













































































added to results of this study. In general, the
computed representative sample sizes, N, , agree
closely for the run-length and the run-sum for a given
level of truncation, ¢ . However, they change from
one q to another. The Missouri and the Rio Grande
rivers show historic droughts as having very rare
occurrence, because the distributions of both the
longest negative run-length and the largest negative
Tun-sum show that the return periods of these historic

droughts are much greater than N, = 500 for gq = 0.50.

The available annual series of the Mekong River
has large runs at truncation levels q = 0.5 and
q = 0.2 but just about the representative drought
lengths at the truncation levels q = 0.4 and q =
0.3 . It should be noticed that the Mekong River has
negative skewness, so it is outside the range of the
validity of the developed graphs and equations. The
question is whether the value of g = -0,179 should
be considered as significantly different from vy = 0 ;
besides, the effect of the skewness is relatively
small on the representative sample size, N, .

The Guadalupe River in Colombia and Cherry Creek
in California have run-lengths that just about produce
the representative sample sizes for all truncation
levels. For the Nasselle River the maximum differences
among the available sample size and the computed
representative sample sizes are less than 70 percent,
and a little more than 100 percent for the Guadalupe
River, both at the truncation level of g = 0.2 . The
drought probabilities of these two rivers can be
adequately represented by the sample size and by using
the parameters of their annual runoff series. The
Rhine River, the Danube River, and the Nemunas River
with the aveilable sample sizes of more than 100 years
have smaller representative sizes of historical
droughts than the sizes of samples available while the
GBta River has just about the same representative
sample size as the sample size of the historical
drought.

Hall, Askew and Yeh [1] considered from a study
of 25 streams in the United States that the historical
critical periods, as defined in Chapter I of this
paper, were ''significantly more severe than would be
predicted by synthetically generated sequences of
flows, using current standard methods." A study of
the data in Table 8 shows which rivers support their
statement and which do not support it by the results
of this study, if the criterion used is that the most
critical design period coincides with the historical
drought. The Missouri and the Rio Grande rivers for
all truncation levels and the Mekong River for the
truncation level of q = 0.5 are within the category
described [1]. However, all the other seven rivers
taken as examples, and by using the first-order
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autoregressive linear model, not only would reproduce
the historical droughts, but would also give, on the
average, either longer or larger representative
droughts for the sample available than the historical
droughts. This statement is well supported by stress-
ing that a value N < N is equivalent to having a
longer or larger historical drought in the available

sample than the sample size would produce if the
representative drought would occur.

Table 8 demonstrates a significant change of
Ny with the truncation level q . In other words,
because of large sampling variations in the lengths,
sums, and shapes of the longest or largest negative
runs, the variation of N, with q should be
expected. Therefore, it is evident that the selection
of the truncation level for defining droughts
represents an important decision in determining the
probabilities (return periods) of historical droughts.

4.3 Examples of Computing Probabilities of

Historical Droughts for Annual Series of Precipitation.

Table 9 presents examples of 20 annual series of
precipitation in the Upper Missouri River Basin the
same analysis that was presented for the runoff series
in the previous section.

Values of N, for the precipitation series
show in general the same pattern as observed for the
runoff series. There are, however, some important
points to emphasize. First, the 20 annual precipita-
tion series may be divided in a rough manner into
long and short series. The only instances for which
the computed values of N, exceed the length of the
historical record by more than 500 percent is when
the historical record is long. For small historical
records the value of Ny never exceeds the historical
sample by more than 100 percent. An explanation for
this pattern is as follows. The short records, those
with less than 40 years of data, have a relatively
smaller mean than they would have were they longer,
because for short records the drought of the 1930's
represents a larger percentage of the total record
than for the long records. This has a significant
effect on the estimate of the truncation level,
because a short record has a much lower truncation
level, x_. , for a given q than a long record. The
smaller tﬁe truncation level for a short record the
smaller are the droughts.

The analysis of N; values in Table 9 shows
similar patterns for precipitation as for rumoff,
namely that for the same q the representative
longest run- kngth and the representative largest
run-sum have close values of N, . However, the
change of Ny is much more variable from one q to
the next.
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TABLE 8
EXAMPLES OF COMPUTING RETURN PERIODS, Nr, OF HISTORICAL DROUGHTS (LONGEST NEGATIVE RUN-LENGTH AND LARGEST

