































































































rate of convergence in distribution (transience) as a
function of p.

For illustration purposes, Table 2-12 gives some
percentiles of the standardized e.c.d.f.'s of R;‘ for

the case p = 0 and variable n. Table 2-13 gives the
e.c.d.f.'s of R;' for n = 200 and variable p, which

should be compared with the last two lines of

Table 2-12.

Table 2-10 E(R;*} values computed from Hipel and
McLeod's tables.

n p=0,2 p=0.4 p=0.6 p=0.8
10 3.24 3.44 3.64 3.80
20 5.11 5.70 6.35 7.06
30 6.63 7.55 8.68 10.08
40 7.92 9.14 10.69 12.80
50 9.03 10.55 12.46 15.28
60 10.04 11.78 14.09 17.60
70 10.98 12.93 15.58 19.70
80 11.90 14.07 17.05 21.81
90 12.74 15.11 18.41 23.82
100 13.46 16.01 19.60 25.53
125 15.29 18.30 22.55 29.86
150 16.95 20.37 25.24 33.79
175 18.38 22,15 27.58 37.29
200 19.85 23.99 29.98 40.81

Table 2-11 VvsriR:‘i values computed from Hipel and
McLeod's tables.

n p=0.2 p=0.4 p=0.6 p=0.8
10 .609 .611 +897 .573
20 1.099 1.179 1.226 1.217
30 1.477 1.630 1.774 1.844
40 1.779 2.010 2,233 2.423
50 2,060 2,339 2.682 2.996
60 2,282 2.641 3.073 3.545
70 2,518 2.945 3.474 4.071
80 2.753 3,232 3.841 4,631
90 2.942 3,465 4.140 5.039
100 3,118 3.687 4,438 5.467
125 3.496 4.179 5.083 6.481
150 3.932 4.738 5.833 7.506
175 4.252 5.129 6.339 8.409
200 4.477 5.463 6.847 9.092
Table 2-12 Standardized percentiles for p = 0.
n 10 0 30 40 50 60 70 B0 90
5 -1.318 -, 844 =512 -.258 -,032 .183 .532 .98 1.260
o -1, 305 -, 916 -.603 -, 328 -.037 255 .565 -901 1.350
0 -1.258 =, 903 =.601 -. 341 -.074 .199 .501 .B59 1.336
50 -1.220 -, 868 -.599 -.349 -.096 .158 444 -813 1.338
100 =1.185 -, 863 -.596 - . 356 =.116 .156 445 <793 1.318
00 -1.211 -, 365 -. 608 =, 351 =.118 171t 457 808 1.343
“ | -1.1974 -.8663 -.6007 3552 -.1102 .1497 4436 3075 1.3446

#This value was computed from the corresponding
value given by Hipel and McLeod as 0.619. To show how
sensitive the calculations are to errors, if a value

g ;52.618 is used instead of 0.619, 0.171 changes to
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Table 2-13 Standardized percentiles for n = 200.

L] 10 0 30 4“0 50 60 70 80 80
2 -1.207 -.878 -.606 -.352 -.099 .158 -461 -Bl4 1.341
4 -1.209 -, 876 -.602 -. 347 -, 106 164 466 .07 1.342
o] -1.214 -. 879 -.596 340 -.096 AN .470 823 1.343
N -1.242 -.878 -.598 -.331 -.0Td L2001 506 842 1.337

Autoregressive - moving average: ARMA(1,1) models.
0'Connell (1971) used an ARMA(1,1) model for X with ¢
varying from 0.8 to 0.99 and 8 varying from 0.5 to 0.9
to find H from ten sequences of X of length 9,000 for
each pairof (¢9,0) values. H is the mean of the ten
values of H that he defined as the slope of the line
fitted by least squares to lug(r;*] ~ log n for

n < 2,000, where r;* are the sampled values of the

rescaled range. Except for five pox diagrams for
selected (¢,8) pairs, no estimates were given for
E(RA*).

Wallis and O'Connell (1973) give diagrams for the
e.c.d.f. of a long ARMA(1,1) model with ¢ = 0.9 and
6 = 0.64 for n = 20, 30, 40, 50, 75, 100. They used
the same technique for the computation of these as
they did for the AR(1) input, so they should be
accurate.

Boes and Salas (1978) computed E(R**) for (¢,6) =

= (0.99, 0.8676) and (0.9, 0.6268) for comparison with
conditionally nonstationary models of identical cor-
relation structure.

Nonstationary models. Hurst (1857), Klemes
(1974, 1975) and Potter (1975, 1976a and 1976b) and
Boes and Salas (1978) give values of E(R;‘) for some

restricted sets of parameters. The rescaled range
behavior of these and the matching ARMA(l,1) models is
indistinguishable from the results of the simulatioms,
reinforcing the observation made earlier that for
finite n, the resclaed range depends little, if at all,
on the marginal distribution of the inputs, and depends
only on the covariance function.

Exchangeable variables. For Xt symmetrically

correlated [corr[xt+s.xt) = p, for s # 0) Anis and

Lloyd (1975) showed that E(R;') is independent of p.

Hence symmetrically correlated and independent inputs
have the same mean rescaled range for a given n.

Fractional Gaussian noise: FGN: The FGN model,
proposed by Mandelbrot (1965) and a mathematical
derivation given by Mandelbrot and Van Ness (1968)
and Mandelbrot and Wallis (1969), and literature con-
cerning the FGN model summarized by Wallis and
0'Connell (1973) and Lawrence and Kottegoda (1977),
will not be repeated here.

There have been several attempts at obtaining
approximations to FGN, but McLeod and Hipel (1978)
were the first to give an algorithm for the exact
generation of FGN samples. It appears to be tractable
for sequences up to lemgth n = 200, as they compute
E(RE'} for n = 5(5)50(10)100(25)200 and H = 0.7, 0.9.

For each value of n and H, 10,000 simulated sequences
were generated. (MclLeod and Hipel give an excellent
exposition of the FGN model, its fitting to data and a
comparison with ARMA models, and the interested

reader is referred to their paper.)



What distinguishes FGN from models in the Brownian
domain of attraction is that when 0.5 < H < 1 the cor-
relogram of the former is not summable, unlike those of
the latter. Nevertheless, it can be shown that

E(R;*} ~ nH for FGN, whereas models in the Brownian

domain of attraction yield E(R**) - n1/2 when mee
It is this difference that has prompted a long contro-
versy over the Hurst phenomenon.

2-7-3 Net Inputs with Periodic Parameters

There are no known results for R;‘ when X is dis-
tribued with periodically varying parameters. This
state of affairs includes the asymptotic case.

2-8 Asymptotic Results of the Rescaled Range R;'

Numerous references to the asymptotic case were
made in the previous section and will not be repeated
here. Hurst (1951) was the first to observe that sam-
ple means of R** values seemed to grow at a rate pro-

portional to n" with h > 1/2 for a wide variety of
geophysical time series. The principal theoretical
result here (Troutman, 1976) concerns the asymptotic
distribution of R;' for stationary, dependent input

{xt} belonging to the Brownian domain of attraction.
Let

o
Fpe () = (£ fpe (W) du) 10 (x) (2-85)
where th(u) is given by Eq. (2-71), then
18 Prpeasgnt’? < 5] = B0, (2-86)

-
where 82 =1+ 2 [ Py > and it is assumed 52 < ®,
L=1

The limiting distribution here is the same as the
limiting distribution in the case of the adjusted
range R; (see Section 2.6); only the scale parameter

2
has changed from y there to § here, where 72 =0 Bz,

to account for the fact that the rescaled range has
the sample standard deviation as a divisor. One notes
again that dependence enters the asymptotic distribu-
tion only through the parameter B. Also, one can
readily derive

/2 gpt/2 (2-87)

EREY) - (1/2)"
and

var®:*) - [@7/6) - 71 8% n . (2-88)

Por the case of independent stationary inputsf= 1.
Comments for the cases of exchangeable random
variables and fractional Gaussian noise were made in

the previous section.

