 . 0 

Therefore 

.!_ < E(t ) - E(T.,_
1

) ~ f­
..- - v v ~1 
"1 

v v ~ l 
l: .!._ < E [E(t.) - E(T._1) J ~ ... A 

- . J J i • l -1 j=l Al l=V 

Since E(t
0

) = o we have 

~ < E(t ) < v 
- - v - !.1 AI 

and t he asse'rtion holds. 

In the same way, one can prove (2 .59) . 
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APPENDIX C 

Proof of (2 .69): 

when EP{xt ~ x jn(t
0
,t)} denotes the condit ional proba­

bility with r espect to the random variable n(t
0
,t) . 

Since 

we have 

n(t
0
,t) 

I: zk + xo 
k=o 

., n(t
0

, t) 

l: ft t P{ l: Zk ~X 
v=o E o ' k=o 

.. 
r 

v=o 

v 

v 
ft t P{ l: Zk ~X 

o' k=o 
E 

v 

- X lnCt ,t)}dP 
0 0 

t • t 
because on the set Ev0 the random variable n(t

0
,t) • 

v . After integration 

F t (x) 

Since 

t • t t • t 
l: P{X < x iE 0 

} P(E 0 
) v - v v 

{X < x} v-

oo X ,x 
UG .0 

j=v J 

Ft(x) 
00 ~ X ,X t ,t 
·r P { U G . o (\ E o } 
v=o i •v J 11 

00 X ,X t , t 
l: P(G . 0 n E 

0 
) 

v=o i=v 1 11 

Proof of (2 .70): 
X ,X t , t . d 

If one assumes that G.o and Eo are 1n ependent 
l \/ 

events for all i ~ 0,1, ... and v = o, l , ... ,then 

F t (x) 

If in (2 . 32) and 2. 41) we set A1(t) = A1 = const. and 

A2(x) A2 = const . and t
0 

x
0 

o, we obtain 

v t -A
1 
t (A

1 
t) 

P(E
0

' ) = e - -v v ! 

Therefore 

Ft(x) = I: r 
v=o i=v 

-(A
1
t+A

2
x) oo 00 (A

1
t)v (A2x)i 

e r I: ---v! ---rr-
v•o i •v 

and the assertion holds . 
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