NEGATIVE RUN-SUM) FOR ANNUAL PRECIPITATION SERIES OF TWENTY STATIONS IN THE UPPER MISSOURI BASIN

Ashton Dubois Salmon  Augusta Big Bozeman Butte East Ennis Fair
1daho Wyo. Idaho Montana Sandy Montana Far Anaconda Montana Field
Montana Montana Montana Montana
(1) (2) (3) (4) (s) (6) (7) (8) (9) (10)
N’ sgmp]_e size years 59 39 50 56 37 66 66 55 38 34
P, mean annual preci-
pitation (inch) 16.41 10.90 9.05 14.52 12.02 17.55 12.89 13.58 10.75 11.89
p, the first serial
correlation coefficient -0.0440 -0.1030 -0.0300 0.1300 0.0210 0.2098 0.2962 0.0630 0.4340 -0.0351
Y, the skewness
coefficient 0.117 0.670 0.340 0.340 0.350 0.099 0.205 -0.040 0.087 -0.021
q
Ly, the longest neg- 0.5 6 5 6 10 5 9 8 8 6 4
ative run-length with g 4 3 5 4 10 3 4 8 5 6 4
the truncation level g, 3 3 5 4 3 3 4 5 5 6 3
q 0.2 2 1 El 2 1 2 3 3 2 2
Dy, the largest neg- 9
ative tinisom with 0.8 443 1.67 3.80 8.93 3.06 6.10 7.22 6.13 6.00 4.10
truncation level q, 0.4  1.77 1.18 3.33 6.56 1.68 3.33 5.37 3.24 3.71 3.09
for standardized 0.3 1.26 1.09 2.81 1.67 1.11 2.27 3.27 2.24 1.16 2.34
variables 0.2 0.91 0.96 2.14 0.93 0.86 1.26 1.46 1.35 0.64 1.83
N,., from Figs. 8
thru 12 40 <20 35 >500 <20 100 100 150 400 38
Nr, the representa- .5 39, 55. 110. >500. 36. 473, 231. 273. 57. 29.
tive sample size ob- g 4 26, 103. 52. >500. 19, 29. 433, 65. 107. 55.
tained by Eq. 16 0.3  60. 232. 118. 34. 39. 65. 124. 147, 240. 62.
for Ly, the longest g 5 g4, 46. 369. 53, 51 51, 99. 117. 48. 98.
negative run-length
Ny, the representa- 0.5 70. 13. 48. 500. 19. 112, 231. 98. 98. 44,
: : . 0.4 16, : 5 67. 308. 15. 35. 130. 28. 41. 43.
tive sample size ob
tained by Eq. 17 for 0.3 38. 36. 108. 29, 23. 39, 5 33. 18. 59.
: 0.2 95. 105. 220. 56. 62. 64. 73. 58. 40. 134,

Dy, the largest neg-
ative run-sum
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TABLE 9 (cont'd)

Great Hebgen Helena Holter Lima Morris Virginia West Lamar Yellow-
Falls Dam Mont . Dam Montana Madison City Yellow- Wyo. Stone
Mont. Mont. Mont. Mont. Montana stone Park
Montana Wyo.
(11) (12) (13) (14) (15) (16) (17) (18) (19) (20)
N, sample size years 68 46 79 55 31 53 66 30 30 72
P, mean annual preci-
pitation (inch) 14.80  25.40 12.38 13.20 10.84 17.70  13.90  21.21 13.43 16.58
p, the first serial
correlation coefficient 0.2430 -0.0740 0.2021 0.4380 -0.0375 0.2469 0.1600 0.0880 0.3142 0.3290
Yy, the skewness
coefficient 0.27 0.735 0.474 0.458 0.807 0.380 0.280 0.060 0.304 0.480
q
Ly, the longest neg- 0.5 4 4 10 10 5 5 9 3 o 10
ative run-length with g 4 3 3 3 8 3 4 5 3 4 7
the truncation level g 3 - 2 3 8 2 a 4 3 3 7
q 0.2 3 i 2 3 2 3 3 2 1 s
Dy, the largest neg- q
ative run-sum with 0.5 3.71 1.88 5.67 7.20 2.60 3.22 4.53 2.42 4.25 7.61
truncation level q, 0.4 3.42 1.47 2.23 5.24 1.23 2.16 3.24 1.86 2.80 4.88
for standardized 0.3 2.53 1.14 1.74 3.03 0.96 1,32 2.41 1.70 1,09 4.36
variables 0.2 1.92 0.96 1.15 1.16 0.70 0.73 1.50 0.59 0.99 292
N., from Figs. 9
thru 12 % 31 <20 50 60 20 <20 30 <20 25 150
Ny, tho representa- g5 15. 28.  >500. >500.  55. 30. 480. 8. s8. >500.
tive sample size ob- g 4 14. 26. 15. 417. 26. 28. 58. 15. 28. 215.
tained by Eq. 16 0.3 31. 30. 32. 5500. 30. 63. 65. 35. 31, 483,
for Lp, the longest g 5 99. 47. 51. 95. 93. 100. 103. 55. 24. 384.
negative run-length
N,, the representa- ~0-5 24. 15. 90. 228. 23. 18. 43, 11. 34, 304.
Hoo concle b- 0.4 37. - 18. 120. 18. 17. 35, 14. 25. 97.
mple size o
tained by Eq. 17 for 9-3 47. 37. 29, 64. 33. 22. 46, 29, 18. 156.
! 0.2 99. 105, 63. 60. 89, 47. 80, 44, 54, 169.

Dp, the largest neg-
ative run-sum




Chapter V

THE CONCLUSIONS

The developed methodology for determining the
probabilities or the return periods of historical
droughts (recurrence intervals given in years) is
presented in this study. The basic statistical
parameters used to describe the largest historical
drought are the longest negative run-length and the
largest negative run-sum in a sample of size N ,

The parameters describing the structure of a stochastic
process for a given probability q of the truncation
level of a series are the first serial correlation
coefficient p measuring the time dependence and the
skewness coefficient y . This study leads to the
following conclusions.