2-9 Preasymptotic Results of the Maximum Deficit, D“

Using the mass-curve concept of Rippl (1883),
Hurst (1951) studied the maximum adjusted deficit D;

particularly in the case where the level of development
(regulation) is less than 100 percent, his reasoning
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being that the range (rescaled) is not relevant where
withdrawals are less than the arithmetic mean gross
input. Why the choice of the adjusted deficit D; (and

indeed the adjusted and rescaled ranges R; and R;‘)

should be more relevant for sizing reservoirs than its
(their) unadjusted counterpart(s) is not clear,
Thomas and Fiering (1962) used simulation and deficit
analysis (which they dubbed the "sequent peak
algorithm') to size reservoirs, The first analytical
treatment of the (maximum accumulated) deficit was pro-
vided by Gomide (1975) in his milestone paper. Since
then Troutman (1976) has treated the asymptotic case.
Following Gomide's lead, Mutreja (1976) and a follow-up
paper Mutreja and Yevjevich (1977) have examined the
asymptotic behavior of the deficit of ARMA processes,
evidently unaware that their results had been pre-
empted by Troutman's work.

2-9-1 Independent Net Inputs with Constant
Parameters

Gomide (1975) devised an algorithm for the evalu-
ation of the exact distribution of Dn’ defined in

Section 1-3, for discrete inputs based on Moran's
(1955) concept of a discrete reservoir. This algorithm
permits the computation of P[Dn < k] directly by sum-

ming the elements of the (k+l)-square taboo transition
matrix of the Markov chain describing the storage, and
is applicable to an arbitrary distribution of net

inputs. In other words, P[Dn < k] is the probability

that the semi-infinite reservoir level does not reach
state zero in the first n steps given the initial
state is k+1 (full reservoir).

Gomide then proceeds to derive the asymptotic
distribution of Dn for the case of full regulation

and gives,
for D = 220 /0, (2-89)
- (-10/2 40 ;
fﬂ(x) - 4 z (-1) i (x) (2-90)
(j+41)2=1
o) =4 ] (192 4601 -1

(j+1)/2=1
(2-91)

By using the binomial approximation he demon-
strates that the standardized deficit for normal
inputs: D; = (Dn B E[Dn]]//var[nn[ converges in dis-
tribution to its asymptotic equivalent:
Dz + D# = (D - E[D]/Yvar[D]) by n = 15. As he says,
“the convergence of the standardized exact density to
the standardized asymptotic density is slower' than in
the case of Rn ""because of the influence of the proba-

i.e.,

bility mass at Dn = 0." For the case of full regula-
tion, Gomide shows analytically that P[Dn = 0] =
= [¢[u}]n for normal inputs when E[Xt] =y,

In addition to this general result, he gives
curves for E[Dn] and var[Dn] for u = 0, 0.25, 0.3, 1
for 0 < n < 50, when xt is normally distributed.

Because of its usefulness in computation, the
p.d.f. and c.d.f. of Df, the standardized asymptotic

deficit are tabulated in Table 2-14, for some selected
values of the standardized variate z. (Note that



Gomide gives E[D] = vw/2 = 1,25331..,and an infinite

series for E[Dz] requiring the evaluation of about
1,000 terms for six figure accuracy; then var[D] =
= 0.511014).

#
Table 2-14 p.d.f. and c.d.f. of D , the standardized
asymptotic deficit

% fD#[z] FD*[z}
-2 1078 0
-1.5 07629 .00698
-1 .41828 L 13568
-0.5 .46799 .36877

0 .36972 .58016
0.5 .26116 .73732
1 .17196 . 84465
1.5 . 10605 .91320
3 .06126 .95423
s .03315 .97724
3 .01680 .98934
3.5 .00798 .99530
4 .00355 .99805
4.5 .00148 .99923

2-9-2 Dependent Net Inputs with Constant
Parameters

Let us consider Bernoulli inputs. Using the two
state input Gomide used in the study of the ramge:
P[X

+ 1|xt =+1] =p, P[X =+ 1|xt =

tel t+l

=¥ 1] =q, P[X, = 1] = P[X, = -1] = 1/2,

Gomide -(1975) extended his algorithm for the inde-
pendent input case to that for correlated inputs.
This two-state Markov chain has the same correlation
structure as an AR(1) process, so that when n is
large the results approximate those which correspond
to an AR(1l) Gaussian input. He demonstrates that for
u =20 and p = 0.5 the standardized deficit has
effectively converged (in distribution) to its asymp-
totic counterpart, D¥. He gives diagrams of E[Dn]

(but not, alas, var[Dn]) for n up to 100 and p = 0,
0.20, 0.50. It remains for var[Dn] to be computed for

correlated inputs, and it will be easy to extend the
algorithm for Rn in Section 2-1-1 and 2-1-2 to the
case of Dn. In the meantime, Troutman's (1976) asymp-
totic expression for D“ could be used, giving a con-
servative estimate of the variance, for use with fnf
and FD*; his expression is

var([p ] + 0.511015y%n

(2-92)
2 i
where Y 1is given by Eq. (2-45).

2-10 Asymptotic Results of the Maximum Deficit, Dn

Results for no drift will be presented here for
the general case of dependent, periodic net inputs and
the special cases of dependent but non-periodic inputs
and finally independent inputs will be noted as special
cases. The main contributors are Gomide (1975}, (1979)
and Troutman (1976), (1978). Gomide (1979) presents a
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succinct derivation of the asymptotic distribution of
the maximum deficit for independent inputs using the
theory of Markov chains. Troutman (1978) will be fol-
lowed here.

The maximum deficit was defined in Section 1-3;
it can also be defined by either Eqs. (2-93) or (2-94),
namely

D = max [0, M,-S,, My=SyseensM =S ] (2-93)
where the Sj are the partial sums of the X's and M is
the maximum of the first n of these partial sums. Or,

D“ = (-1) min [X, + X

+...4X ],
l<igj<n 2

Yol (2-94)

Let xt denote the dependent periodic input ran-

dom variables where the nature of the dependence and
periodicity is just as in the latter part of Section
2-2. Set

© Rp(@ = (/m) (] (1@
j=0

exp[-u2[2j+1Jz/8d2]]I[D’.}[dJ (2-95)
then
Mae vt car = R@ (2-96)
where, as before, the constant y is given by
Y=2+2x1 f E O Opeg Pk (2-97)
k=1 &=1 ?
Once again we see that Dn is scaled by nu2 regardless

of the distribution of the Xt's, the type of dependence,

or type of periodicity present, subject, of course, to
the mild constraints that permit utilization of the
weak convergence theory. The contribution of the
dependence and periodicity to the asymptotic distribu-
tion is completely encompassed within the parameter y
and it in turn fully describes the effects of the
dependence and periodicity in terms of second order
moments. For instance, if there are no periodic com-
ponents, thenw= 1, and vy is defined by

2 2 2 7
Y'=0¢"+20 Z Py (2-98)

and if further there is no dependence rz reduces to

az. The asymptotic mean and variance of D are given
by

E,) - /)3 a2,

(2-99)
and

var(p ] - [2 jzﬂ -3 @2je1)72 - w242 n.
(2-100)

The asymptotic mean is the same as for R;.
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CHAPTER 3
INFERENCE ON RANGE AND DEFICIT

3-1 Introduction

For the most part, Chapters 1 and 2 are reviews
of those results concerning the range and deficit that
were able to be deduced from assumed models. The
problem of drawing inferences from data regarding such
results was relegated to this chapter. The general
problem of inference is often categorized into the
following types of inference: (a) model building or
goodness of fit; (b) point estimation; (c) interval
estimation; and (d) hypothesis testing. Each of these
can in turn be studied from the parametric or non-
parameteric viewpoint and both will be employed. Also,
as has been the case throughout this paper, results
obtained by either simulation or analytical methods
are presented.

Admittedly, model building and goodness of fit of
various models is important, but since it is somewhat
divorced from the subject at hand, namely range and
deficit analysis, it will not be addressed in this
paper. Suffice it to say that certain models, speci-
fically fractional Gaussian noise, were proposed
because they were thought to be able to mimic behavior
of the range. The real problem of deciding which of
several alternative models best fit a given geophysical
phenomenon will not be discussed. Among the other
three modes of inference, namely point estimation,
interval estimation, and hypothesis testing, only the
first two will be considered.

The chapter is divided into three further sub-
sections. The Section 3-2 considers estimation of

72, the sum of the covariance function. It was noted

in Chapter 2 that 'rz is an important parameter as far
as range and deficit analyses are concerned; in fact,

72 characterized much of the asymptotic theory given
there. Section 3-3 looks at the relationship between
the range and/or deficit statistics obtained from
overlapping time intervals of observations. Often
times, for a given say, 100 year span of data, possibly
simulated, the range statistic is computed for n = 100
and also for n = 50, say by dividing the 100 years of
data into two sets of 50 each. How then is RSO

related to Rmo? The final Subsection 3-4, considers

estimation of the Hurst slope. It will be noted that
the Hurst slope for the rescaled range is nearly inde-
pendent of the underlying model marginal distribution,
and consequently is a poor statistic for discriminating
between models. The problem of just how stable the
Hurst slope is for moderate length records is broached.