(1) The presented method can be used to
determine when a historical or observed drought is
unrepresentative of the sample size and the stochastic
process for which the sample is observed.

(2) By determining the sample size N, to
which the historical or observed drought should belong
to be representative, the return period or the recur-
rence interval of the drought can be indicated by the
method.

(3) The frequency distributions as the
estimates of sampling probability distributions of the
longest negative run-length and the largest negative
run-sum in the sample of size N are of practical
relevance to water resources and hydrologic investiga-
tions. As such they are presented in Appendices II
and III of this study for five sample sizes N(25, 50,
100, 200, 500), for four values of the probability
2 of the truncation level (0.5, 0.4, 0.3, 0.2), for
five values of the first serial correlation coefficient
o(0.0, 0.1, 0.2, 0.3, 0.7) , and for four values of the
skewness coefficient vy(0.0, 0.2, 0.5, 1.0) .

(4) The sampling probability distribution of
the longest negative run-length for independent
stochastic processes can be obtained theoretically;
however, for dependent stochastic processes following
the first-order Markov linear model and for the
sampling probability distribution of the largest
negative run-sum it was necessary to use the statisti-
cal experimental (Monte Carlo) method in computing
the frequency distributions from a large number of
generated samples.

(5) To check the accuracy of the obtained
results of the experimental method, the exact probabi-
lity of the longest negative run-length was compared
with the frequency distribution of this run-length of
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generated samples. Satisfactory agreements were
obtained at the 0.10 level of significance by using
the Kolmogorov-Smirnov test.

(6) The nonnormality of the underlying
distribution as measured by the skewness coefficient
only slightly effects the probability distribution
of the longest negative run-length, For p = 0.0 it
does not depend on the underlying distribution. For
the largest negative run-sum, however, the nonnormali-
ty has a much greater effect than for the longest
negative run-length.

(7) Although there are reasons to believe that
the theoretical probability distributions for the

" longest negative run-length and the largest negative

run-sum may be very complex mathematical experesions,
the fit of the lognormal probability function with two
parameters to the frequency distributions obtained by
the experimental method is very good considering the
expected complexity.

(8) Because the computation of probabilities
(return periods, or recurrence intervals) of historical
drought depends highly on the best estimates of q ,
o, and y , for a given N , the use of all regional
information for improving the accuracy of these
estimates will produce much more reliable estimates of
these probabilities.

(9) The differences between the population
parameters (q , o , y) and the sample estimates
(@, v, g) are related not only to the population
parameters but also to some other statistics of the
available sample. This properly may be used to
improve the estimates of the sample on which the
probabilities of historical droughts depend.

(10) The application of the method developed
in this study to 10 series of annual runoff and 20
series of annual precipitation indicates that for a
given truncation level the computation of return
periods for the longest negative run-length and the
largest negative run-sum are approximately of the same
order of magnitude. However, the representative
drought, N. , of a series is very sensitive to a
change in the truncation level parametes, q . This
sensitivity indicates the importance of searching for
the most accurate estimation of the probability of a
truncation level.
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APPENDIX I

PROOFS FOR EQUATIONS GIVEN IN CHAPTER II

Approximation to the chi-square distribution
for large v , where v is the number of degrees of
freedom is as follows.

For v > 30

2 o e 213
2 u[l gvftifgv] 1.1

in which ty is the standard normal variable, N(0,1),
and xi is"the corresponding chi-square variable.

The skewness is given by

" ’JE? , (1.2)

so for values of y < J%ﬁ = 0,51 , Eq. (1.1) becomes
) t.Yy13
TS o
xin1f2 [l‘. 36*—6—] (1.3)

which is chi-squared distributed with the mean v
and the variance 2v . To obtain a standardized
deviate x; the mean is subtracted and divided by

Y2y for Eq. (1.3), so that

3
ik X 22
X =3 [1 'Y - w ] g - (1.4)
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For the dependence of the type of the first
order Markov model a further transformation must be
made. Referring to Eq. (6) in Chapter II, the
standardized variable, y. , of the variable following
the first order Markov mo&el, is

R =u)
= __].__X = = 2 1/2
Yi o Yyt (-e) € - (1.5)
By definition E(y;) = E(y;j_;) =0, E(y%) =1, and
E(Yf] = Yy } then Eq. (1.5) gives
1/2

3t 533 - pe 2 y2 201 = no
b il S 3 € (1 nl} P1 Yi t 3 ei(l °l)

3 _ a2v3/2
P¥i * g (1 ol) . (1.6)

Taking the expectation of the terms in Eq. (1.6) then

v, = B0 = o] we Eha - 0D .
From Eq. (1.7) solved for s(sg) =y, » then
Yy, (1 - of)
¥ Bl g 0) * o . of)s 5 (1.8)

The skewness coefficient y_ or Ty is
different from the skewness coeffifient of Y. s
because of the effect of serial correlation.

——— s



APPENDIX II

This appendix gives the plotted cumulative frequency distributions
of the largest negative run-sum and the longest negative run-length in
the sample of length N of the normal and nonnormal independent variables,
with p = 0.0 , and of the dependent variables following the first-order
linear autoregressive model for four vaiues with p = 0.1, 0.2, 0.3, 0.7 . it
The nonnormality was accounted for by generating the one-parameter gamma ;ﬁ
variables that preserve the skewness coefficient, vy = 0.2, 0.5, and
1.0 . Four values q = F{xo} , of the probabilities of truncation levels
X, » 0rqs= 0.50, 0.40, 0.30, and 0.20 , are shown in the first five
pages; pages 26 through 30 present the probabilities for all values of
q,N,p and of y=0.00 and y = 0.20 for the longest negative run-
length, Lm , and pages 31 through 35 present the same probabilities
for values of y = 0.50 and y = 1.00 . Pages 36 through 45 give the
probabilities for the largest negative run-sum, or the deficit Dm y

Each graph is identified by computer symbols Q , R , and G which
correspond to the symbols used in this text, q , p , and y . Five
frequency distribution curves on each graph obtained by the experimental
method, are given for five values of N (25, 50, 100, 200, 500) .
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APPENDIX III

This appendix gives the values of parameters of frequency distributions
presented in Appendix II. Table III-1 shows the mean and standard deviation
of the distributions of the longest negative run-length for five values of
N, (25, 50, 100, 200, 500) , five values of », (0.0, 0.1, 0.2, 0.3, 0.5),
four values of the truncation level probability Q = F{xo), (0:5; 0; 0.8,
0.2) , and three values of the skewness coefficient vy, (0.0, 0.2, 0.5) .
Table III-2 gives the mean and the standard deviation for distributions
of the largest negative run-sum for the same parameter values as in Table
111-1, Tables III-3 and the standard deviation of the logarithms, uy oo
and the standard deviation of the logarithms, 9, » @5 computed by Eqs.

(12) and (13) in Chapter III, for the distributions of the longest negative
run-length and the largest negative run-sum, respectively . These two
parameters refer to the approximate fits of lognormal distributions to