3-2 The Integral of the Covariance Function *rz

In Chapter 2 it was noted that 72 played a key
role in the asymptotic theory of the range and deficit;

3 2 2.2

in fact, y or B, where y = 0 B, enters as a scale
parameter in most limiting distributions given there.
Consequently, estimation of y, as well as an indica-
tion of the precision of such estimates, is fundamen-
tal in’ range and deficit study. Two approaches will
be mentioned, the first is parametric in which a para-
metric model is assumed and then y is a function of
the model parameters and hence amenable to the usual
parametric estimation techniques such as maximum like-
lihood or the method of moments; the second is non-
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nonparametric and uses techniques not associated with
a particular model.

2. .23 2 N
Recall that y = ¢ B where B> =1 + 2 Z p. for
i=1
the nonperiodic dependent Brownian domain of attrac-
tion case. To give some idea of the estimation of

YZ, consider a simple AR(1) model given by

X, = pX + €, (3-1)

where {:t} is white noise with variance parameter ci and

J

-1 <p <1 is a parameter. It is known that pj =p

and 02 = ui/ [l-pz} for an AR(1) model, hence

32=1+2§pj=(1+£’)/(1'p) (3-2)
and
r.r2 02
2 [ l+p €
Y = . —— = (3‘3)
1 P ()0

a function of the model parameters p and az.

The general theory of maximum likelihood estima-
tion states that the maximum likelihood estimator of 12,

say ?2, is given by

¥ =0la-0? (3-4)

where § and Gi are the maximum likelihood estimators
of p and dz, respectively. Furthermore, such theory
states that ?2 is asymptotically distributed as a nor-

mal with mean = 72 and variance

4
1 {4% var[f] . var[32]}=
n

a-0° a-p?

4 ) 4
4Ug(1~p ) . &
a-0°  20-9)°

From Eq. (3-5) one can gain some idea as to the
precision of the maximum likelihood estimator. For

(3-5)

=

instance, if p = 0.5 and 0: = 1 then ‘?2 is asympto-
tically distributed as N(4, 200/n) and so one would
expect about 95 percent of the values of the estimate
% to fall within 4 + 20 ¥2/n, and about 67 percent to
fall within 4 + 10 ¥2/n.

Now if one were interested in the estimation of
62. rather than 12, then the maximum likelihood esti-
mator of 82 is §2 = (1+6)/(1-p) where again § is the
Here B° is asymp-

totically distributed as a normal with mean = BZ and
variance

maximum likelihood estimator of p.



4(1-p%) _ 4Q1+p)
n-0)"  n(i-p)

var[f] = (3-6)

(1-p)
so if p = 0.5 then 52 is asymptotically distributed as

48 ; ; ;i
a N(3, 1;%. Note that in either case the precision

worsens as p approaches 1. Similar comments can be
made for models other than an AR(1) with the under-
standing that as the complexity of the model increases
so does the corresponding asymptotic theory. In any
case, the asymptotic distribution of the maximum likeli-

hood estimator of TZ is specific to the model.

To gain some insight into the nonparametric esti-

mation of 72 or Bz, emphasis will be placed on ﬂz and
use will be made of the relation

82 =142 1 o, = 27£(0) (3-7)
k=1 k

where £(0) is the spectral density of the process

evaluated at zero frequency. Estimation of BZ is now
tantamount to estimation of the spectral density
evaluated at zero. A variety of spectral density
estimators are available, but only the usual window or
smoothed estimators will be considered here. The
asymptotic theory associated with such estimators
states that £(0) is asymptotically distributed with

n
mean (0] and variance: 22500 1 an(j} where W_(j)
j=-d
n

are the so-called window weights (Fuller, 1976). In
comparison with the AR(1) model given above, that is,

ci =1 and p = 0.5, the asymptotic variance of 2rf (0)

for a rectangular window is given by

1 2 g*

2 2
R EON (3=8)
n n

Since this latter technique is nonparametric, it
would serve better in those cases when the model is
more complicated but with an attendant loss in
precision.

A variety of studies regarding inferences of yz
can be envisioned but will not be pursued here. Since
our purpose is primarily one of review, and not
development, and the literature on inferences concern-

ing ?2 is void, little can be said; the above just
sketches an approach to the problem.

3-3 The Correlation Between Successive Values of
Range and Deficit

Notwithstanding the intent expressed in the last
sentence of the previous section, in this section we
present some new results obtained by simulation, sup-
ported by limited analytical exploration. They con-
cern the correlation between successive values of the
range Rn and also of the (accumulated maximum) deficit

D, where the input {xt} is a two-state Markov chain.

To motivate this part of the study, the following
question might well be posed: Why is the correlation
between R and R,corD andD . (n>1, k >1) of
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interest? This immediately raises the question: Why
study Rn and Dn at all?

In partial answer to the second question:

(a) Because Hurst proposed R;' and Dn as quanti-

ties or statistics useful for defining the size of a
Teservoir;

(b) Because it has been demonstrated that differ-
ent input processes have different range and deficit
behavior, and thus it has been inferred that by examin-
ing the range or deficit it may be possible to detect
important differences in characterization of inputs.

Leading on from (b), in order to quantify the
range behavior, some statistics need to be derived; and
before anything meaningful can be inferred from these,
it would be helpful if something was known about their
distributions.

One statistic of interest is the Hurst slope K
defined (inter alia) as a function of the rescaled
range by Hurst(1951) (see Eq. 1-12) as log[R;*}/

log[n/2]; another is the local slope Ho defined by Boes

and Salas (1973); see Eq. (1-15). The behavior of
these statistics (and their information content) must
depend on the correlation between successive values of
R**, for if R** and R*¥ are correlated, then E(R;')

(and hence any statistics based on a finite sample)
will have greater variance than if there were no cor-
relation between successive values of the range. A
similar argument applies to the deficit, and hence an
answer has been provided to the first of the questions
posed above.

As a first step to understanding, the simplest
cases are treated initially: the range Rn and the
(maximum accumulated) deficit D, where the input pro-

cess is a two-state Markov chain. It is conjectured
that the results for Rn will translate to R; and R;*

with perhaps an intensification of the degree of
intercorrelation.
Two-state Markov chain input. Let P[xt = -1] =
= P[X, = +1] = 1/2. Further, let p = PIX, .y ™ +1]
X, =¥1] = (1+p)/2 and q = P[X_,; = £l 1xt =¥1] =
= (1-p)/2. Then {Xt} is a two-state Markov chain with

s
corr[xt+s,)(t] I A B [ O

n
The cumulative sums of this chain (Sn = E xi)
i=1

converge in distribution to a Wiemer process as shown
by Troutman (1976), and for moderate n these Sn mimic

the cumulative sums of an autoregressive process with
the same correlation structure. This fact was
exploited by Gomide (1975). Hence the results reported
in this section will apply with a fair degree of
approximation to cases with Gaussian inputs.

The range, Rn. For small n it is easy to find the

exact joint distribution of {Rl, RZ,...,Rm} by direct

evaluation. For large n the procedure is tedious and
recourse is simulation; however, the exact results

in Table 3-1 give us a bench-mark for comparison pur-
poses, where it is understood that P[R0=0] = P[Rl=1] =
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Table 3-1 p.m.f. for-[Rz,Rs,R4].

R, R, R, P[R,:R,,R,]

1 1 1 ra

1 1 2 a°p

1 2 2 a’p

1 2 3 ap>

2 2 2 o Cprap?

2 3 3 >

2 3 4 P
where p = (1+p)/2 and q = (1-p)/2 from above. From
Table 3-1:

E[R2] =1+p F

varlR,] = pa (= o’ [R,] say)

EIR,] = + 6a’p + Sqp° + 4p°

var[R4] = q3 + 12q2p + 22qp2 + 16p3 -

-ER]? (=o’[R,] say)
E[RR,] = q° + 8q%p + 13 qp> + 8p°, and
cor[Ry,R,] = (/T50//16) (1-p) (3+07)/
(47+220-23p2-20p>-230*-2p°-p%) 1/ 2- (22

Hence, for comparison with the numerical simulation
results we give:

Table 3-2 Expected values, standard deviation and
autocorrelation coefficients of succes-
sive ranges.

Corr (R,.R,)
4375 %
2
T+ (1=0){3+s")
Corr(R,.R,) = (VT}
4328 | 24 o) N7+ 220 - 2P - 2000 - 23 - 2" - o
A275 @
4225
2
175 |
@
4128
@
4075 b &
=] a
@ a »
4025 1 1 ! L L L ? 1 1
hls] .20 30 AQ S0 J0 BO [0
Fig. 3-1 Corr[Rz,R4] for correlated Bernoulli inputs
as a function of p.
Table 3-3 E{Rn] for various values of p and n.
n
0 2 4 8 16 32 64 128 256
o+ |1.5 2.37  3.65 5.48 8.10  11.82  [16.92] [24.39]
0 |1.485 2.423 3.686  5.602  B.183 11.733 17.048 24.102
0.3 |1.639 2.796 4.495  7.134 10.758 15.951 23.218 32.760
0.6 [1.815 3.259 5.574  9.209 14.507 21.960 32.580 47.766
0.9 |1.951 3.845 7.385 13.717 24.158 39.860 63.226 98.051

In the first row of Table 3-3, the last two entries
[bracketed] are from Anis and Lloyd's (1953) result.
Table 3-4 is for G[Rn], where the first row * is from

Gomide (1975).

Table 3-4 G[Rn] for various values of p and n.

P E[R2] U[Rz] E[R4] a[R4] corr[Rz.R4]
0 1.5 0.5000 2,.3750 0.8570 0.4376
0.3 1.65 0.4770 2.8021 0.8909 0.4136
0.6 1.8 0.4000 3.2720 0.8331 0.4033
0.9 1.95 0.2179 3.8049 0.5122 0.4053

The values of E[Rz], E[R4], a[RZJ and U[R4] agree with
Gomide (1975).

increases, sketched in Fig. 3-1. This behavior seems
to extend to corr[Rn,R2n] for n > 2 as demonstrated

by the simulation results which follow in Tables 3-3
and 3-4.

Note the behavior of corr[Rz,R4] as p

The results are computed from different sets of
1000 independent samples. Table 3-3 gives E[Rn],

where Gomide's (1975) results appear in the first line
marked * for comparison.

32

n

o 2 4 8 16 32 64 128 256
o* |o0.50 0.86 1.28 1.85 2,66 3.78 - -
1] 0.499 0.844 1.296 1.936 2.689 3.712 5.486 7.700

0.5 |0.480 0.876 1.487 2.319 3.504 5.192 7.276 9.772

0.6 [0.388 0.840 1.621 2.957 4.839 7.190 10.472  15.005

0.9 |0.216 0.461 1.178 2.932 6.371 12.063 19.704 31.296

The corresponding sample correlation matrices
{corr(Rh,Rm)}, n,m = 2,4,...,256 are given in Table 3-5.

It is seen that for n > 4, cBrr(Rn,Rzn) generally exceeds
0.5 regardless of p while csrr(Rn,R4n) is generally in
excess of 0.25. This indicates a surprisingly consistent
(with varying p) and by no means negligible correlation
for large values of n.

The deficit, Dn. The particular case of full

regulation development (i.e. where mean net input is
zero) is treated here. As with the range, an explicit















Probability of emptiness. In storage analysis, a

quantity of much interest is v, = lim P[5t=01, the
Also of interest is the

0 toe
i P[Yt < §], to supply

Lo
the full demand. The relationship between Yo and Yo

probability of emptiness.
probability of failure, Yo =

depends on whether {xt} has a continuous or discrete

distribution.

&3 {Xt} has a continuous distribution,
then

% C=
Iim
Vi ™ e PLENETVR[X 2E] = Im P[S,=s].

P[X,<s]ds + P[S =0].P[X <0].

Because of the continuity of the input, P[ths] =0,

for all s, so we can replace the inequalities < with
< in the above expression, which is then numerically
equal to Vg

Thus, for continuous input distributions, the
probability of emptiness, and the probability of fail-
ure are equal, if not synonymous.

The practice shows, however, that most operated
reservoirs have approximately a fg-distribution of con-
tents (levels) with two different probability values
of full and empty reservoir. This comes from the fact
that the operational rules are such that a full reser-
voir (and dangers of spillovers) and an empty reser-
voir (and dangers of shortages) are penalized by vari-
ous operational criteria, penalties and optimizations.

When {Xt} has a discrete distribution, then

P[X, =

the above argument, yo £ s.

i] > 0 for at least some s, so that following
In fact, for the classic

case where § = 1 and Xtc {-1,0,1,...,n-1} we get ¥y =

= vﬂ,P[xt = -1] < Yo
This suggests that when comparing the results for
continuous and discrete distributions, we should look
at VG’ not YO' This is what is done in the sequel.
Mean first passage times. In studying the
behavior of a finite Markov chain with discrete state
and homogeneous (time invariant) transition probability
matrix, we denote by mij the mean number of time-steps

taken to reach state i from state j for the first time.
In particular, if 0 is the empty state of the chain,
Moo is the mean recurrence time of emptiness. Thus,

if we have a discrete input to a suitably defined
reservoir with a discrete state space, then My is

none other than the reciprocal of v,, the probability

of emptiness. Again, if c¢ is the label of the full
state, m_, is the mean first passage time from empty

to full or the '"mean time to fill,'" while conversely,
Moe is the "mean time to empty." LI is the mean

recurrence time of being full, which may not be usually
of much interest.

The mean first passage times give us a key to the
comparison of deficit and storage, because as Gomide
(1975) pointed out: ''the probability that a reservoir
of size [k+1], initially full, is empty for the first
time at discrete time n, regardless of the occurrence
of overflows is simply P[Dn > k] - P[Dn_1 > k]."
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Troutman (1976) interpreted this to mean
P[No,c >n] = P[Dn/c < c¢] where NO,c is the first pas-
sage time from full to empty. Because of the sense of
the inequalities we intuitively expect m__ to be

Oc
greater than {n : E[Dn/a] = ¢}. This is born out by

the comparison.

4-1-2 Algorithm for Evaluation of Mean First
Passage Times of a Markov Chain

Kemeny and Snell (1960) detail the development of
the algorithm. We quote their results and show how
they can be applied in storage analysis.

Let a discrete-state stochastic process {St} be a

lag-one finite Markov chain with n+l states, defined
by its (n+l)-square transition probability matrix Q.
{St} will be a stationary process if Q is constant.

The marginal probability distribution vector of St’

denoted by P, = {P[St=i]} i=0,1,2,...,n, is given by

Py = th-l =Q Py where Py is the initial distribution

vector. If Q has at least one positive diagonal ele-
ment and no zero rows or columns, then St is ergodic,

which implies that Pp ™™ (the equilibrium distribu-

tion vector of 5) as t + =, It follows that Qm = m,
which when combined with the condition 1'v = 1 (where
1' is a row of ones), yields 7 on solution of the set
of n+l independent linear simultaneous equations.

Kemeny and Snell give the following algorithm for
evaluation of the mean first passage time matrix M =
[mij},i,j = 0,1,...,n, where each element, mij’ is

equal to the mean number of steps taken to go from j
to i for the first time. (It is usual to call m the

mean first recurrence time for state i, but we will
dispense with that distinction where we are talking
collectively of mij')

They find M as follows. Define the "fundamental

matrix" Z as Z = [I - Q + ':rl']-‘1 then

M=D[I - Z + d1'] (4-1)

where D is a diagonal matrix with 1/1ri as the i-th

entry and d is a vector formed from the diagonal ele-
ments of Z, When {St} is a random walk with partially

reflecting barriers at 0 and n, so that

P[S, = 1|st_1 =0] = P[S, = n|St_1 =n] =p,

P[S, = 0|s,_, = 0] =P[S, = n-l|St_1 =n] =
g = l‘Pn

P(S, = 1+1|st =i] =pandP[s, = 1-1|st_1 = i] =
=q

for i = 1,2,...,n-1, then {St} is a finite discrete

ergodic Markov chain.

Kemeny and Snell also give the following explicit
formulae for mij for this case.



If p = 1/2,

n+l i=j:
my = (2n-i+1)i - (2n-j+1)j i>j, (4-2)

j(G+1) - i(i+1) i<j.
1f p £ 1/2,

n+l
r =} 1
r-1 _i' i=j
" j+1 o =i+l
m = _q [ . (i-j}] ij  (4-3)
[(i -i) - m] i<j ,

where r = p/q. These formulae will prove useful when
the discrete finite reservoir fed by a + 1 input is
studied.