the computed frequency distributions.
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TABLE III -1
N=25 N=50 N=100 N=200 N=500
q=0.5 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2
LONGEST NEGATIVE RUN LENGTH MEANS
Skewness = 0.0
p=0.0 3.97 3.17 2.38 1.75 5.00 3.86 2.93 2.17 6.06 4.57 3.47 2.57 7.04 5.40 4.01 3.03 8.26 6.30 4.86 3.60
=0.1 4.23 3.38 2.55 1.88 5.35 4.17 3.20 2.36 6.48 4.95 3.80 2.82 7.34 5.84 4.45 3.29 9.06 6.94 5.42 3.96
=0.2 4.51 3.61 2.74 2.04 5.75 4.47 3.47 2.56 7.01 5.43 4.09 3.08 §.10 6.33 4.89 3.67 9.82 7.55 5.97 4.47
=0.3 4.87 3.88 2.94 2.19 6.21 4.85 3.79 2.77 7.60 6.00 4.55 3.38 8.94 7.00 5.38 4.08 10.81 8.28 6.58 4.97
=0.7 7.07 5.8 4.24 3.07 9.75 7.79 6.02 4.38 12,58 10.17 7.63 5.82 15.20 12.22 9.73 7.44 18.70 15.70 12.45 9.62
Skewness = 0.2
=0.0 4.17 3.23 2.45 1.77 5.22 4.04 3.06 2.18 6.11 4.78 3.63 2.57 7.24 5.58 4.23 3.01 8.53 6.73 4.95 3.56
=0.1 4.42 3.43 2.62 1.90 5.56 4.37 3.32 2.38 6.58 5.19 3.99 2.80 7.80 6.12 4.62 3.26 9.30 7.18 5.53 3.91
=0.2 4.69 3.70 2.82 2.04 5.9 4.73 3.58 2.60 7.15 5.59 4.36 3.07 §.49 6.56 5.00 3.62 10.02 7.87 6.13 4.38
=0.3 5.05 4.00 3.04 2.21 6.45 5.17 3.94 2.83 7.76 6.06 4.79 3.41 9.27 7.29 5.52 3.99 11.09 8.77 6.73 4.93
=0.7 7.26 5.81 4.51 3.08 9.97 8.14 6.16 4.34 12.79 10.61 8.07 5.76 16.13 12.78 9.96 7.24 19.68 15.77 13.16 9.30
Skewness = 0.5
=0.0 3.99 3.13 2.38 1.76 4.99 3.86 2.95 2.16 5.98 4.63 3.46 2.62 6.99 5.31 4.02 3.00 8.19 6.48 4.87 3.57
=0.1 4,24 3.35 2.57 1.89 5.30 4.17 3.17 2.35 6.43 5.03 3.79 2.89 7.54 5.77 4.46 3.31 8.90 7.03 5.35 3.99
=0.2 4.52 3.56 2.78 2.03 5.75 4.52 3.45 2.58 6.94 5.50 4.19 3.16 8.17 6.34 4.92 3.78 9.71 7.81 5.91 4.41
=0.3 4.86 3.87 2.99 2.19 6.24 4.95 3.80 2.85 7.67 6.03 4.62 3.51 8.95 7.02 5.38 4.10 10.79 B8.62 6.56 4,99
=0.7 7.07 5.70 4.35 3.06 9.77 7.89 6.12 4.47 12.89 10.31 7.81 5.98 15.66 12.40 9.90 7.35 19.45 16.05 12.47 9.29
LONGEST NEGATIVE RUN LENGTH STANDARD DEVIATIONS
Skewness = 0.0
=0,0 1.58 1.28 1.02 .80 1.76 1.34 1.08 .82 1.85 1.33 1.11 .82 1.83 1.41 1.07 .81 1.88 1.36 1.18 .88
=0.1 1.72 1.40 1.12 .87 1.94 1.50 1.22 .92 2.03 l1.44 1.25 .92 1.97 1.51 1:17 .91 2.05 1.55 1.48 1.02
=0.2 1.89 1.52 1.26 .98 2.10 1.62 1.37 1.02 2.19 1.66 1.32 1.02 2.14 1.65 1.36 .99 2.14 1.58 1861 1.12
=0.3 2.12 1.72 1.40 1.10 2.35 1.80 1.53 1.15 2.41 1.96 1.48 1.16 2.31 1.88 1.57 1.18 2.43 1.76 1.66 1.23
=0.7 3.99 3.33 2.82 2.35 4.43 3.93 3.18 2.54 4.38 4.08 3.28 2.70 4.58 4,21 3.34 2.89 3.75 3.93 3.42 2.85
Skewness = 0.2
=0.0 1.68 1.31 1.04 .80 1.88 1.41 1.14 .83 1.75 1:54 [L.16 .80 1.90 1.56 1.08 .83 2.02 1.43 1.12 .74
=0.1 1.83 1.44 1.15 .89 2.02 1.56 1.28 .95 1.95 1.67 1.28 .88 2.08 1.68 1.14 .88 2.21 1.54 1.24 .85
=0.2 1.97 1.60 1.26 .99 2.16 1.81 1.39 1.07 2.24 1:82 L.41 .99 2.43 1.77 1.32 1.05 2.24 1.66 1.52 1.08
=0.3 2.19 1.82 1.43 1.12 2.37 2.07 1.61 1.22 2.41 1.97 1.59 1.20 2.68 2.05 1.52 1.13 2.61 1.77 1.64 1.27
=0.7 4.00 3.49 3.04 2.39 4.51 3.99 3.28 2.57 4.6l 4.24 3.52 2.76 4.74 3.99 3.44 2.79 3.98 3.98 3.72 2.85
Skewness = 0.5
=0.0 1.58 1.29 1.04 .81 1:65 1.35 1:02 .82 L.77 1.40 1.08 .84 1.76 1.32 1:12 .83 1.60 1.50 1.19 .95
=0.1 1.70 1.43 1.13 .89 1.82 1.49 1.11 .93 1.92 1.51 1.20 .97 1.96 1.39 1.27 .93 1.80 1.60 1.26 1.04
=0.2 1.86 1.54 1.31 1.00 2.10 1.66 1.25 1.05 2.11 1.69 1.41 1.10 2.16 1.76 1.45 1.05 2.09 1,83 1.37 1.23
=0.3 2.07 1.76 1.47 1.15 2.46 1.93 1.47 1.24 2.39 1.90 1.58 1.25 2.59 1.92 1.48 1.25 2.37 2.02 1.64 1.42
=0.7 3.92 3.48 2.9 2.40 4.47 4.06 3.30 2.62 4.81 4.00 3.42 2.88 4.66 4.15 3.43 2.88 3.79 4.27 3.12 2.77
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TABLE III - 2

N=25 N=50 N=100 N=200 N=500

q=0.5 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2
LARGEST NEGATIVE RUN-SUM MEANS

Skewness = 0.0

p=0.0 3.60 2.66 1.92 1.33 4.55 3.32 2.40 1.73 5.55 3.95 2.94 2.80 6.41 4.64 3.42 2.4 7.56 5.54 4.11 2.95
=0.1 3.90 2.87 2.05 1.40 5.01 3.64 2.62 1.84 6.15 4.38 3.26 2.26 7.03 5.16 3.80 2.66 8.64 6.32 4.62 3.29
=0.2 4.22 3.11 2.19 1.47 5.50 4.00 2.86 1.98 6.85 4.90 3.59 2.48 7.95 5.82 4.28 2.95 9,73 7,12 5.22 3.73
=0.3 4.60 3.38 2.35 1.56 6.08 4.43 3.14 2.15 7.70 5.55 3.99 2.74 8.99 6.63 4.80 3.31 11.00 8.12 5.99 4.26
=0.7 6.74 4.90 3.27 2.07 9.99 7.30 5.00 3.22 13.57 10.01 6.94 4.67 17.38 12.84 9.21 6.41 22.34 17.53 12.53 8.81