4-1-3 Mean First Passage Times for the Finite
Reservoir with Normal Input

In the case of the normal input, we have to
devise a finite difference algorithm for the evalua-
tion of the mij' Consider a standardized reservoir of

capacity c, with drift e, discretized into k equal
slices of size Ac = ¢/k. As k+=, the results for this
finite difference approximation will tend to those for
the continuous reservoir. Fortunately, it has been
found that adequate convergence is achieved for

k > 2c, when the following scheme is adopted.

The k+2 states of this approximating discrete
reservoir are i = 0,1,2,...,k+1, i.e. zero, the mid-
point of each of the sub-intervals and full.

For the case of independent continuously distri-
buted net inputs (in particular the normal) the proba-
bility of transition from one state at t to another at
t+1 depends on whether S is a boundary or interior

state.
If S = 0 then
P[S,,, = 0Is, = 0] = I m) dx, = o[-€]
PiS,,; = ilst = 0] = ¢(iAc - €) =~ ¢[(i-1)Ac - €]
for i =1,2,...,5])
PIS,,; = k41|St =0] =1 - ®[c-€]

where ¢(x) and ¢(x) are the standardized normal p.d.f.
and .c.d.f.

For intermediate states:

P[S = ilst = i] = ¢[Ac/2 -€] - ¢[-Ac/2Z -¢]

P[S,,y =1+ 1|st =i] = ¢[3Ac/2 - €] -

- ¢[ac/2 -] , etc.

These transition probabilities can be assembled
in a {k+2] -square transition probability matrix Q,
where 9; = PIs,., * i]S = j], which will be sym-

metric if € = 0. We can then proceed to find M from
Eqs. (4-1) and (4-2), increasing k until satisfactory
convergence is achieved.
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4-1-4 Results and Discussion of Computing Mean 1
First Passage Times

In this section we report the results of the
computations made using the above algorithm, which
enable us to do the comparisons.

Normal net inputs with zero drift

Storage. Once Ac = c/k is smnll.enough, the mean
first passage times become independent of k, thus we
will denote the mean filling time by L which equals

The
mean recurrence time of emptiness is Moo = Tee Table

4-1 gives these quantities for the case ¢ = 0 as a
function of c.

the mean time to empty LT because of symmetry.

Table 4-1 Mean first passage times for normal imput
with zero drift as a function of standar-
dized capacity c.

£ M0 ce mOc-mco

1/4 2,219 2.462

1/2 2,476 3.065
1 3.082 4,749
2 4.473 10.002
4 7.307 26.65
8 12.98 83.57
16 24.47 287.8

A comment may be appropriate here. Contrary to
expectations based on the behavior of the discrete
reservoir, the probability density of the intermediate
levels of storage is not uniform, unless c is either
small or large. The distortion from uniformity seems
to be largest when c is about 4. In this case, the
ratio between the densities at St = ¢/2 and at St

= ¢ - (or 0+) is approximately 1,30.

Range. For independent normally distributed net
input with € = 0, E[Rn/a] is given as a function of n

by Eq. (2-1). A few tabulated values of this function
will be helpful.
n 2 4 8 16 32 64
E[Rn/c] 1.362 2.222 3,488 5.317 7.932 11.651 '

128 256
16.924 24,392

Deficit. For independent normal inputs with
€ = 0, Gomide (1975) devised a finite difference
scheme for the evaluation of E[Dn/a] as a function of

n. He does not tabulate any values, but gives a graph
(his Fig. 5.9) from which the following values have
been taken; they are therefore approximate.

2 4 8 16 32 !
.80 1.44  2.46  3.93  5.96 i

n
E[D /0]

Figure 4-1 shows E[Rn/u] and E[Dn/c] plotted i

Plotted coaxially with them is ¢ against
All

these for independent normal net inputs, plotted as
full lines.

against n.
0 for the standardized reservoir with £ = 0.
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Fig. 4-1 Range and deficit as a function of n, with
mean first passage time from full to empty
of a standard reservoir of size c with inde-
pendent normal (full lines) and independent
+1 discrete (dashed lines) inputs.

Note that for ¢ < 8, n < 64, values of E[Rn!uj
and E[Dn/c] yield reservoir sizes respectively about
1.7 and 1.3 times as big as those computed from m

0c”
These factors increase as ¢ and n get smaller.

Digcrete net inputs with zero drift
When the net input is discrete and takes the form
P[xt =+ 1] = 1/2, range analysis is associated with

an unrestricted random walk, deficit amalysis is asso-
cioted with a random walk where there is partial
reflection at the upper boundary and storage analysis
is associated with a random walk with two partially
reflecting boundaries. Gomide (1975) developed the
algorithms for range and deficit analysis for this xt,

while Egs. (4-2) apply to storage analysis.
Note that in this case, E[xt] =0, var[xt] 0 I

Range. From Table 4-2 of Gomide (1975) it

results

n 2 4 8 16 32 64
E[Rn/c] 1.5 2,375 13,0484 5.4806 8,0967 11,8157

var[Rn/n] 0.25 ,7344.1,6342 5,4593 7.0552 14,2897

veficit. Gomide (1975) outlines an algorithm for
obtaining E|Dn/o], but does not tabulate any values.

The algorithm is based on the theory of Markov chains
with absorbing barriers. The following is an adapta-
tion of his method.
Let £, _ = P[D_ < i], the c.d.f. of D_; then
i,n n-— n

n-1 n-1

E[D ] =n - .{ £; p and var(D ] = ‘[ (21+1J(1-fi‘n]-
i=0 i=0

- R[Dn}‘. To compute fi ¥ i=1,2,...,n, we proceed

as follows. Let g be an i-element vector, void
except for the first element which is 1. For n suc-
cessvie steps, compute the following, g =

(8 * 8))/2, 8; = 8;_;/2 and gy = (g;_; + 85,1)/2, j=
1,2,...,i-1. At the n-th step compute fi R

i
! g, and put £
§=0 i 0,n

vur[unj.

= 1/2"%, Then compute E{Dnl and

The results of this computation are:

a 2 4 8 16 32 64
E[Dnj 1 1.6875 2,6712 4,1035 6.1541 9.0721

var[Dn] 0.5 .9648 2.0173 4.1115 8.2873 16.6432

Storage. To apply the theory of random walks to
storage analysis, we must take care with the specifi-
cation of the state space of the discrete reservoir.
To have the correct properties, the discrete reser-
voir of "size" k must have k+2 states, 0,1,...,k+l
where, as before 0 and k+1 are the "empty" and "full"
states. Transitions from one state to another will
only occur if the input consists of amounts which are
multiples of the difference between adjacent storage
levels. Thus, the '"distance' between the adjacent
states of a discrete reservoir are all equal. By
contrast, in the finite difference version of the con-
tinuous reservoir, the distance between the adjacent
interior states is Ac, whereas the distance from 0 to
1 and from k to k+l is Ac/2. Despite this disparity,
the results for the continuous and discrete reservoirs
compare favorably, as will be shown in the next
section.

When discussing first passage time, we will con-
tinue to use the subscript ¢ to denote full; then
from Eq. (4-2), with k = ¢,

Mgg = Mee * € * 2 ? (4-4)

"oc

=M. = (c+l) (c+2) . (4-5)
Comparing these results with those of the normal dis-
tribution listed in Table 4-1, it will be seen that

the My values match quite well for c < 4, while Mo

values match well throughout.

The results for E[Rnlu] v on, E[Dn/a] ~ n and
¢ wm,, are plotted in Fig. 4-1 as dashed curves and

will be seen to match their corresponding continuous
curves, especially in the cases of nn/o and Dn/c.

Note that although a discrete reservoir cannot be
defined for non-integer k, if we allow the above
expressions to be interpreted for 0 < k < 1, they
closely approximate the normal curves.

The correspondence of results of the continuous
and discrete symmetric distributions seems to be
fairly good. This suggests that more realistic dis-
crete models should perform even better than the +1
model employed here. This observation is relevant,
because a thorough study of reservoir behavior for
various skewnesses and correlation structures would
require a daunting amount of computation if done by
simulation or by finite difference approximation to
the continuous input.