Skewness = 0.2
=0.0 3.61 2.57 1.8 1.21 4.50 3.26 2.30 1.53 5.3 3.87 2.76 1.85 6.38 4.61 3.28 2.21 7.51 5.44 3.84 2.70
=0.1 3,91 2.78 1.97 1.27 5.00 3.59 2.50 1.65 5.95 4.32 3.06 2.02 7.20 5.21 3.69 2.44 8.51 6.08 4.36 3.02
=0.2 4.24 3.02 2.12 1.35 5.50 3.98 2.76 1.78 6.70 4.82 3.42 2.21 8.14 5.83 4.15 2.74 9.50 6.97 5.00 3.41
=0.3 4,62 3.30 2,29 1.43 6.06 4.44 3.05 1.94 7.47 5.37 3.84 2.45 9.18 6.65 4.64 3.06 10.98 7.99 5.73 3.87
=0.7 6.73 3.83 3.29 1.91 9.92 7.39 4.89 2.95 13.42 9.96 6.89 4.14 17.84 12.78 8.81 5.57 23.50 16.60 12.15 7.60
Skewness = 0.5
=0.0 3.15 2.22 1.53 1.00 385 278 1.92 1I.30 4.81 3:3% ZadD ALT 5.64 3.88 2.69 1.78 6.52 4.71 3.23 2.11
=0.1 3.44 2.42 1.65 1.06 4.34 2.09 2.10 1.40 5.37 3.71 2.51 1.74 6.29 4.38 3.05 2.00 7.37 5.37 3.70 2.44
=0.2 3.72 2.62 1.78 1.13 4.83 3.41 2.31 1.53 5.99 4.19 2.83 1.93 7.59 4.98 3.46 2.26 8.35 6.15 4.26 2.80
=0.3 4.05 2.8 1,92 1.21 5.39 3.80 2.55 1.68 6.77 4.73 3.18 2.14 8.09 5.68 3.92 2.57 9.58 7.02 4.91 3.24
=0.7 5.94 4.19 2.70 1.6l 8.79 6.28 4.12 2.59 12.50 8.73 5.70 3.74 15.69 10.87 7.62 4.88 19.05 15.34 10.31 6.47
LARGEST NEGATIVE RUN-SUM STANDARD DEVIATIONS
Skewness = 0.0
=0.0 1.52 1.13 .88 .68 1.66 1.20 .93 .69 1.75 1.21 .92 .70 1.57 1.15 .97 .67 1.7 1.30 1.06 .72
=0.1 1.76 1.31 1.02 .77 1.97 1.42 1.10 .80 2.04 1.39 1.12 .83 1.88 1.33 1.11 | 2.13 1.54 1.23 .85
=0.2 2.05 1,53 1,20 .88 2.30 1.65 1.30 .94 2.34  1.63 1.32 .08 2.18 1.58 1.35 .91 2.33 1.77 1.40 1.01
=0.3 2.40 1.81 1.41 1.03 2.70 1.96 1.54 1.11 2.79 2.04 1.56 1.17 2.56 1.95 1.63 1.13 2.75 1.98 1.70 1.23
=0.7 5.21 4.03 3.13 2.28 6.18 5.05 3.75 2.70 6.49 5.17 4.01 3.15 7.10 5.64 4.23 3.69 6.90 6.27 4.76 3.68
Skewness = 0.2
=0.0 1.51 1.09 .82 .60 1.62 1.16 .87 .60 1.55 1.19 .87 .61 1.83 1.21 .87 .62 1.82 1.41 .81 .66
=0.1 1.75 1,29 .97 .56 1.89 1.35 1.06 .73 1.79 1.42 1.05 .73 2.16 1.46 1.01 .74 2.14 1.59 .99 .77
=0.2 2.03 1.52 1.14 .81 2.20 1.64 1.26 .88 2.14 1.66 1.24 .B7 2.60 1.68 1.20 .91 2.34 1.78 1.27 .92
=0.3 2.37 1.81 1.34 .95 2,55 1.99 1.53 1.07 2.49 1.97 1.49 1.06 3.0 2.01 1.39 1.14 2.96 2.07 1.57 1.07
=0.7 5.02 4.03 3.13 2.09 5.91 5.10 3.68 2.55 6.52 5.31 3.96 2.94 7.16 5.16 3.91 2.83 8.92 5.52 4.50 2.89
Skewness = 0.5
=0.0 1.30 .96 .68 .49 1.37 1.00 .67 .49 1.47 1.03 .67 .49 1.42 1.04 .77 .49 1.32 1.07 .76 .47
=0.1 1.50 1.16 .81 .58 1.59 1.19 .81 .60 1.69 1.20 .82 .60 1.62 1.18 .93 .60 1.69 1.34 .92 .62
=0.2 1.74 1.31 .97 .68 1.93 1.40 .9 .73 1.99 1.43 1.00 73 2.12 1.47 1.13 T8 1.95 1,53 1.10 .76
=0.3 2.04 1.57 1.15 .81 2.32 1.70 1.17 .89 2.36 1.74 1.22 .89 2.41 1.74 1.34 .90 2.24 1.77 1.30 .94
=0.7 4.40 3.54 2.55 1.75 5.27 4.30 3.01 2.20 6.49 4.40 3.36 2.53 6.45 4.56 3.51 2.63 6.22 5.63 3.29 3.55
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TABLE III - 3

N=25 N=50 N=100 N=200 N=500
LARGEST NEGATIVE RUN-SUM - Uy
Skewness = 0.0
=0.0 1.20 .90 .56 .17 1.45 1.14 .81 A7 1.67 1.35 1.03 .68 1.83 1.50 1.19 .86 2.00 1.69 1.38 1.05
=0.1 1.27 .96 .61 .20 1.54 1.22 .88 B2 1.76 1.43 1.13 .75 1.92 1.61 1.29 .94 2.13 1.82 1.50 1.16
=0.2 135 .03 .65 23 1.62 1.31 .96 .58 1.87 1.54 1.21 .84 2.04 1.73 1.41 1.04 2.25 1.93 1l.62 1.28
=0.3 1.41 .09 .70 26 1.72 1.40 1.04 .65 1.98 1.65 1.31 .92 2.16 1.85 1.51 1.14 2.37 2.07 1.75 1.41
Skewness = 0.2
=0.0 1.20 .86 +52 .08 1.45 1.12 T7 .35 1L.e4 1.31 .97 .56 1.81 1.50 1.15 e 1.99 1.66 1.32 .96
=0.1 4 .93 .57 15 1.54 1.21 .84 .41 1.74 1.41 1.06 .64 1.93 1.61 1.27 .85 2.11 1.77 1.45 1.07
=0.2 1.34 .99 .63 L5 .65 1530 .02 A7 L.85 1.52 1.17 ¥ 2.05 1.72 1.38 .96 2.22 1.91 1.58 1.19
=0.3 1.41 .06 .68 .18 1.72 1.40 1.00 a3 1.96 1.62 1.28 .81 2.16 1.85 1.49 1.05 2.36 2.05 1.71 1.32
Skewness = 0.5
=0.0 LaD7 o1l .33 T 152 .96 .59 .20 E.53 1.15 TT .40 1.70 1.32 .85 .54 1.85 1.52 1:.15 .72
=0.1 Lod% .78 .39 .07 1.41 1.06 .67 .25 L.63 1.26 .87 -50 1.81 1.44 1.07 .65 1.97 1.65 1.28 .86
=0.2 122 .85 .45 .03 1.50 1.15 .76 32 1.74 1.38 .98 .59 1.99 1.56 1.19 W77 2.10 1.79 1.42 .99
=0.3 1.29 i .50 .00 1.60 1.24 .84 .40 1.86 1.49 1.08 .68 2.05 1.69 1.31 .89 2.23 1.92 1.56 1.14
LARGEST NEGATIVE RUN-SUM 2
Skewness = 0.0
=0.0 .41 .41 .44 .48 .35 .35 Y .39 .31 .30 .31 .33 .24 .24 .28 .27 23 .23 .25 .24
=0.1 .43 .44 .47 .52 .38 .38 .40 42 .32 < 33 .36 .26 sahy .29 29 .24 .24 .26 .25
=0.2 .46 .47 84 .5 40 .40 43 .45 .33 e .36 .38 27 27 .31 .30 .24 .24 .26 27
=0.3 .49 .50 .55 .60 42 .42 .46 .49 .35 .36 .38 .41 .28 .29 53 33 + 25 .24 .28 .28
Skewness = 0.2
=0.0 .40 .41 .42 47 A5 «35 .37 .38 .28 .30 231 .32 .28 .26 .26 .28 .24 .26 .21 .24
=0.1 .43 .44 .46 42 .37 BT .40 42 .29 3 b o G .29 .28 27 .30 .25 .26 2 25
=0.2 .45 .47 .50 .55 39 .40 44 .47 =31 .34 .35 .38 .31 .28 .28 o s .24 «25 .25 P
=0.3 .48 .51 .54 .60 .40 .43 A7 .51 .32 .36 .37 .41 32 .29 .29 .36 .27 .26 .27 .27
Skewness = 0.5
=0.0 .40 .41 .43 .46 .34 .35 34 . 36 .30 .30 .29 .31 +25 .26 .28 27 .20 <22 .13 V22
=0.1 .42 .45 .47 .51 .36 w2 Y .41 s .31 .31 33 . 27 .30 +29 .23 .25 25 .25
=0.2 .44 47 51 .56 .38 .39 .40 .45 .31 38 35 &37 27 .29 .31 R 5 23 25 .26 27
=0.3 .48 51 -85 .61 .41 .43 .44 .50 .34 .36 3T .40 .29 .30 .33 .34 .23 .25 .26 .28
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TABLE IIT - 4