Before proceeding to examine the effect of drift
on reservoir behavior, some concluding remarks on
range-deficit-storage analyses seem to be appropriate.
Notwithstanding their intellectual appeal because of
the interesting (but often difficult) problems asso-
ciated with range and deficit analyses, and their
undoubted influence on time series analysis in
hydrology, their practical application in the sizing
of reservoirs may leave a lot to be desired, if only
because storage analysis is far richer in results
than the former, and often yields unequivocal answers
to a wide variety of problems with relatively simple



algorithms. Without even invoking the practical
aspects of optimization, there are other considera-
tions that may speak against the use of range and
deficit analyses in storage problems:

(i) They are each approximations of storage
analysis which yield over-conservative reservoir
sizes unless adjustments are made.

(ii) The simplicity of the expression for the
range may once have been a justification for its use
when storage analysis was in its infancy. This con-
dition may no longer hold, since it is seen from
Eqs. (4-4) and (4-5) that the equivalent expressions
for the first passage times for a discrete reservoir
are trivially simple, but accurate.

(iii) Effects of non-zero serial correlation and
drift, although not beyond the grasp of range and
deficit analysis (Gomide, 1975), are easily computed
from simple formulae derived from analysis of the dis-
crete reservoir. The convergence to exact results of
continuous reservoirs and net inputs by the use of dis-
crete reservoirs and discrete net inputs are still
problems to be taken into account.

4-1-5 Storage Analysis with Non-Zero Drift

Independent, normally distributed inputs

Using the finite difference scheme outlined above,

we obtain the following values for a2 Boer Beg and

m. s functions of ¢ and . Note that, because of the

symmetry of the normal distribution, [m00|e] s
[mccl-cl and {mco[e] = (moci—e).

Table 4-2 Mean recurrence time of emptiness, Myo*

q 0 ol .4 .6 .8 1.0

1/4 | 2.219 2.738 3.491 4.604  6.279 8.852

1/2 | 2.467 3.186 4.270 5.951  8.607 12.89
1|3.082 4.376 6.595 10.48  17.43 30.06
2|4.473 7.998 16.12 35.70 84.57 209.2
4|7.307 21.60 84.73 397.1 2057 11280
8112.98 114.8 1920 41670 1013000 26x10°
16 | 24.47 2627 95x10% 45x10 . =

Table 4-3 Mean first passage time from full to empty,

Iloc.

g o .2 .4 .6 .8 1.0

1/4 | 2.462 3.024 3.825 4.989 6.719 9.352

1/2|3.065 3.891 5.106 6.936 9.761 14.23
1|4.750 6.466 9.220 13.78 21.58 35.29
2|10.00 15.93 27.99 54,19 114,3 258,1
4|26.65 59.89 175.9 653.1 2871 14080
8 [83.57 408.6 4250 69350 14x10° 33x10%
16 | 287.8 10300 21x10° 76x107 - =

Table 4-4 Mean first passage time from empty to full,
m ..
c0

0 2 .4 .6 .8 1.0

1/4 | 2.462 2,062 1,772 1,560 1.404 1.289
1/2 | 3.065 2.492 2,085 1,793 1.579 1.421
114.750 3.644 2.908 2.401 2.042 1.780
2 110.00 6.858 5.063 3.960 3.238 2.738
4 126.65 14.91 9.868 7.272 5.742 4.748
8 (83,57 33.54 19.81 13.94 10.74 8.752
16 | 287.8 73.16 39.80 27.27 20.75 16.75

Table 4-5 Mean first recurrence time of fullness, m ..

.603 1.422 1.294 1.202
.684 1.467 1.317 1.214
.839 1.544 1.356 1.233
2 |4.473 2.852 2.052 1.629 1.390 1.247
4 7.307 3.498 2.200 1.666 1.400 1.250
812,98 3.935 2.256 1.680 1.406 1.253
16 | 24,46 4.066 2.267 1.684 1.408 1,254

1/4 12.219 1.858
1/2 [2.476 2.003
1]3.082 2.311
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Fig. 4-2 Mean recurrence time of emptiness, m,,, of

a standard reservoir of capacity c fed by an
independent input of drift e.

These tabled results are plotted in Figs. 4.2 and 4.3.
Independent discrete inpute

The discrete +1 net input with non-zero drift is
given by P[xtSi] = p, P[Xt--lj =q = l-p with p # 1/2,

To compare the results of the normal and discrete net
inputs, we must define the standardized reservoir for
discrete net inputs with ¢ # 0.

Firstly, u = p-q, ¢ = 2/;;; so the drift, € =
(p-q)/(2vpq). Secondly, for a given k, the standard

T ————

B b e b

[ PP



.t
¢ - ‘?0"%0-" o?
3z} ° ot
18}
af 04
06
18 ?.E
2_
ik
12k
af
A i B i i i A A, i 1 1 A M
I 2 & 8 16 32 64 128 256 512 1024 2048 4096

Fig. 4-3 Mean first passage time from full to empty,
L of a standard reservoir of size ¢ fed

by an independent normal input with drift e,

capacity ¢ = k/o and vice versa.
r=np/q# 1. In terms of g,

P = sy e]/[2/(1+szj]
r= (Jased)
(p-q) = e/¥(1+e”) ,

so that we get, from Eq. (4-3)

L) (rk+2 -1)/r - 1)

Oc = [mou - [k"'z)l;!(P‘q}

i o~ /rk+l
ce 00

Whene# 0, we have

el/[/(1+e?) - €]

m
p#q

m = [k +2-m 1/(p-q)

These expressions clearly interpolate for non-interger
k, so that we can use them to compute first passage
times for given values of c and e, by which they are
completely specified.

It may be more convenient to compute c from a
given Moo and €. In that case

g = lfftl*ezj

k = &n[l + moo(r—l)]/!,nr - 2.

Whence ¢ = k/o is the standardized capacity. Figure
4-4 shows this interrelationship, where a family of
curves in terms of Moo (the recurrence interval of

failure), has been plotted on € and c axes. The
appearance of this graph is reminiscent of the storage-
draft-frequency curves that are sometimes employed in
storage problems. The similarity is not coincidental.
If we recall that € = (l-uJE[Zt]Xu, where o is the

level of development, we get o = 1 - as[E[Zt]. Thus

when € = 0, o = 1,00, and if the coefficient of varia-
tion of the gross input is 1/2, say, a = 0.50 when
e =1,

The important point to note about Fig. 4-5 is
that the standardized capacity and the drift are
respectively the capacity and the mean net input
scaled by the standard deviation of the input and not
the mean gross input (or mean annual runoff) which is
usually the case in practice. It is evident that more
meaningful regionalizations are likely if first pas-
sage times are expressed in terms of the standardized
capacity and drift,

41

(]

Fig. 4-4 The relationship between size ¢ and drift ¢
of a standard reservoir fed by discrete +1
input (full lines) and normal input (dashed
lines) for given m
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Fig. 4-5 The effect of correlation on the mean recur-

rence time of emptiness of a standard reser-
voir of size c = 4 fed by a discrete +1
input with drift e, with the corresponding
curve for the independent normal input shown
dotted for comparison.

Superimposed on Fig. 4-4 are curves from the sec-
tion of normal net inputs, for various Mao values,

shown dotted. Note that the discrete model requires
a larger c for a given € when Mo is 100. .It is thus

(compared to the normal) slightly conservative in this
region, but the overall behavior is quite
satisfactory.

Other discrete 3-state inputs

0f course, one should not be restricted to the #1
process. If Xt is chosen to have a binomial (2,p)

distribution, then the following relationships hold:

a = /2pq p=[1+ E;J(zmz)]/z.
e = (p-q)/0 q = [1 - e/Y(2+e7)]/2.

2
_ 2,2 V(24e") + ¢
=V
(2+e7) - 7 .



For example, when ¢ = 4 and € = 0.2, we get o =
0.70014, and r = 1.75737; yielding Moo = 18.46.

Comparing this with 19.51 for the +1 input, and
21.60 for the normal, there is not a large disparity.
For ¢ = 2 and € = 1, the normal yields Moo = 209.2,

the binomial 314.1 and the :} input 84.9, so the
expressions appear not to be so close when € is large
(or conversely when a is small).

Serially correlated discrete inputs with
arbitrary drift

Since the approximation of the continuous reser-
voir by the discrete model is so satisfactory in the
case of independent inputs, some confidence is felt
that the same will occur when the inputs are no longer
independent. For the input, the discrete analog of
the lag-one autoregressive model is the lag-one Markov
chain, specified by the transition probability matrix,

L = pl + (1-p) wl! (4-6)

where p is the first serial correlation coefficient,
I is the identity matrix and v is the equilibrium vec-
tor probability distribution of {Itl. This input

model was introduced by Pegram (1974) where it was
applied to reservoir problems. Explicit expressions
for Yor the probability of failure to meet full

demand, were given by Pegram (1978), however, as we
have seen above, for meaningful comparison with con-
tinuous reservoirs, we need to compute Vo (or its

inverse -00) rather than Yo
A brief derivation of the expressions will be
given, and we then explore the behavior of my as a

function of ¢, &, p. The joint equilibrium vector
probability distribution of [st,xt] is'v = {vij}

where vij = ::: P[St =i, Xt = 3§], i =0,1,2,...,k*1;

j = -1,0,+1. Then the equilibrium storage dis<ribu-
tion is given by the elements

+1
= Lim P[S_ = i] = )
trm j=—1

vy

vij .
It was shown by Pegram (1974) that in particular

vy = a/la + b(leaerZe.. . a25 ) & ¥ (4-7)
for a k-state reservoir.

Pegram (1978) derived expressions for the terms
in Eq.(4-7) when the input has the particular form

given by Eq. (4-6). In that case, 7 = [q(1-p-q) p]'
is the equilibrium vector distribution of xt and it

was found that, in terms of p, q and p,
a = 1/[p(1-p)]
b = (1+p)/(q*ep)
d = 1/[q(1-p)]
A = (p+oq)/(pp+q) . (4-8)
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There are two cases of interest: zero and non-
zero drift. For zero drift, p = q and the substitu-
tion of Eq. (4-8) into Eq. (4-7) yields, after
simplification

Moo = T = llvo =2 + k(1-p) (4-9)

for € = 0, which in turn yields Eq. (4-4) when p = 0.
Note that this expression is quite independent of p
or q and hence the variance of the input.

When € # 0, we find that

mge = @/a-1) (op+a)/ (p-a) (4-10)

which becomes {rk*z-l)/{r-l), as expected, when p = 0,
since in that case, A = p/q = r. We also have that

». " moof(plk/q) becomes mm/rk+1 when p = 0.

We note that p and q can in general be chosen
independently (subject to the constraint that all
elements of v are non-negative). However, if we

‘specifically fix p+q = 1, then we only have one para-

meter, p, describing the equilibrium marginal distri-
bution of the discrete +1 input, while p fixes the
serial correlation.

We then have that, as before p = [V(l+e) +e]/
[2/(14¢“)] and k = 2¢vpq, so that myo is in terms of
¢, € and p only. For a fixed ¢ = 4, we show, in
Fig. 4-5, how Moo varies as a function of e and p.

Note that for p = 1, m;, = 1/q as expected.

p 08 04 0-04-08
32}

1/2F

Moo

174 L 1 L 'l L 1

2 4 8 16 32 64 128

Fig. 4-6 Mean recurrence time of emptiness, Moo of

a standard reservoir of capacity c fed by a
discrete input (+1) with zero drift and
first serial correlation coefficient p. The
independent normal input shown dotted for
comparison.

In Fig. 4-6, we show how Do varies as a function

of ¢ and p for € = 0. Plotted coaxially is the dashed
curve for the independent normal input for comparison,
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which is seen to hug the discrete input curve for

p = 0 at low ¢, moving across to the curve for p = -0.4
at about ¢ = 8. The discrete model is thus conserva-
tive in its estimate of Moo when compared to the nor-

mal, but undoubtedly indicates the general response of
a reservoir fed by a serially correlated input.

4-1-6 Concluding Remarks

One point of view is that the range and deficit
analyses cannot compete with the storage analysis in
the realm of reservoir sizing and risk evaluation.

The reasoning is that not only are they relatively
cumbersome and arcane, but the greater richness of
results available from storage analysis makes their
application to reservoir problems obsolete. However,
there are different viewpoints on the applicability of
range and deficit in practice.

Reservoirs fed by two different net input types,
distributed as the normal and the +1 discrete, coming
from opposite ends of the spectrum, as it were, might
be expected to behave quite differently. Not so.
Provided that the state-description is carefully done
in terms of a standardized reservoir, with the correct
drift, then the correspondence is remarkably good; so
good, in fact, that better correspondence between the
results of continuous and discrete reservoirs can be
expected for more realistic discrete input
distributions.

The final optimistic note is that, because of the
fair approximation of the continuous by the discrete
reservoir, effects of correlation structure and per-
haps skewness can be ascertained with relatively small
amounts of exploratory computations. The major dif-
ferences in viewpoints can result from the interpre-
tation of what a "fair approximation' means. :

A word on the application of the range may be
useful at this end. If a standardized storage capa-
city V/o, is assumed in planning process or is already
fixed (decided upon, being constructed, or is built),
then the range analysis may provide some useful infor-
mation. If one looks at what is the probability that
this capacity would be sufficient for an overyear
regulation and a prescribed draft, for a given number
n of years, the distribution of R, for the given type

of net inputs would provide the probability P(Rn <
V/a). 'The difference 1 - P[Rn < V/a), or its recipro-

cal, would give the risk of V/o not being able to
satisfy the draft in the next n years. In other words,
this risk may give the number of n-year periods, out
of a given number m of n-year periods, that the sto-
rage capacity V would not be able to regulate the
inflows to a desired demand outflow. In this analy-
sis, the initial condition of the reservoir storage
is crucial. If the regulation starts with V/Z (half
storage), the above probability information may be
close to reality. However, to apply the above infor-
mation, not only Rn. but also Mn and m , as the par-

tial maximum and minimum sums, are also important
because the conditions (V/2) > M_and (V/2) 2 lmn]

should also be satisfied. For a proper application
of the range, one should develop its additional
properties, namely the conditional range-storage dis-
tributions,

PR, = 7| [(Vy/0) 2 83 (V=Vy)/e] 2 |m[)

where Vj = the state of the reservoir, V = total
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capacity, ﬁn = the sample value of maximum partial

sum, and @ = the sample value of minimum partial sum.

The initial storage state (0 < Vj < V) mast

enter as a condition for any reasonable application
and realistic probability statements related to any
range and deficit analysis, and the storage design,
with both M_ and n of the range being important
statistics,

4-2 Modeling Hydrologic Time Series

The stochastic modeling of hydrologic time series
is one of the basic tools for planning and operation
of water resources systems in general and of water
storage related systems in particular. Modeling is
necessary in order to generate new samples that are
statistically indistinguishable from the historical
record and use them at the planning stage, for instance
for designing an appropriate storage capacity of a
reservoir, or at the operation level for instance for
developing or testing reservoir operational rules. In
modeling hydrological time series in general, there
are several important aspects to consider such as the
selection of the class of models, the model identifi-
cation, estimation of parameters and testing the good-
ness of fit of the models selected, and finally the
use of the model. It is not the intention to review
here in detail all those aspects, but to point out
some that are related to the range and deficit analy-
sis and the Hurst phenomenon.

Hydrologists and water resources planners in gene-
ral have been discussing for several years the best
model to be used for planning and operating of water
resources systems. Some have advocated the use of
autoregressive models (Thomas and Fiering, 1962;
Yevjevich, 1963; Beard, 1965, etc.). Others suggested
the use of fractional Gaussian noise models
(Mandelbrot and Wallis, 1968; Matalas and Wallis,
1971, etc.). Others advised the use of broken-line
models (Mejia et al., 1972; Garcia et al., 1972, etc.).
Others suggested the use of mixed autoregressive and
moving average (ARMA) models (Carlson et al., 1970;
0'Connel, 1971; Hipel et al., 1977, etc.), and more
recently a new class of mixture models for instance
(shifting-level models) has been proposed (Boes and
Salas, 1978). Supposedly, all these models have been
developed and proposed with the objective of reproduc-
ing some or most of the main statistical characteris-
tics which are identifiable in observed hydrologic
series but (and most importantly) which have a bearing
on the design and/or operation of the water system
under study.

Although generally it is not difficult to find
and estimate the main statistical characteristics of
proposed models by an analytical or a data generation
technique (for instance Yevjevich, 1965; Fiering,
1967; Matalas and Wallis, 1971; O'Connel, 1971; Salas,
1972; Hipel and McLeod, 1978) unfortunately it is more
difficult to detect or identify those which are the
true statistical characteristics of sampled hydro-
logic series. This problem arises due to the inherent
uncertainty present in hydrologic samples because of
the prevalence of short records in hydrology. Pre-
cisely, difficulties of dealing with observed samples
of hydrologic series, i.e., the identification of
design or operational statistics from the sample, their
understanding and interpretation, and their ultimate
use in selecting an appropriate model, has led to con-
troversy and a sort of '"cold war" among hydrologists
and engineers around the world.