N=25 N=50 N=100 N=200 N=500
q=0.5 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2 0.5 0.4 0.3 0.2
LONGEST NEGATIVE RUN-LENGTH - un
Skewness = 0.0
p=0.0 1.30 1.08 .78 47 1.5 1,29 1.01 71 1.76 1.48 1.20 .90 1.92 1.65 1.35 1.07 2.09 1.82 1.55 1.25
=0.1 1.37 1.14 .85 .53 1.62 1.37 1.10 .79 1.82 1.56 1.28 .99 1.96 1.73 1.46 1.15 2.18 1.91 1.65 1.34
=0.2 1.43 1.20 .91 .61 1.69 1.44 1.17 .87 1.90 1.65 1.36 1.07 2.06 1.81 1.5 1.27 2.26 2.00 1.75 1.47
=0.3 1.50 1.27 .93 .67 1:76 151 1.:26 .94 1.98 1.74 1l.46 1.16 2.16 1.91 1.64 1.37 2.36 2.09 1.85 1.57
Skewness = 0.2
=0.0 1.35 1.10 .81 .48 1.59 1.34 1.05 il 1.77 1.51 1.24 90 1.5 1.68 1.41 1.07 2al2 1:88 1.57 1o
=0.1 1.41 1.15 .88 .54 1.65 1.42 1.13 .79 1.84 1.60 1.34 .98 2.02 1.78 1.50 1.15 2.20 1.95 1.69 1.34
=0.2 1.46 1.22 85 .61 1.72 1.49 1.20 .88 1.92 1.67 1.42 1.07 2.10 1.85 1.58 1.25 2.28 2.04 1,78 1.45
=0.3 1.53 1.29 1l.01 .68 i.80 1.57 1.29 .95 2.00 1.75 1.51 1.17 2:19 1:95 1.67 1.35 2.38 2.15 1.88 1.56
Skewness = 0.5
=0.0 1.31 1.06 .78 .47 1.56 1.29 1.03 .70 1.75 1.49 1.19 .91 1.91 1.64 1.35 1.06 2.08 1.84 1.55 1.24
=0.1 1.37 1.13 .86 .54 1.6 1.37 1.10 .78 1.82 1.57 1.28 1.01 1.9% 1.72 1.46 1.16 2.17 1,92 1.65 1.35
=0.2 1.43 1.18 .52 .60 1.69 1.45 1.18 .87 1.89 1.66 1.38 1.09 2-07 1.8l 1.55 1.29 2.25 2.03 1.75 1.45
=0.3 1.50 1.26 .99 .66 1.76 1.53% :1.27 .96 1.99 1.75 1.48 1.20 2.15 1.91 1.65 1.37 258 218 A.85 1.57
LONGEST NEGATIVE RUN-LENGTH - Un
Skewness = 0.0
=0.0 .38 .39 .41 .43 .34 .34 .36 .37 .30 .29 .31 .31 .26 .26 .26 .26 22 .21 .24 .24
=0.1 « 39 .40 .42 LA4 +35 - .37 .37 31 «29 .32 . 74 .26 .26 .26 27 22 22 s g .25
=0.2 .40 .40 .44 .45 .36 39 .38 .38 3l .30 .31 o 7 .26 .26 27 27 ~21 .21 .26 .25
=0.3 .42 .42 .45 47 5.y | .36 39 .40 .31 .32 .32 33 .26 .26 .29 .28 22 21 25 .24
Skewness = 0.2
=0.0 .39 .39 .41 .43 ] .34 . 36 vk .28 .31 31 .30 .26 .28 .25 2T i e | .. 21
=0.1 .40 .40 .42 .45 .35 5 .37 .38 .29 31 .31 )k .26 27 .24 27 .24 w21 22 +21
=0.2 .40 .41 .43 .46 .35 BT .38 40 .31 o ] o2 i 3§ .28 .27 .26 .28 .22 w2l 24 .24
=0.3 41 .44 .45 .48 .36 .38 .39 41 .30 . | 52 .34 .28 .28 .27 .28 2D 20 .24 25
Skewness = 0.5
=0.0 .38 .39 .42 44 32 .34 .34 37 .29 .30 .31 .31 .25 .25 a7 o 19 .23 .24 .26
=0.1 .38 .41 .42 45 .53 «&5 .34 .38 .29 .29 4 | 33 .26 .24 .28 .28 .20 wéad 23 .26
=0.2 40 .41 .45 47 .36 .36 .35 .39 .30 .30 .33 .34 .26 .27 .29 .27 .21 .23 .23 .27
=0.3 .41 .43 46 .49 .38 .38 oy .42 .30 2 | o0, %) a5 .28 <27 it a 0] 22 .23 + 2D .28
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A method is presented for computing the probability or recurrence period
of historical droughts by using the longest negative ruam-length and the
largest negative run-sum as basic parameters of samples of a given size,
and by using a given probability of the truncation level, a given auto-
correlation coefficient, and a given skewness coefficient. The applica-
tion of this method to selected annual runoff and precipitation series
demonstrate its feasibility. The statistical experimental method in
generating large numbers of samples is used to compute frequency
distributions as the estimates of probability distributions of the
longest negative run-length and of the largest negative run-sum in a
sample of size N , as descriptors of the largest historical droughts,
for normal and mal independent and dependent stationary stochastic
processes which follows the first-order linear autoregressive model.
Experimentally obtained values are checked with theoretical results for
the distribution of the longest negative run-length when the observa-
tions are indopendent. A set of graphs and a set of tables are
presented to make the numerical values readily usable. Good approxima-
tions for practical computations are demonstrated by fitting lognormal
probability distributions to the experimentally obtained frequencies.

Millan, Jaime and Yujica Yevjevich, Colorado State University,
Hydrology Paper No. 50 (June 1971) "Probabilities of Observed Droughts"
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