These controversies have been mainly centered
around what estimates from historical series should be
reproduced in modeling. In most cases hydrologists
have agreed on the necessity for reproducing statis-
tics such as the mean, variance and sometimes skew-
ness coefficient (the latter at least in the order of
magnitude sense), as well as the first serial correla-
tion coefficient, the main arguments have been with
statistics that represent long-term persistence and
extreme values. The first serial correlation coeffi-
cient, especially when used in connection with esti-
mating the parameter of AR(1) model, has meant to
represent the ''short memory' or short-term persistence
of the time series in question. Similarly, the "long
memory' or long-term persistence of a time series has
been represented by the Hurst K (or similar slopes),
or by the corresponding rescaled range. On the other
hand, the frequency and magnitude of high or low
values (extreme events) has been respresented by the
run-length and run-sum statistics. Since the persis-
tence and run characteristics are related to the
Hurst phenomenon, the main argument among hydrologists
has been connected to the interpretation of the Hurst
phenomenon per se, the statistics to be reproduced and
by which models, and their impact on the design and
operation of water resources systems. Here specifi-
cally, hydrologists and water resources planners and
operators usually ask questions such as: Is it neces-
sary to reproduce the Hurst phenomenon when modeling
streamflow or other hydrologic series? Is there
really a Hurst phenomenon or is it the result of a
transient behavior of the rescaled range? If the
Hurst phenomenon is the result of a transient behavior
of the rescaled range, what class of models or more
precisely what model should be selected as most
appropriate?

If a planner believes or considers necessary to
reproduce the Hurst phenomenon, what model should be
chosen? Is the Hurst phenomenon important in design-
ing reservoirs of say 50-100 years of economic design
life? Is the Hurst phenomenon important for develop-
ing, checking or updating reservoir operational rules
for say 50 years of economic horizon, especially when
the environmental, technological, social, political,
legal and economic conditions are changing very
rapidly and many times in an unpredictable manner?

Undoubtedly the answers to all or most of these
questions depend very much on the basic philosphy of
modeling, statistical and design and operational
practical experience, biases of the analyst (for
instance some hydrologists do not see the necessity
for models other than AR, while others do not believe
in the appropriateness of models other than fractional
Gaussian noise) and similar factors. Based on prac-
tically 30 years of experience (since 1951) of mathe-
matical and experimental analysis, of stochastic
modeling, of the Hurst phenomenon and of the design
and operation of water resources systems in general,
and of water storage reservoirs in particular (experi-
ence gained and shared by mathematicians, hydrologists,
and water engineers in general), one can safely make
conclusions on most of the above raised questions.

For instance, it has been demonstrated that the Hurst
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phenomenon can be the result of transcience of the
rescaled range (Salas et al., 1979b). Therefore,
simple models such as autoregressive models in some
cases and mixed autoregressive moving average models
(ARMA) or shifting level models, in most cases, are
capable of reproducing transient rescaled ranges of
the order of those exhibited by hydrologic records
(Salas, et al., 1977; Hipel and McLeod, 1978; Salas

et al., 1979b). However, based on the typical lengths
of hydrologic records, it is practically infeasible

to discriminate statistically between short-term and
long-term persistence (Wallis and O'Connell, 1973),
which discrimination would be necessary for justifying
the use of models outside the Brownian domain of
attraction. Several hydrologists have been able to
statistically reproduce historical K's (or rescaled
ranges) with AR and ARMA models (for instance see
Hipel and McLeod, 1978). This also resolves the ques-
tion about the necessity to reproduce the Hurst phe-
nomenon for design and operation of the water resources
systems in general or of reservoirs in particular.

However, it is fair and necessary to say that in

‘some cases the hydrologist or water resources planner

or operator may still wish to test his design or
operational schemes with other models. He might wish
to test the sensitivity of his design or operational
rule to the type of model, so in this case he may need
fractional Gaussian noise or broken line models. In
other cases he might wish to have a model to reproduce
both the p, and the asymptotic h slope. This will not
be feasiblé with AR or ARMA models, nor with frac-
tional Gaussian noise models, then broken line models
might be the answer.

Likely, many years will pass until the above con-
troversies will be properly settled. The trend among
some practitioners, to generate new samples by the
selected models by reproducing identically nearly all
the properties of the historic sample(s), runs against
the basic theory of sampling statistics. Properties
of newly generated samples should preserve the inferred
statistics only within the limits and variations as
prescribed by the sampling theory. Furthermore, two
future types of investigations: (1) physical back-
grounds of stochastic models of hydrologic time series;
and (2) tests with a large number of historic hydro-
logic time series on the reliable (homogeneous, consis-
tent) samples all over the world, will likely provide
the physical and statistical backings for the simplest,
sufficiently accurate, hydrologic stochastic models.
Sensitivity analyses of how the various models and
methods affect the results of reservoir sizing and
operation would be the final criteria in selecting
between the simple and the complex models.

In summary, then, from the point of view of water
resources planning, the model choice is as always, a
pragmatic one. As to the importance of range and
deficit analyses for modeling hydrologic time series,
suffice it to say that given the (of necessity sub-
jective) choice of stochastic model, there is no sub-
stitute for efficiently estimating the parameters of
the model; to infer from a derived statistic is to
cloud the issue.
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CHAPTER 5
POSTSCRIPT

Two titles might bé appropriate for this paper:
"Reservoirs, Rippl and Range" or "A Guided Tour
through the Phantasmagoria of the Hurst Phenomenon."

The bulk of the paper is a catalog of results,
approximate and exact, that are known about the vari-
ous properties of range and deficit, particularly
about their first two moments and their asymptotic
distributions. Contributions for dependent and/or
periodic inputs make the results more realistic from
the point of view of hydrologic series and applica-
tions, especially when applied to reservoir system
studies, Care has been taken to unify definitions,
notations and results in this assembled body of
knowledge.

Coming out of this stock-taking are some areas
that are felt to be profitable for research. The
behavior of Dn for correlated inputs can easily be

found, based on results outlined in Section 2-9.
Further, a whole new field is opened up on inference
(Chapter 3). One has yet to discover accurate (as
against approximate by simulation) methods of calculat-
ing or defining the distributions of ranges and defi-
cits for intermediate n. The need exists for further
investigation of the behavior of quasi-stationary
models for hydrologic phenomena, for example, weather
patterns in combination with storage of moisture and
heat in the oceans and atmosphere suggest that conven-
tional hydrologic time series models may be far too
restrictive, specifically as their deployment implies
stationarity. Time series modeling in hydrology will
surely further evolve. This paper has collected some
of the tools and ideas that may assist in devising
meaningful models and testing them. The asymptotic
distributions of range and deficit depend, as would
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be expected, only on the sum of the covariance func-

tion, 72, when the inputs belong to the Brownian
domain of attraction. This is interesting in itself,
but the implication is far-reaching.

There are problems for which currently favored
statistical methods applied to time series are not
of much use. Consider, for example, an ARMA(1,1) pro-
cess with ¢ = 0.99 and 6 = 0.95258. For such process,

the variance of the white noise is equal to 0.934260i
and 12 = Zloi (compared to YZ = oi for a white noise

process). Estimating the parameters of this ARMA pro-
cess is fraught with difficulty, at least when the
sample size is small, because the theoretical auto-

correlation function is’p, = 0.1 [O.Bg)k'l for k =

1,2,..., and, since the confidence limits for the null
hypothesis of p, = 0 are proportional to 1/v/n, most

samples are likely to be estimated to be white noise.

Thus, the relatively large 72 will be missed. Sta-
tistics and the black-box approach only in stochastic
hydrology are inadequate; what seems to be needed is
a combination of statistics and a reliable descrip-
tion of the underlying physical mechanism, based on
the physics of the phenomenon, for adequate model
specification.

The evidence that is collected here should be
sufficient to persuade those concerned with statisti-
cal and probabilistic applications that one must be
incredibly careful in phrasing the problems and
arguments. Hurst sowed good seed; researchers must
now continue to nurture, cultivate, weed and ultimately
harvest the crop.
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